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Preface to the 
First Edition 



The central purpose of this book is to provide maximum help for the student and maximum service for the 
teacher. 

Providing Help for the Student 

This book has been designed to improve the learning of geometry far beyond that of the typical and tradi- 
tional book in the subject. Students will find this text useful for these reasons: 

(1) Learning Each Rule, Formula, and Principle 

Each rule, formula, and principle is stated in simple language, is made to stand out in distinctive type, is kept 
together with those related to it, and is clearly illustrated by examples. 

(2) Learning Each Set of Solved Problems 

Each set of solved problems is used to clarify and apply the more important rules and principles. The char- 
acter of each set is indicated by a title. 

(3) Learning Each Set of Supplementary Problems 

Each set of supplementary problems provides further application of rules and principles. A guide number for 
each set refers the student to the set of related solved problems. There are more than 2000 additional related 
supplementary problems . Answers for the supplementary problems have been placed in the back of the book. 

(4) Integrating the Learning of Plane Geometry 

The book integrates plane geometry with arithmetic, algebra, numerical trigonometry, analytic geometry, 
and simple logic. To carry out this integration: 

(a) A separate chapter is devoted to analytic geometry. 

(b) A separate chapter includes the complete proofs of the most important theorems together with the plan 
for each. 

(c) A separate chapter fully explains 23 basic geometric constructions. Underlying geometric principles are 
provided for the constructions, as needed. 

(d) Two separate chapters on methods of proof and improvement of reasoning present the simple and basic 
ideas of formal logic suitable for students at this stage. 

(e) Throughout the book, algebra is emphasized as the major means of solving geometric problems through 
algebraic symbolism, algebraic equations, and algebraic proof. 

(5) Learning Geometry Through Self-study 

The method of presentation in the book makes it ideal as a means of self-study. For able students, this book 
will enable then to accomplish the work of the standard course of study in much less time. For the less able, 
the presentation of numerous illustrations and solutions provides the help needed to remedy weaknesses and 
overcome difficulties, and in this way keep up with the class and at the same time gain a measure of confi- 
dence and security. 
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(6) Extending Plane Geometry into Solid Geometry 

A separate chapter is devoted to the extension of two-dimensional plane geometry into three-dimensional solid 
geometry. It is especially important in this day and age that the student understand how the basic ideas of 
space are outgrowths of principles learned in plane geometry. 

Providing Service for tlie Teaclier 

Teachers of geometry will find this text useful for these reasons: 

(1) Teaching Each Chapter 

Each chapter has a central unifying theme. Each chapter is divided into two to ten major subdivisions which 
support its central theme. In turn, these chapter subdivisions are arranged in graded sequence for greater 

teaching effectiveness. 

(2) Teaching Each Chapter Subdivision 

Each of the chapter subdivisions contains the problems and materials needed for a complete lesson develop- 
ing the related principles. 

(3) Making Teaching More Effective Through Solved Problems 

Through proper use of the solved problems, students gain greater understanding of the way in which princi- 
ples are applied in varied situations. By solving problems, mathematics is learned as it should be learned— 
by doing mathematics. To ensure effective learning, solutions should be reproduced on paper. Students should 
seek the why as well as the how of each step. Once students sees how a principle is applied to a solved prob- 
lem, they are then ready to extend the principle to a related supplementary problem. Geometry is not learned 
through the reading of a textbook and the memorizing of a set of formulas. Until an adequate variety of suit- 
able problems has been solved, a student will gain little more than a vague impression of plane geometry. 

(4) Making Teaching More Effective Through Problem Assignment 

The preparation of homework assignments and class assignments of problems is facilitated because the sup- 
plementary problems in this book are related to the sets of solved problems. Greatest attention should be 
given to the underlying principle and the major steps in the solution of the solved problems. After this, the 
student can reproduce the solved problems and then proceed to do those supplementary problems which are 
related to the solved ones. 

Others Who will Find this Text Advantageous 

This book can be used profitably by others besides students and teachers. In this group we include: (1) the 
parents of geometry students who wish to help their children through the use of the book's self-study mate- 
rials, or who may wish to refresh their own memory of geometry in order to properly help their children; 
(2) the supervisor who wishes to provide enrichment materials in geometry, or who seeks to improve teaching 
effectiveness in geometry; (3) the person who seeks to review geometry or to learn it through independent 
self-study. 

Barnett Rich 
Brooklyn Technical High School 
April, 1963 
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Requirements 

To fully appreciate this geometry book, you must have a basic understanding of algebra. If that is what you 
have really come to learn, then may I suggest you get a copy of Schaum's Outline of College Algebra. You 
will learn everything you need and more (things you don't need to know!) 

If you have come to learn geometry, it begins at Chapter one. 

As for algebra, you must understand that we can talk about numbers we do not know by assigning them vari- 
ables like X, y, and A. 

You must tinderstand that variables can be combined when they are exactly the same, like x + x = 2x and 
3jc^ + llx^ — 14x^, but not when there is any difference, like 3x^ — 9xy — 3x^y — 9xy. 

You should understand the deep importance of the equals sign, which indicates that two things that appear 
different are actually exactly the same. If 3x = 15, then this means that 3a' is just another name for 15. If we 
do the same thing to both sides of an equation (add the same thing, divide both sides by something, take a 
square root, etc.), then the result will still be equal. 

You must know how to solve an equation like 3x + 8 = 23 by subtracting eight from both sides, 
3x + 8— 8 = 23 — 8 = 15, and then dividing both sides by 3 to get 3x/3 = 15/3 = 5. In this case, the vari- 
able was constrained; there was only one possible value and so x would have to be 5. 

You must know how to add these sorts of things together, such as (3x + 8) + (9 — x) = (3x — x) + (8 + 9) = 
2x + 17. You don't need to know that the ability to rearrange the parentheses is called associativity and the 
ability to change the order is called commutativity . 

You must also know how to multiply them: (3x + 8)-(9 - x) = 27x - 3x2 + 72 - 8x = + I9x + 72 
Actually, you might not even need to know that. 

You must also be comfortable using more than one variable at a time, such as taking an equation in terms of 
y like y = x^ + 3 and rearranging the equation to put it in terms of x like y — 3 = x^. so \/y — 3 = Vx^ 
and thus Vy — 3 = ±x, so x = ± Vy — 3. 

You should know about square roots, how \/20 = V2 • 2 • 5 = 2V5. It is useful to keep in mind that 
there are many irrational numbers, like \/2, which could never be written as a neat ratio or fraction, but only 
approximated with a number of decimals. 

gM^M^ 

You shouldn't be scared when there are lots of variables, either, such asF = — — — ; thus, Fr^ = gM^M^ by 



cross-multiplication, so r = ± 




Most important of all, you should know how to take a formula like V = ^Trr^h and replace values and sim- 
plify. If r = 5 cm and h = S cm, then 

T/ 1 ^2.8 ^ 20077 3 

V = '^'^{5 cm)^(8 cm) = — ^ — cm^. 
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Lines, Angles, and Triangles 



1.1 Historical Background of Geometry 



The word geometry is derived from the Greek words geos (meaning earth) and metron (meaning measure). 
The ancient Egyptians, Chinese, Babylonians, Romans, and Greeks used geometry for surveying, navigation, 
astronomy, and other practical occupations. 

The Greeks sought to systematize the geometric facts they knew by establishing logical reasons for them 
and relationships among them. The work of men such as Thales (600 B.C.), Pythagoras (540 B.C.), Plato 
(390 B.C.), and Aristotle (350 B.C.) in systematizing geometric facts and principles culminated in the geom- 
etry text Elements, written in approximately 325 B.C. by Euclid. This most remarkable text has been in use 
for over 2000 years. 

1.2 Undefined Terms of Geometry: Point, Line, and Plane 
1.2A Point, Line, and Plane are Undefined Terms 

These undefined terms underlie the definitions of all geometric terms. They can be given meanings by way 
of descriptions. However, these descriptions, which follow, are not to be thought of as definitions. 

1.2B Point 

A point has position only. It has no length, width, or thickness. 

A point is represented by a dot. Keep in mind, however, that the dot represents a point but is not a point, 
just as a dot on a map may represent a locality but is not the locality. A dot, unlike a point, has size. 

A point is designated by a capital letter next to the dot, thus point A is represented: A. 

1.2C Line 

A line has length but has no width or thickness. 

A line may be represented by the path of a piece of chalk on the blackboard or by a stretched rubber band. 

A line is designated by the capital letters of any two of its points or by a small letter, thus: 

<-> 

ABC D j^^^ 



A line may be straight, curved, or a combination of these. To understand how lines differ, think of a line as 
being generated by a moving point. A straight line, such as < — > , is generated by a point moving always in the 
same direction. A curved line, such as /' ~N , is generated by a point moving in a continuously changing direction. 

Two lines intersect in a point. 

A straight line is unlimited in extent. It may be extended in either direction indefinitely. 

A ray is the part of a straight line beginning at a given point and extending limitlessly in one direction: 

AB and ^ designate rays. 

In this book, the word line will mean "straight line" unless otherwise stated. 
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1.2D Surface 

A surface has length and width but no thickness. It may be represented by a blackboard, a side of a box, or 
the outside of a sphere; remember, however, that these are representations of a surface but are not surfaces. 

A plane surface (or plane) is a surface such that a straight line connecting any two of its points lies 
entirely in it. A plane is a flat surface. 

Plane geometry is the geometry of plane figures— those that may be drawn on a plane. Unless otherwise 
stated, the word figure will mean "plane figure" in this book. 



SOLVED PROBLEMS 



1.1 Illustrating undefined terms 

Point, line, and plane are undefined terms. State which of these terms is illustrated by (a) the top of 
a desk; (b) a projection screen; (c) a ruler's edge; (d) a stretched thread; (e) the tip of a pin. 

Solutions 

(a) surface; (b) surface; (c) line; (d) line; (e) point. 

1.3 Line Segments 

A straight line segment is the part of a straight line between two of its points, including the two points, called 
endpoints. It is designated by the capital letters of these points with a bar over them or by a small letter. Thus, 
AB or r represents the straight line segment A — B between A and B. 

The expression straight line segment may be shortened to line segment or to segment, if the meaning is 
clear. Thus, and segment AB both mean "the straight line segment AB." 

1.3A Dividing a Line Segment into Parts 

If a line segment is divided into parts: 

1. The length of the whole line segment equals the sum of the lengths of its parts. Note that the length of 
AB is designated AB. A number written beside a line segment designates its length. 

2. The length of the whole line segment is greater than the length of any part. 

Suppose AB is divided into three parts of lengths a, b, and c; thus A " • • — B . Then AB = 

a + b + c. Also, AB is greater than a; this may be written as AB > a. 

If a line segment is divided into two equal parts: 

1 . The point of division is the midpoint of the line segment. 



c 



A 




Fig. 1-1 Fig. 1-2 



2. A line that crosses at the midpoint is said to bisect the segment. 

Because AM = MB in Fig. 1-1, Mis the midpoint of AB,and CZ) bisects AB. Equal line segments may 
be shown by crossing them with the same number of strokes. Note that AM and MB are crossed with a 
single stroke. 

3. If three points A, B, and C lie on a line, then we say they are collinear. If A, B, and C are coUinear and 
AB + BC = AC, then B is between A and C (see Fig. 1-2). 
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1.3B Congruent Segments 

Two line segments having the same length are said to be congruent. Thus, if AB — CD, then AB is congru- 
ent to CD, written AB = CD. 



SOLVED PROBLEMS 



1.2 Naming line segments and points B 

See Fig. 1-3. 

(a) Name each line segment shown. A 

(b) Name the line segments that intersect at A. 

(c) What other line segment can be drawn using points A, B, C, and D? Fig. 1-3 

(d) Name the point of intersection of CD and AD. 

(e) Name the point of intersection of BC, AC, and CD. 

Solutions 

(a) AB, BC, CD, AC, and AD. These segments may also be named by interchanging the letters; thus, 
BA, CB, DC, CA, and DA are also correct. 

(b) AB, AC, and AD 

(c) BD 

(d) D 

(e) C 




1.3 Finding lengtlis and points of line segments B 

See Fig. 1-4. 

(a) State the lengths of AB, AC, and AF. 

(b) Name two midpoints. 

(c) Name two bisectors. 

(d) Name all congruent segments. Fig. 1-4 

Solutions 

(a) A5 = 3 + 7 = 10; AC = 5 + 5 + 10 = 20; AF = 5 5 = 10. 

(b) E is midpoint of AF; F is midpoint of AC. 

(c) DE is bisector of AF; BE is bisector of AC. 

(d) AB, AF, and FC (all have length 10); AE and EF (both have length 5). 

1.4 Circles 

A circle is the set of all points in a plane that are the same distance from the center. The symbol for circle is 
O; for circles, ®. Thus, QO stands for the circle whose center is O. 

The circumference of a circle is the distance around the circle. It contains 360 degrees (360°). 

A radius is a segment joining the center of a circle to a point on the circle (see Fig. 1-5). From the defini- 
tion of a circle, it follows that the radii of a circle are congruent. Thus, OA, OB, and OC of Fig. 1-5 are radii 
of QO and OA = OB = 0C. 
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Fig. 1-5 Fig. 1-6 



A chord is a segment joining any two points on a circle. Thus, AB and AC are chords of OO. 

A diameter is a chord through the center of the circle; it is the longest chord and is twice the length of a 
radius. AC is a diameter of OO. ^ 

An arc is a continuous part of a circle. The symbol for arc is ^, so that AB stands for arc AB. An arc of 
measure 1° is l/360th of a circumference. 

A semicircle is an arc measuring one-half of the circumference of a circle and thus contains 180°. 
A diameter divides a circle into two semicircles. For example, diameter AC cuts OO of Fig. 1-5 into two 
semicircles. 

A central angle is an angle formed by two radii. Thus, the angle between radii OB and OC is a central angle. 
A central angle measuring 1° cuts off an arc of 1°; thus, if the central angle between OE and OF in Fig. 1-6 is 1°, 
then EF measures 1°. 

Congruent circles are circles having congruent radii. Thus, if OE = O'G, then Q O = Q O'. 



SOLVED PROBLEMS 



1.4 Finding iines and arcs in a circie 

In Fig. 1-7 find (a) OC and AB; (b) the number of degrees in AD; (c) the number of degrees in BC. 




D 

Fig. 1-7 



Solutions 

(a) Radius OC = radius OD = 12. Diameter A5 = 24. 

(b) Since semicircle ADS contains 180°, AD contains 180° - 100° = 80°. 

(c) Since semicircle ACS contains 180°, fiC contains 180° - 70° = 110°. 

1.5 Angles 

An angle is the figure formed by two rays with a common end point. The rays are the sides of the angle, while 
the end point is its vertex. The symbol for angle is Z or 2^; the plural is A. 

Thus, AB and AC are the sides of the angle shown in Fig. l-8(a), and A is its vertex. 
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1.5A Naming an Angle 

An angle may be named in any of the following ways: 

1. With the vertex letter, if there is only one angle having this vertex, as AB in Fig. l-8(b). 

2. With a small letter or a number placed between the sides of the angle and near the vertex, as /La or Z 1 
in Fig. l-8(c). 

3. With three capital letters, such that the vertex letter is between two others, one from each side of the angle. 
In Fig. l-8(d), AE may be named ADEG or AGED. 




G 



(a) (6) (c) (d) 

Fig. 1-8 



1.5B Measuring tlie Size of an Angle 

The size of an angle depends on the extent to which one side of the angle must be rotated, or turned about 
the vertex, until it meets the other side. We choose degrees to be the unit of measure for angles. The 
measure of an angle is the number of degrees it contains. We will write mZA = 60° to denote that "angle 
A measures 60°." 

The protractor in Fig. 1-9 shows that AA measures of 60°. If AC were rotated about the vertex A until it 
met AB , the amount of turn would be 60°. 

In using a protractor, be sure that the vertex of the angle is at the center and that one side is along the 

0°-180° diameter. 

The size of an angle does not depend on the lengths of the sides of the angle. 



B 




Fig. 1-9 Fig. 1-10 



The size of AB in Fig. 1-10 would not be changed if its sides AB and BC were made larger or smaller. 

No matter how large or small a clock is, the angle formed by its hands at 3 o'clock measures 90°, as shown 
in Figs. 1-11 and 1-12. 



12 




Fig. 1-11 Fig. 1-12 



Angles that measure less than 1° are usually represented as fractions or decimals. For example, one- 
thousandth of the way around a circle is either^" or 0.36°. 

In some fields, such as navigation and astronomy, small angles are measured in minutes and seconds. 
One degree is comprised of 60 minutes, written 1° = 60'. A minute is 60 seconds, written 1' = 60". In this 
notation, one-thousandth of a circle is 21 '36" because ^ + = = 

1.5C Kinds of Angles 

1. Acute angle: An acute angle is an angle whose measure is less than 90°. 
Thus, in Fig. 1-13 a° is less than 90°; this is symbolized as a° < 90°. 
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2. Right angle: A right angle is an angle that measures 90°. 

Thus, in Fig. 1-14, m(rt. AA) = 90°. The square comer denotes a right angle. 

3. Obtuse angle: An obtuse angle is an angle whose measure is more than 90° and less than 180°. 

Thus, in Fig. 1-15, 90° is less than b° and b° is less than 180°; this is denoted by 90° <b°< 180°. 




Acute Angle 




Right Angle 




Obtuse Angle 



Fig. 1-13 



Fig. 1-14 



Fig. 1-15 



4. Straight angle: A straight angle is an angle that measures 180°. 



Thus, in Fig. 1-16, m(st. ZS) = 180°. Note that the sides of a straight angle lie in the same straight line. But do 
not confuse a straight angle with a straight line! 





Fig. 1-17 

5. Reflex angle: A reflex angle is an angle whose measure is more than 180° and less than 360°. 
Thus, in Fig. 1-17, 180° is less than c° and c° is less than 360°; this is symbolized as 180° < c°< 360°. 

1.5D Additional Angle Facts 

1 . Congruent angles are angles that have the same number of degrees. In other words, if m/-A — m/-B, then 
Thus, in Fig. 1-18, rt. ZA = rt. /-B since each measures 90°. 



IL 



Angle 
Bisector 



B 

Fig. 1-18 

2. A line that bisects an angle divides it into two congruent parts. 




Fig. 1-19 



Thus, in Fig. 1-19, if AD bisects Z.A, then Z 1 = /L2. (Congruent angles may be shown by crossing their arcs with 
the same number of strokes. Here the arcs of Z 1 and 2 are crossed by a single stroke.) 

3. Perpendiculars are lines or rays or segments that meet at right angles. 

The symbol for perpendicular is ± ; for perpendiculars, _is. In Fig. 1-20, CD ± A5, so right angles 1 and 2 are formed. 

4. A perpendicular bisector of a given segment is perpendicular to the segment and bisects it. 

hi Fig. 1-21 , GH is the bisector of EF; thus, /- 1 and 1-2 are right angles and M is the midpoint of EF. 



JT 



Perpendicular 
Bisector 



Perpendiculars 



E- 



n 



D 

Fig. 1-20 



M 
H 

Fig. 1-21 
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1.5 Naming an angle 

Name the following angles in Fig. 1-22: (a) two obtuse angles; (b) a right angle; (c) a straight angle; 
(d) an acute angle at D; (e) an acute angle at B. 



Solutions 

(a) ZABC and AADB (or Zl). The angles may also be named by reversing the order of the letters: ACBA and 
ABDA. 

(b) ADBC 

(c) AADC 

(d) /L2 or ABDC 

(e) A3 or AABD 

1.6 Adding and subtracting angles 

In Fig. 1-23, find (a) mAAOC; (b) mABOE; (c) the measure of obtuse /^OE. 



Solutions 

(a) mAAOC = mAa + m/Jb = 90° -I- 35° = 125° 

(b) mABOE = mAb + mAc + mAd = 35° + 45° + 50° = 130° 

(c) mAAOE = 360° - (mAa + mAb + mAc + mAd) = 360° - 220° = 140° 

1.7 Finding parts of angles 

Find (a) | of the measure of a rt. A; (b) | of the measure of a st. A; (c) ^ of 31°; (d) ^ of 70°20'. 

Solutions 

(a) 1(90°) = 36° 

(b) 1(180°) = 120° 

(c) 1(31°) = 15|° = 15°30' 

(d) ^(70°20') = 3^(70°) + ^(20') = 7°2' 




B 



Fig. 1-22 




Fig. 1-23 
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1.8 Finding rotations 

In a half hour, what turn or rotation is made (a) by the minute hand, and (b) by the hour hand of a 
clock? What rotation is needed to turn (c) from north to southeast in a clockwise direction, and 
(d) from northwest to southwest in a counterclockwise direction (see Fig. 1-24)? 




Fig. 1-24 



Solutions 

(a) In 1 hour, a minute hand completes a fuU circle of 360°. Hence, in a half hour it turns 180°. 

(b) In 1 hour, an hour hand turns ^ of 360° or 30°. Hence, in a half hour it turns 15°. 

(c) Add a turn of 90° from north to east and a turn of 45° from east to southeast to get 90° -I- 45° = 135°. 

(d) The turn from northwest to southwest is ^(360°) = 90°. 



1.9 Finding angies 

Find the measure of the angle formed by the hands of the clock in Fig. 1-25, (a) at 8 o'clock; (b) at 
4:30. 




Fig. 1-25 



Solutions 

(a) At 8 o'clock, a = |(360°) = 120°. 

(b) At 4:30, m^b = ^(90°) = 45°. 



1.10 Applying angle facts 

In Fig. 1-26, (a) name two pairs of perpendicular segments; (b) find m/-a if m/-b — 42°; (c) find 
m^EB and mACED. 
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Solutions 

(a) Since AABC is a right angle, AB ± BC. Since ABEC is a right angle, BE ±AC. 

(b) mZa = 90° - m^b = 90°- 42°= 48°. 

(c) m^AEB = 180° - m^BEC = 180° - 90° = 90°. m^CED = 180° - wZl = 180° - 45° = 135°. 



1.6 Triangles 

A polygon is a closed plane figure bounded by straight line segments as sides. Thus, Fig. 1-27 is a polygon 
of five sides, called a pentagon; it is named pentagon ABCDS, using its letters in order. 




E 

Fig. 1-27 



A quadrilateral is a polygon having four sides. 

A triangle is a polygon having three sides. A vertex of a triangle is a point at which two of the sides meet. 
{Vertices is the plural of vertex.) The symbol for triangle is A; for triangles. A- 

A triangle may be named with its three letters in any order or with a Roman numeral placed inside of it. 
Thus, the triangle shown in Fig. 1-28 is AABC or Al; its sides are AB, AC, and EC; its vertices are A, B, and C; 
its angles are /-A, ZB, and ZC. 



B 




Fig. 1-28 

1.6A Classifying Triangles 

Triangles are classified according to the equality of the lengths of their sides or according to the kind of an- 
gles they have. 

Triangles According to the Equality of the Lengths of their Sides (Fig. 1-29) 

1 . Scalene triangle: A scalene triangle is a triangle having no congruent sides. 

Thus in scalene triangle ABC, a ¥= b ¥= c. The small letter used for the length of each side agrees with the capital 
letter of the angle opposite it. Also, # means "is not equal to." 

2. Isosceles triangle: An isosceles triangle is a triangle having at least two congruent sides. 




Fig. 1-29 
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Thus in isosceles triangle ABC, a = c. These equal sides are called the legs of the isosceles triangle; the remaining side 
is the base, b. The angles on either side of the base are the base angles; the angle opposite the base is the vertex angle. 

3. Equilateral triangle: An equilateral triangle is a triangle having three congruent sides. 

Thus in equilateral triangle ABC, a = b = c. Note that an equilateral triangle is also an isosceles triangle. 

Triangles According to the Kind of Angles (Fig. 1-30) 

1. Right triangle: A right triangle is a triangle having a right angle. 

Thus in right triangle ABC, ZLC is the right angle. Side c opposite the right angle is the hypotenuse. The perpen- 
dicular sides, a and b, are the legs or arms of the right triangle. 

2. Obtuse triangle: An obtuse triangle is a triangle having an obtuse angle. 

Thus in obtuse triangle DEF, Z-D is the obtuse angle. 

3. Acute triangle: An acute triangle is a triangle having three acute angles. 

Thus in acute triangle HJK, /-H, /-J, and ZATare acute angles. 




Fig. 1-30 

1.6B Special Lines in a Triangle 

1. Angle bisector of a triangle: An angle bisector of a triangle is a segment or ray that bisects an angle and 
extends to the opposite side. 

Thus BD, the angle bisector of ^B in Fig. 1-31, bisects AB, making ^1 = Z-2. 

2. Median of a triangle: A median of a triangle is a segment from a vertex to the midpoint of the opposite 
side. 

Thus BM, the median to AC, in Fig. 1-32, bisects AC, making AM = MC. 




Fig. 1-31 Fig. 1-32 

3. Perpendicular bisector of a side: A perpendicular bisector of a side of a triangle is a Une that bisects and 
is perpendicular to a side. 

Thus PQ, the perpendicular bisector of AC in Fig. 1 -32, bisects AC and is perpendicular to it. 

4. Altitude to a side of a triangle: An altitude of a triangle is a segment from a vertex perpendicular to the 
opposite side. 

Thus SD, the altitude to AC in Fig. 1-33, is perpendicular toAC and forms right angles 1 and 2. Each angle bisector, 
median, and altitude of a triangle extends from a vertex to the opposite side. 
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5. Altitudes of obtuse triangle: In an obtuse triangle, the altitude drawn to either side of the obtuse angle falls 
outside the triangle. 

Thus in obtuse triangle ABC (shaded) in Fig. 1-34, altitudes BD and CE fall outside the triangle. In each case, a 
side of the obtuse angle must be extended. 




Fig. 1-33 Fig. 1-: 



SOLVED PROBLEMS 



1.11 Naming a triangle and its parts 

In Fig. 1-35, name (a) an obtuse triangle, and (b) two right triangles and the hypotenuse and legs of 
each, (c) In Fig. 1-36, name two isosceles triangles; also name the legs, base, and vertex angle of each. 




Fig. 1-35 Fig. 1-36 

Solutions 

(a) Since AADB is an obtuse angle, /-ADB or All is obtuse. 

(b) SinceZC is a right angle, AI and AA5C are right triangles. In AI, AD is the hypotenuse and AC and CD 
are the legs. In AABC, AB is the hjfpotenuse and AC and BC are the legs. 

(c) Since AD = AE, AADE is an isosceles triangle. In AADE, AD and AE are the legs, DE is the base, and 

/-A is the vertex angle. 

Since AB = AC, AABC is an isosceles triangle. In AABC, AB and AC are the legs, BC is the base, and 
/-A is the vertex angle. 



1.12 Special lines in a triangle 

Name the equal segments and congruent angles in Fig . 1 -37 , (a) if AE is the altitude to BC; (b) if CG 
bisects aACB; (c) if KL is the perpendicular bisector of AD; (d) if DF is the median to AC. 




Fig. 1-37 
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Solutions 

(a) Since Al ±BC,Al = Z2. 

(b) Since CG bisects ZJlCB, A3 = Z.4. 

(c) Since ZZ is the ± bisector of AD, AL = LD and Z7 = Z8. 

(d) Since DF is median to AC, AF = FC. 

1.7 Pairs of Angles 

1.7 A Kinds of Pairs of Angles 

1 . Adjacent angles: Adjacent angles are two angles that have the same vertex and a common side between 
them. 

Thus, the entire angle of c° in Fig. 1-38 has been cut into two adjacent angles of a° and b°. These adjacent angles 
have the same vertex A, and a common side AD between them. Here, a° + b° = c°. 




Fig. 1-38 Fig. 1-39 



2. Vertical angles: Vertical angles are two nonadjacent angles formed by two intersecting lines. 

Thus, A.\ and Z3 in Fig. 1-39 are vertical angles formed by intersecting lines AB and CD. Also, Z2 and Z4 are 
another pair of vertical angles formed by the same lines. 

3. Complementary angles: Complementary angles are two angles whose measures total 90°. 

Thus, in Fig. l-40(a) the angles of a° and b° are adjacent complementary angles. However, in (b) the complemen- 
tary angles are nonadjacent. In each case, a° + b° = 90°. Either of two complementary angles is said to be the com- 
plement of the other. 



Complementary Angles 

Supplementary Angles 




(a) (b) (a) (b) 

Fig. 1-40 Fig. 1-41 



4. Supplementary angles: Supplementary angles are two angles whose measures total 180°. 

Thus, in Fig. l-41(a) the angles of a° and b° are adjacent supplementary angles. However, in Fig. l-41(b) the sup- 
plementary angles are nonadjacent. In each case, a° + b° = 180°. Either of two supplementary angles is said to be 
the supplement of the other. 
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1.7B Principles of Pairs of Angles 

PRINCIPLE 1: If an angle ofc° is cut into two adjacent angles ofa° and b°, then a° + b° — c°. 
Thus if a° = 25° and b° = 35° in Fig. 1-42, then c° + 25° + 35° = 60°. 




Fig. 1-42 Fig. 1-43 



PRINCIPLE 2: Vertical angles are congruent. 

Thus if AS and CD are straight lines in Fig. 1-43, then Zl s Z3 and Z2 s Z4. Hence, if mAl = 40°,thenmZ3 = 
40°; in such a case, m/-2 =mZ4 = 140°. 

PRINCIPLE 3: If two complementary angles contain a° and b°, then a° + b° = 90°. 
Thus if angles of a° and b° are complementary and a° = 40°, then b° = 50° [Fig. l-44(a) or (b)]. 

PRINCIPLE 4: Adjacent angles are complementary if their exterior sides are perpendicular to each other. 



A D 




(a) (6) 
Fig. 1-44 



Thus in Fig. l-44(a) , a° and b° are complementary since their exterior sides AB and BC are perpendicular to each other. 

PRINCIPLE 5: If two supplementary angles contain a° and b°, then a° + b° = 18(f. 
Thus if angles of a° and b° are supplementary and a° = 140°, then b° = 40° [Fig. l-45(a) or (b)]. 

PRINCIPLE 6: Adjacent angles are supplementary if their exterior sides lie in the same straight line. 

Thus in Fig. l-45(a) a° and b° are supplementary angles since their exterior sides AB and BC lie in the same straight 
line AC. 



A 




Fig. 1-45 Fig. 1-46 

PRINCIPLE 7: If supplementary angles are congruent, each of them is a right angle. (Equal supplementary 
angles are right angles.) 

Thus if Zl and Z-2 in Fig. 1-46 are both congruent and supplementary, then each of them is a right angle. 
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SOLVED PROBLEMS 



1.13 Naming pairs of angles 

(a) In Fig. 1 -47(a), name two pairs of supplementary angles. 

(b) In Fig. l-47(b), name two pairs of complementary angles. 

(c) In Fig. l-47(c), name two pairs of vertical angles. 




(a) (6) (e) 



Fig. 1-47 

Solutions 

(a) Since their sum is 180°, the supplementary angles are (1) zll and /LBED; (2) zl3 and /LAEC. 

(b) Since their sum is 90°, the complementary angles are (1) Z.4 and /LFJH; (2) Z6 and /-EJG. 

(c) Since KL and MN are intersecting lines, the vertical angles are (1) Z8 and ZIO; (2) 13 and AMOK. 



1.14 Finding pairs of angies 

Find two angles such that: 

(a) The angles are supplementary and the larger is twice the smaller. 

(b) The angles are complementary and the larger is 20° more than the smaller. 

(c) The angles are adjacent and form an angle of 120°. The larger is 20° less than three times the smaller. 

(d) The angles are vertical and complementary. 

Solutions 

In each solution, x is a number only. This number indicates the number of degrees contained in the angle. Hence, 
if a; = 60, the angle measures 60°. 

(a) Let X = m (smaller angle) and 2x = m (larger angle), as in Fig. l-48(a). 
Principle 5: x + 2x = 180, so 3x = 180; x = 60. 

2x=120. Ans. 60° and 120° 

(b) Let X = m (smaller angle) and x + 20 = m (larger angle), as in Fig. l-48(b). 
Principle 3: x + (x + 20) = 90, or 2x + 20 = 90; x = 35. 

x-l- 20 = 55. Ans. 35° and 55° 

(c) Let x = m (smaller angle) and 3x — 20 = m (larger angle) as in Fig. l-48(c). 
Principle 1: x + (3x - 20) = 120, or 4x - 20 = 120; x = 35. 

3x - 20 = 85. Ans. 35° and 85° 

(d) Let X = m (each vertical angle), as in Fig. l-48(d). They are congruent by Principle 2. 
Principle 3: x + x = 90°, or 2x = 90; x = 45. Ans. 45° each. 




(a) (b) (c) (d) 



Fig. 1-48 
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1.15 Finding a pair of angies using two unltnowns 

For each of the following, be represented by a and b. Obtain two equations for each case, and then 
find the angles. 

(a) The angles are adjacent, forming an angle of 88°. One is 36° more than the other. 

(b) The angles are complementary. One is twice as large as the other. 

(c) The angles are supplementary. One is 60° less than twice the other. 

(d) The angles are supplementary. The difference of the angles is 24°. 

Solutions 

(a) a + = 88 (c) a + b = 180 

a = b + 36 Ans. 62° and 26° a = 2b - 60 Ans. 100° and 80° 

(b) a + b = 90 (d) a + b= 180° 

a = 2b Ans. 60° and 30° a - b = 24° Ans. 78° and 102° 



1.1. Point, line, and plane are undefined terms. Which of these is illustrated by (a) the tip of a sharpened pencil; 
(b) the shaving edge of a blade; (c) a sheet of paper; (d) a side of a box; (e) the crease of a folded paper; (f) the 
junction of two roads on a map? (1.1) 



1.2. (a) Name the line segments that intersect at E in Fig. 1-49. 

(b) Name the line segments that intersect at D. 

(c) What other line segments can be drawn using points A, B, C, D, E, and F? 

(d) Name the point of intersection of AC and BD. 



(1.2) 




Fig. 1-49 




1.3. (a) Find the length of AB in Fig. 1-50 if AD is 8 and D is the midpoint of AB 
(b) Find the length of AE if AC is 21 and E is the midpoint of AC. 



(1.3) 



1.4. (a) Find 05 in Fig. 1-51 if diameter AD = 36. 



(1.4) 



(b) Find the number of degrees in AE if E is the midpoint of semicircle AED. Find the number of degrees in 
(,c)Cb;(d)AC;(e)AEC. 





Fig. 1-52 
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1.5. Name the following angles in Fig. 1-52 (a) an acute angle at B; (b) an acute angle at E; (c) a right angle; (d) three 
obtuse angles; (e) a straight angle. (1.5) 



1.6. (a) Find mAADC if mAc = 45° and mAd = 85° in Fig. 1-53. 

(b) Find mAAEB if mAe = 60°. 

(c) Find mAEBD if mAa= 15°. 

(d) Find mA4fiC if = 42°. 



1.7. Find (a) | of art. Z; (b) | of a st. Z; (c) | of 31°; (d) | of 45°55'. 



(1.6) 




(1.7) 



1.8. What turn or rotation is made (a) by an hour hand in 3 hours; (b) by the minute hand in 3 of an hour? What rotation 
is needed to turn from (c) west to northeast in a clockwise direction; (d) east to south in a counterclockwise 
direction; (e) southwest to northeast in either direction? (1 .8) 



1.9. Find the angle formed by the hand of a clock (a) at 3 o'clock; (b) at 10 o'clock; (c) at 5:30 am; 
(d) at 11:30 pm. 



(1.9) 



1.10. In Fig. 1-54: 

(a) Name two parrs of perpendicular lines. 

(b) Find mABCD if mA4 is 39°. 

If mZl = 78°, find (c) mABAD; (d) mZ.2; (e) mACAE. 



(1.10) 





Fig. 1-54 



Fig. 1-55 



1.11. (a) In Fig. l-55(a), name three right triangles and the hypotenuse and legs of each. 



(1.11) 



In Fig. l-55(b), (b) name two obtuse triangles and (c) name two isosceles triangles, also naming the legs, base, and 
vertex angle of each. 



1.12. In Fig. 1-56, name the congruent lines and angles (a) if PR is a ± bisector of AB; (b) if BF bisects AABC; 
(c) if CG is an altitude to AD; (d) if IM is a median to AD. (1 .12) 
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1.13. In Fig. 1-57, state the relationship between: 



(1.13) 



(a) ZlandZ4 



(d) Z4andZ5 



(b) Z3andZ4 



(e) ZlandZS 



(c) ZlandZ2 



(f) ZAOD and Z5 




E 



■D 



A 



B 



C 



Fig. 1-57 



1.14. Find two angles such that: 



(1.14) 



(a) The angles are complementary and the measure of the smaller is 40° less than the measure of the larger. 

(b) The angles are complementary and the measure of the larger is four times the measure of the smaller. 

(c) The angles are supplementary and the measure of the smaller is one-half the measure of the larger. 

(d) The angles are supplementary and the measure of the larger is 58° more than the measure of the smaller. 

(e) The angles are supplementary and the measure of the larger is 20° less than three times the measure of the 
smaller. 

(f) The angles are adjacent and form an angle measuring 140°. The measure of the smaller is 28° less than the 
measure of the larger. 

(g) The angles are vertical and supplementary. 

1.15. For each of the following, let the two angles be represented by a and b. Obtain two equations for each case, and 
then find the angles. (1-15) 

(a) The angles are adjacent and form an angle measuring 75°. Their difference is 21°. 

(b) The angles are complementary. One measures 10° less than three times the other. 

(c) The angles are supplementary. One measures 20° more than four times the other. 




Methods of Proof 



2.1 Proof By Deductive Reasoning 
2.1A Deductive Reasoning is Proof 

Deductive reasoning enables us to derive true or acceptably true conclusions from statements which are true 
or accepted as true. It consists of three steps as follows: 

1 . Making a general statement referring to a whole set or class of things, such as the class of dogs: All dogs 
are quadrupeds (have four feet). 

2. Making a particular statement about one or some of the members of the set or class referred to in the 
general statement: All greyhounds are dogs. 

3. Making a deduction that follows logically when the general statement is applied to the particular state- 
ment: All greyhounds are quadrupeds. 

Deductive reasoning is called syllogistic reasoning because the three statements together constitute a syllo- 
gism. In a syllogism the general statement is called the major premise, the particular statement is the minor 
premise, and the deduction is the conclusion. Thus, in the above syllogism: 

1 . The major premise is: All dogs are quadrupeds. 

2. The minor premise is: All greyhounds are dogs. 

3. The conclusion is: All greyhounds are quadrupeds. 

Using a circle, as in Fig. 2-1 , to represent each set or class will help you understand the relationships 

involved in deductive reasoning. 

1 . Since the major premise or general statement states that all dogs are quadrupeds, the circle representing 
dogs must be inside that for quadrupeds. 

2. Since the minor premise or particular statement states that all greyhounds are dogs, the circle representing 
greyhounds must be inside that for dogs. 
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3. The conclusion is obvious. Since the circle of greyhounds must be inside the circle of quadrupeds, the 
only possible conclusion is that greyhounds are quadrupeds. 



2.1B Observation, Measurement, and Experimentation are not Proof 

Observation cannot serve as proof. Eyesight, as in the case of a color-blind person, may be defective. 
Appearances may be misleading. Thus, in each part of Fig. 2-2, AS does not seem to equal CD although 
it actually does. 




(«) {b) (c) 

Fig. 2-2 



Measurement cannot serve as proof. Measurement applies only to the limited number of cases involved. 
The conclusion it provides is not exact but approximate, depending on the precision of the measuring instru- 
ment and the care of the observer. In measurement, allowance should be made for possible error equal to half 
the smallest unit of measurement used. Thus if an angle is measured to the nearest degree, an allowance of 
half a degree of error should be made. 

Experiment cannot serve as proof. Its conclusions are only probable ones. The degree of probability de- 
pends on the particular situations or instances examined in the process of experimentation. Thus, it is prob- 
able that a pair of dice are loaded if ten successive 7s are rolled with the pair, and the probability is much 
greater if twenty successive 7s are rolled; however, neither probability is a certainty. 



SOLVED PROBLEMS 



2.1 Using circles to determine group reiationsliips 

In (a) to (e) each letter, such as A, B, and R, represents a set or group. Complete each statement. Show 
how circles may be used to represent the sets or groups. 

(a) If A is B and S is C, then _]_ . 

(b) If A is Band g island £ is/?, then ? . 

(c) IfZisFand ? ,thenZisM. 

(d) If CisZ)and£is C.then ? . 

(e) If squares (5) are rectangles (/?) and rectangles are parallelograms (P), then ? . 
Solutions 

(a) AisC (b) AisR (c) YhM (d) EisD (e) Squares are parallelograms 
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2.2 Completing a syllogism 

Write the statement needed to complete each syllogism: 



Major Premise 

(General Statement) 


Minor Premise 

(Particular Statement) 


Conclusion 

(Deducted Statement) 


(a) A cat is a domestic animal. 

(b) AH people must die. 

(c) Vertical angles are congruent. 

(d) ? 

(e) An obtuse triangle has only 
one obtuse angle. 


Fluffy is a cat. 
? 

/-cand/-d are vertical angles. 
A square is a rectangle. 

7 


? 

Jan must die. 
? 

A square has congruent 
diagonals. 

AABC has only one obtuse 
angle. 



Solutions 

(a) Fluffy is a domestic animal. (d) A rectangle has congruent diagonals. 

(b) Jan is a person. (e) AABC is an obtuse triangle. 

(c) Ac = Ad. 



2.2 Postulates (Assumptions) 

The entire structure of proof in geometry rests upon, or begins with, some unproved general statements called 
postulates. These are statements which we must willingly assume or accept as true so as to be able to deduce 
other statements. 

2.2A Algebraic Postulates 

POSTULATE 1: Things equal to the same or equal things are equal to each other; if a — b and c — b, then 
a — c. (Transitive Postulate) 

Thus the total value of a dime is equal to the value of two nickels because each is equal to the value of ten pennies. 

POSTULATE 2: A quantity may be substituted for its equal in any expression or equation. (Substitution 
Postulate) 

Thus if ;i: = 5 and y = jc + 3, we may substitute 5 for x and find 3; = 5 + 3 = 8. 
POSTULATE 3: The whole equals the sum of its parts. (Partition Postulate) 

Thus the total value of a dime, a nickel, and a penny is 16 cents. 
POSTULATE 4: Any quantity equals itself. (Reflexive Postulate or Identity Postulate) 

Thus x = X, mLA = mLA, and AB = AB. 

POSTULATE 5: If equals are added to equals, the sums are equal; if a — b and c — d, then a + c — b + 
d. (Addition Postulate) 

If 7 dimes = 70 cents If x + y = 12 

and 2 dimes = 20 cents and x — y = 8 
then 9 dimes = 90 cents then 2x =20 
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POSTULATE 6: If equals are subtracted from equals, the differences are equal; if a = b and c = d, then 
a-c = b-d. (Subtraction Postulate) 

If 7 dimes = 70 cents If x + y = 12 
and 2 dimes = 20 cents and x — y = S 
then 5 dimes = 50 cents then 2y = 4 

POSTULATE?: If equals are multiplied by equals, the products are equal; if a = b and c = d, then 
ac = bd. (Multiplication Postulate) 

Thus if the price of one book is $2, the price of three books is $6. 

Special muhiplication axiom: Doubles of equals are equal. 

POSTULATE 8: If equals are divided by equals, the quotients are equal; if a = b and c = d, then ale = bid, 
where c,d 0. (Division Postulate) 

Thus if the price of 1 lb of butter is 80 cents then, at the same rate, the price of \ lb is 20 cents. 
POSTULATE 9: Like powers of equals are equal; if a = b, then a" = b". (Powers Postulate) 

Thus ifx = 5, then .j:^ = 5^ or = 25 . 
POSTULATE 10: Like roots of equals are equal; ifa — b then = "s/h. 

Thus if = 27, then y = '^21 = 3. 

2.2B Geometric Postulates 

POSTULATE 11: One and only one straight line can be drawn through any two points. 
Thus , AB is the only line that can be drawn between A and B in Fig . 2-3 . 




Fig. 2-3 Fig. 2-4 

POSTULATE 12: Two lines can intersect in one and only one point. 

Thus, only P is the point of intersection of ABand CD in Fig. 2-4. 
POSTULATE 13: The length of a segment is the shortest distance between two points. 

Thus, AB is shorter than the curved or broken line segment between A and B in Fig. 2-5. 

Fig. 2-5 Fig. 2-6 

POSTULATE 14: One and only one circle can be drawn with any given point as center and a given line 

segment as a radius. 

Thus, only circle A in Fig. 2-6 can be drawn with A as center and AB as a radius. 
POSTULATE 15: Any geometric figure can be moved without change in size or shape. 
Thus, AI in Fig. 2-7 can be moved to a new position without changing its size or shape. 
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Fig. 2-7 

POSTULATE 16: A segment has one and only one midpoint. 

Thus, only Mis the midpoint of AS in Fig. 2-8. 
POSTULATE 17: An angle has one and only one bisector. 

Thus, only AD is the bisector of LA in Fig. 2-9. 



A M B 

Fig. 2-8 



25" 




B 



^26° D 
Fig. 2-9 

POSTULATE 18: Through any point on a line, one and only one perpendicular can be drawn to the line. 
Thus, only PC ± ASatpointPon ABin Fig. 2-10. 



A p B 

Fig. 2-10 



POSTULATE 19: Through any point outside a line, one and only one perpendicular can be drawn to the 
given line. 

<-> <-> 

Thus, only PC can be drawn ± AS from point P outside ABin Fig. 2-11 . 



A C B 

Fig. 2-11 



SOLVED PROBLEMS 



2.3 Applying postulate 1 

In each part, what conclusion follows when Postulate 1 is applied to the given data from Figs. 2-12 
and 2-13? 




Fig. 2-12 



(a) Given: a = lQ,b = lQ,c = 10 

(b) Given: a = 25,a = c 

(c) Given: a — b,c — b 



Fig. 2-13 

(d) Given: mL 1 = 40°, mL2 = 40°, mL3 ^ 40° 

(e) Given: mZ. 1 = mL2, mL 3 — mL 1 

(f) Given: mZ.3 — mLl,mL2 = mL3 



Solutions 

(a) Since a, b, and c each equal \Q,a = b = c. 

(b) Since c and 25 each equal a,c = 25. 
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(c) Since a and c each equal b,a = c. 

(d) Since 1, z^2, and each measures 40°, /_l= /.2 = /_3. 

(e) Since and each s^l,z^2s ^3. 

(f) Sincez^l and/!^2each s ^3,/!^l s ^2. 

2.4 Applying postulate 2 

In each part, what conclusion follows when Postulate 2 is applied to the given data? 

(a) Evaluate 2a + 2b when a = 4 and b = S. 

(b) Find xif3x + 4y = 35 and y = 5. 

(c) Given: mLl + mLB + mL2 = 180°,^1 = LA, andLl = ^CinFig. 2-14. 




Fig. 2-14 



Solutions 

(a) Substitute 4 for a and 8 for b 
2a + 2b 

2(4) -I- 2(8) 

8 -I- 16 = 24 Ans. 

(b) Substitute 5 for y: 

Sjc + 4>' = 35 
3x + 4(5) = 35 

3;c -I- 20 = 35 
3jc = 15, X = 5 Ans. 

2.5 Applying postulate 3 

State the conclusions that follow when Postulate 3 is applied to the data in (a) Fig. 2.15(a) and 
(b)Fig. 2-15(b). 

A 



3 5 6 
A B C D B D 

(a) (b) 
Fig. 2-15 

Solutions 



(c) Substitute ^ A for ^ 1 and ^ C for ^ 2: 

mLl + mLB + mL2 = 180° 
mLA + mLB + mLC = \^Q° Ans. 




(a) AC = 3 + 5 = 8 
BD = 5 + 6=n 
AD = 3-1-5-1-6 = 14 



(b) mLAEC 
mLBED 
mLAED 



= 60° + 40° = 100° 

= 40° -H 30° = 70° 

= 60° -I- 40° + 30° = 130° 
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2.6 Applying postulates 4, 5, and 6 

In each part, state a conclusion that follows when Postulates 4, 5, and 6 are applied to the given data. 

(a) Given: a = e (Fig. 2-16) 

(b) Given: a = c,b = d (Fig. 2-16) 

(c) Given: mLBAC = mLDAE (Fig. 2-17) 

(d) Given: mLBAC = mLBCA, m/_l = m/_3 (Fig. 2-17) 





/B 








X c 
















\b 






A 


nP 


F 




Fig. 2-16 






Solutions 








(a) a = e 


Given 






b = b 


Identity 






a + b = b + e 


Add. Post 






CD = EF 


Subst. 






(b) a = c 


Given 






b = d 


Given 






a + b = c + d 


Add. Post. 






CD = AB 


Subst. 






(c) mABAC 


= mADAE 




Given 


mZ- 1 


= mZ- 1 




Given 


mABAC - mZ 1 


= mADAE - 


- mAl 


Subt. Post. 


m/-2 


= m/-5 




Subst. 


(d) m^BAC 


= niABCA 




Given 


mZ- 1 


= mA3 




Given 


mABAC - mAl 


= mABCA - 


- m/-3 


Subt. Post. 


m/-2 


= m/-4 




Subst. 




Fig. 2-17 



2.7 Applying postulates 7 and 8 

State the conclusions that follow when the multiplication and division axioms are appUed to the data in 
(a) Fig. 2-18 and (b) Fig. 2-19. 

B 




Given: a = b 

AB and AC are 
i trisected. 
C 



Fig. 2-18 




Given: 



mZ.A = mZC 
mZ.1 = \mLA 
mZ.2= \mZC 



Solutions 

(a) lfa = b, then 2a = 2b since doubles of equals are equal. Hence, AF = DB = AG = EC. Also, 3a 
using the Multiplication Postulate. Hence, AB = AC. 

(b) If mZ_A = m/_ C, then |mZA = ^mZ. C since halves of equals are equal. Hence, m/_ 1 = m/_2. 



3b, 
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2.8 Applying postulates to statements 

Complete each sentence and state the postulate that applies. 

(a) If Harry and Alice are the same age today, then in 10 years ? . 

(b) Since 32°F and 0°C both name the temperature at which water freezes, we know that ? 

(c) If Henry and John are the same weight now and each loses 20 lb, then ? . 

(d) If two stocks of equal value both triple in value, then ? . 

(e) If two ribbons of equal size are cut into five equal parts, then ? . 

(f) If Joan and Agnes are the same height as Anne, then ? . 

(g) If two air conditioners of the same price are each discounted 10 percent, then ? . 
Solutions 

(a) They will be the same age. (Add. Post.) 

(b) 32°F = 0°C. (Trans. Post.) 

(c) They will be the same weight. (Subt. Post.) 

(d) They will have the same value. (Mult. Post.) 

(e) Their parts will be of the same size. (Div. Post.) 

(f) Joan and Agnes are of the same height. (Trans. Post.) 

(g) They will have the same price. (Subt. Post.) 

2.9 Applying geometric postulates 

State the postulate needed to correct each diagram and accompanying statement in Fig. 2-20. 



D, E 





A C 
— * — > 
AD and AE bisect /-A. 



(b)_ 

A C 
— > - > < > 

CD and CE X AB 



Both circles have 
O as a center and 
the same radius. 




AB + BC= AC 



Fig. 2-20 



Solutions 

(a) Postulate 17. 



(b) Postulate 18. 



(c) Postulate 14. 



(d) Postulate 13 . (AC is less than 
the sum of AB and BC.) 



2.3 Basic Angle Theorems 

A theorem is a statement, which, when proved, can be used to prove other statements or derive other results. 
Each of the following basic theorems requires the use of definitions and postulates for its proof. 

Note: We shall use the term principle to include important geometric statements such as theorems, postu- 
lates, and definitions. 
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PRINCIPLE 1: All right angles are congruent. 
Thus, LA = LB 'm Fig. 2-21 . 



,tl 



n 



Fig. 2-21 



PRINCIPLE 2: All straight angles are congruent. 
Thus, z^C = LD in Fig. 2-22. 

C D 

Fig. 2-22 



PRINCIPLE 3: Complements of the same or of congruent angles are congruent. 
This is a combination of the following two principles: 

1. Complements of the same angle are congruent. Thus, /_a = Lb in Fig. 2.23 and each is the complement of Lx. 

2. Complements of congruent angles are congruent. Thus, Lc = Ldin Fig. 2-24 and their complements are the con- 
gruent & X and y. 




Fig. 2-23 Fig. 2-24 



PRINCIPLE 4: Supplements of the same or of congruent angles are congruent. 
This is a combination of the following two principles: 

1. Supplements of the same angle are congruent. Thus, A a = Lb'm. Fig. 2-25 and each is the supplement of Lx. 

2. Supplements of congruent angles are congruent. Thus, Ac = Ld'm Fig. 2-26 and their supplements are the con- 
gruent angles x and y. 





Fig. 2-25 



Fig. 2-26 



PRINCIPLE 5: Vertical angles are congruent. 

Thus, in Fig. 1-11, La = Lb; this follows from Principle 4, since La and are supplements of the same angle, Z_c. 




Fig. 2-27 
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SOLVED PROBLEMS 



2.10 Applying basic tlieorems: principles 1 to 5 

State the basic angle theorem needed to prove La = Lb in each part of Fig. 2-28. 




C A DAD C 

(a) Given: (b) Given: 'BALAD, (c) Given: ABlBC 

AB and AC are straight lines. BClCD comp. 

Fig. 2-28 



Solutions 

(a) Since ABand A Care straight lines, La and Lb are straight L. Hence, Z_ a = Lb. Ans. All straight angles 
are congruent. 

(b) Since SA ± ADand5C ± CD,LaandLb eaen.L.Bence,La = Lb. Awi. All right angles are congruent. 

(c) Since AB ± BC,LB is a rt. ^ , making Lb the complement of Z_ 1. Since La is the complement of Z_ 1, 
La = Lb. Ans. Complements of the same angle are congruent. 

2.4 Determining the Hypothesis and Conclusion 

2.4A Statement Forms: Subject-Predicate Form and If-Then Form 

The statements "A heated metal expands" and "If a metal is heated, then it expands" are two forms of the 
same idea. The following table shows how each form may be divided into its two important parts, the hypoth- 
esis, which tells what is given, and the conclusion, which tells what is to be proved. Note that in the if-then 
form, the word then may be omitted. 



Form 


Hypothesis Conclusion 

(What is given) (What is to be proved) 


Subject-predicate form: 

A heated metal expands. 


Hypothesis is subject: Conclusion is predicate: 

A heated metal expands 


If-then form: If a metal is 
heated, then it expands. 


Hypothesis is if clause: Conclusion is then clause: 

If a metal is heated then is expands 



2.4B Converse of a Statement 

The converse of a statement is formed by interchanging the hypothesis and conclusion. Hence to form the con- 
verse of an if-then statement, interchange the if and then clauses. In the case of the subject-predicate form, 
interchange the subject and the predicate. 

Thus, the converse of "triangles are polygons" is "polygons are triangles." Also, the converse of "if a 
metal is heated, then it expands" is "if a metal expands, then it is heated." Note in each of these cases that 
the statement is true but its converse need not necessarily be true. 

PRINCIPLE 1: The converse of a true statement is not necessarily true. 

Thus, the statement "triangles are polygons" is true. Its converse need not be true. 

PRINCIPLE 2: The converse of a definition is always true. 

Thus, the converse of the definition "a triangle is a polygon of three sides" is "a polygon of three sides is a triangle." 
Both the definition and its converse are true. 
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SOLVED PROBLEMS 



2.11 Determining tlie liypotliesis and conclusion in subject-predicate form 

Determine the hypothesis and conclusion of each statement. 



Statements 


Solutions 


Hypothesis (subject) Conclusion (predicate) 


(a) Perpendiculars form right angles. 

(b) Complements of the same angle 
are congruent. 

(c) An equilateral triangle is equiangular. 

(d) A right triangle has only one right angle. 

(e) A triangle is not a quadrilateral. 


Perpendiculars form right angles 
Complements of the same are congruent 

angle 

An equilateral triangle is equiangular 

A right triangle has only one right angle 

A triangle is not a quadrilateral 



2.12 Determining the hypothesis and conclusion in if-then form 

Determine the hypothesis and conclusion of each statement. 



Statements 


Solutions 


Hypothesis (if clause) Conclusion (then clause) 


(a) If a line bisects an angle, then it divides 
the angle into two congruent parts. 

(b) A triangle has an obtuse angle if it is 
an obtuse triangle. 

(c) If a student is sick, she should not go 
to school. 

(d) A student, if he wishes to pass, must 
study regularly. 


If a line bisects an angle then it divides the angle 

into two congruent parts 

If it is an obtuse triangle (then) a triangle has an 

obtuse angle 

If a student is sick (then) she should not go 

to school 

If he wishes to pass (then) a student must 

study regularly 



2.13 Forming converses and determining their truth 

State whether the given statement is true. Then form its converse and state whether this is necessarily 
true. 

(a) A quadrilateral is a polygon. 

(b) An obtuse angle has greater measure than a right angle. 

(c) Florida is a state of the United States. 

(d) If you are my pupil, then 1 am your teacher. 

(e) An equilateral triangle is a triangle that has all congruent sides. 
Solutions 

(a) Statement is true. Its converse, "a polygon is a quadrilateral," is not necessarily true; it might be a triangle. 

(b) Statement is true. Its converse, "an angle with greater measure than a right angle is an obtuse angle," is 

not necessarily true; it might be a straight angle. 

(c) Statement is true. Its converse, "a state of the United States is Florida," is not necessarily true; it might 
be any one of the other 49 states. 

(d) Statement is true. Its converse, "if I am your teacher, then you are my pupU," is also true. 

(e) The statement, a definition, is true. Its converse, "a triangle that has all congruent sides is an equilateral 
triangle," is also true. 
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2.5 Proving a Theorem 

Theorems should be proved using the following step-by-step procedure. The form of the proof is shown in 
the example that follows the procedure. Note that accepted symbols and abbreviations may be used. 

1. Divide the theorem into its hypothesis (what is given) and its conclusion (what is to be proved). Under- 
line the hypothesis with a single line, and the conclusion with a double line. 

2. On one side, make a marked diagram. Markings on the diagram should include such helpful symbols as 
square comers for right angles, cross marks for equal parts, and question marks for parts to be proved 
equal. 

3. On the other side, next to the diagram, state what is given and what is to be proved. The "Given" and 
"To Prove" must refer to the parts of the diagram. 

4. Present a plan. Although not essential, a plan is very advisable. It should state the major methods of 
proof to be used. 

5. On the left, present statements in successively numbered steps. The last statement must be the one to be 
proved. All the statements must refer to parts of the diagram. 

6. On the right, next to the statements, provide a reason for each statement. Acceptable reasons in the 
proof of a theorem are given facts, definitions, postulates, assumed theorems, and previously proven 
theorems. 

Step 1: Prove: All right angles are equal 

in measure. 
Steps 2 Given: /_ A and Z_ B are rt. 
and 3: To Prove: niLA = mLB 
Step 4: Plan: Since each angle equals 90°, 

the angles are equal in measure, 

using Post. 1 : Things equal to the 

same thing are equal to each other. 

Steps 5 
and 6: 



n 



Statements 


Reasons 


1. 


LA and LB are rt. A. 


1. 


Given 




2. 


niLA and mLB each = 90°. 


2. 


OT(rt. L ) = 


= 90° 


3. 


mLA = mLB 


3. 


Things = 


to same thing = each other. 



SOLVED PROBLEM 



2.14 Proving a theorem 

Use the proof procedure to prove that supplements of angles of equal measure have equal measure. 
Step 1: Prove: Su pplements of angles of 

equal measure have equal measure. 
Steps 2 Given: La sup. Ll, Lb sup. L2 
and 3: mLl = mL2 

To Prove: mLa = niLb 
Step 4: Plan: Using the subtraction postulate, 

the equal angle measures may be 

subtracted from the equal sums of 

measures of pairs of supplementary 

angles. The equal remainders are the 

measures of the supplements. 
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Steps 5 
and 6: 



Statements 


Reasons 


1. 


La sup. L\-,Lb sup. L2 


1. 


Given 


2. 


mLa + mL \ = 180° 


2. 


Sup. are A the sum of 




mLb + mL2 = 180° 




whose measures = 180°. 


3. 


mLa + mZ_ 1 = mLb + mL2 


3. 


Things = to the same thing = each other. 


4. 


mLl = mL2 


4. 


Given 


5. 


mLa = mLb 


5. 


If =s are subtracted from =s, the 








differences are = . 



2.1. Complete each statement. In (a) to (e), each letter, such as C, D, or R, represents a set or group. 

(a) If A is 5 and B is H, then _J_ . 

(b) If C is fl and P is C. then ? . 

(c) If _?_ and B is R, then B is S. 

(d) IfgisF.f isG.andGis^.then ? . 

(e) If Gisg.gis jg.and ? . then A is j?. 

(f) If triangles are polygons and polygons are geometric figures, then ? . 

(g) If a rectangle is a parallelogram and a parallelogram is a quadrilateral, then ? . 

2.2. State the conclusions which follow when Postulate 1 is applied to the given data, which refer to 
Fig. 2-29. 

/ 



(2.2) 



(2.3) 




Fig. 2-29 

(a) a = l,c = lj=l 

(b) b=\5,b = g 

(c) f=h,h = a 

(d) a = c,c=f, /= h 

(e) b = d,d = g,g = e 

2.3. State the conclusions which follow when Postulate 2 is applied in each case. 

(a) Evaluate a^ + 3a when a = 10. 

(b) Evaluate x^-4y when x = 4 and y = 3. 

(c) Does fo^ - 8 = 17 when = 5? 

(d) Find x if x + y = 20 and y = x + 3. 

(e) Find y if jc + y = 20 and y = 3x. 

(f) Find;cif 5x-2y = 24and)' = 3. 

(g) Find xifx'^ + 3y = 45 and y = 3. 



(2.4) 
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2.4. State the conclusions that follow when Postulate 3 is applied to the data in Fig. 2-30(a) and (b). (2.5) 




(«) (b) 
Fig. 2-30 



2.5. State a conclusion involving two new equals that follows when Postulate 4, 5, or 6 is applied to the given data. (2.6) 

(a) Given: b = e (Fig. 2-31). 

(b) Given: b = c,a = d (Fig. 2-31). 

(c) Given: z^4sz^5 (Fig. 2-32). 

(d) Given: Ll= L?>,L2 = LA (Fig. 2-32). 




Fig. 2-33 



(a) If AD=5C, whyis AB=BF? 

(b) If M; = F7/, why is AG = 57?? 

(c) IfGD = i?C, why is AD =BC? 

(d) If EDsFC, why is £GsFff? 

2.7. In Fig. 2-34 LBCD and LADC are trisected. 

(a) IfmLBCD = mLADC,^hy does mLFCD = mLFDCl 

(b) If OTz^ 1 = wz^2, why does mLBCD = mLADCl 
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(c) lfm/_l= mL2, why does mLADF = mLBCFl 

(d) If mLEDC = mLECD, why does mL \ = mLll 




Fig. 2-34 

2.8. Complete each statement, and name the postulate that applies. 



(2.8) 



(a) If BiU and Helen earn the same amount of money each hour and their rate of pay is increased by the same 
amount, then ?_ . 

(b) In the past year, those stocks have tripled in value. If they had the same value last year, then ?_ . 

(c) A week ago, there were two classes that had the same register. If the same number of pupils were dropped 
in each, then !_ . 

(d) Since 100°C and 212°F are the boiling temperatures of water, then ?_ . 

(e) If two boards have the same length and each is cut into four equal parts, then ?_. 

(f) Since he has $2000 in Bank A, $3000 in Bank B and $5000 in Bank C, then _J_ . 

(g) If three quarters and four nickels are compared with three quarters and two dimes, ?_ . 



2.9. Answer each of the following by stating the basic angle theorem needed. The questions 

refer to Fig. 2-35. 

(a) Why does mL 1 = mL21 

(b) Why does niLDBC = mLECBl 

(c) If niL'i = niLA, why does mL5 = m/_61 

(d) If AF ± DE and GC ± Z5£, why does 7 = mA8? 

(e) ]fAF±DE,GC± DE, and mLW = mL 12, why does mL9 = mL 10? 



(2.10) 




D 



2.10. Determine the hypothesis and conclusion of each statement. 

(a) Stars twinkle. 

(b) Jet planes are the speediest. 

(c) Water boils at 2 12°F. 

(d) If it is the American flag, its colors are red, white, and blue. 

(e) You cannot learn geometry if you fail to do homework in the subject. 

(f) A batter goes to first base if the umpire calls a fourth ball. 



F 






G 




V 






7 


/ll 


12\ 


8 



E 



(2.11 and 2.12) 
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(g) If A is B's brother and C is B's son, then A is C's uncle. 

(h) An angle bisector divides the angle into two equal parts. 

(i) A segment is trisected if it is divided into three congruent parts, 
(j) A pentagon has five sides and five angles. 

(k) Some rectangles are squares. 

(1) Angles do not become larger if their sides are made longer. 

(m) Angles, if they are congruent and supplementary, are right angles. 

(n) The figure cannot be a polygon if one of its sides is not a straight line segment. 

2.11. State the converse of each of the following true statements. State whether the converse is 

necessarily true. (2.13) 

(a) Half aright angle is an acute angle. 

(b) An obtuse triangle is a triangle having one obtuse angle. 

(c) If the umpire called a third strike, then the batter is out. 

(d) If I am taller than you, then you are shorter than I. 

(e) If I am heavier than you, then our weights are unequal. 

2.12. Prove each of the following. (2.14) 

(a) Straight angles are congruent. 

(b) Complements of congruent angles are congruent. 

(c) Vertical angles are congruent. 




Congruent Triangles 



3.1 Congruent Triangles 

Congruent figures are figures that have the same size and the same shape; they are the exact duplicates of 
each other. Such figures can be moved on top of one another so that their corresponding parts Une up exactly. 

For example, two circles having the same radius are congruent circles. 

Congruent triangles are triangles that have the same size and the same shape. 

If two triangles are congruent, their corresponding sides and angles must be congruent. Thus, congruent 
triangles ABC and A'B'C in Fig. 3-1 have congruent corresponding sides (AB — A'C , BC = B'C, and 
AC = A'C) and congruent corresponding angles (aA = ^A', ^B = AB', and AC = AC'). 



(Read AABC = AA'B'C as " Triangle ABC is congruent to triangle A-prime, fi-prime, C-prime.") 
Note in the congruent triangles how corresponding equal parts may be located. Corresponding sides lie 
opposite congruent angles, and corresponding angles lie opposite congruent sides. 

3.1A Basic Principles of Congruent Triangles 

PRINCIPLE 1: If two triangles are congruent, then their corresponding parts are congruent. (Correspond- 
ing parts of congruent triangles are congruent.) 

Thus if hABC = hA'B'C in Fig. 3-2, then AA = AA' , AB = AB' , AC = AC, a = a',b = b', and c = c'. 



A 



A' 




Fig. 3-1 



Hypothesis 



Conclusion 




b' 



Fig. 3-2 



CHAPTER 3 Congruent Triangles 



Methods of Proving that Triangles are Congruent 

PRINCIPLE 2: (Side- Angle-Side, SAS) If two sides and the included angle of one triangle are congruent 

to the corresponding parts of another, then the triangles are congruent. 

Thus ifb = b',c = c' , and ^ s ZA' in Fig. 3-3, then AABC = AA'B'C. 



Hypothesis Conclusion 




Fig. 3-3 



PRINCIPLE 3: (Angle-Side-Angle, ASA) If two angles and the included side of one triangle are congruent 
to the corresponding parts of another, then the triangles are congruent. 

Thus if A4 s ZA', ZC s ZC', mdb = b' in Fig. 3-4, then AABC = AA'B'C. 



Hypothesis Conclusion 




Fig. 3-4 



PRINCIPLE 4: (Side-Side-Side, SSS) If three sides of one triangle are congruent to three sides of another, 

then the triangles are congruent. 

Thus \fa = a',b = b' , and c = c' in Fig. 3-5, then AABC = AA'B'C. 



Hypothesis Conclusion 




6' 



Fig. 3-5 



SOLVED PROBLEMS 



3.1 Selecting congruent triangles 

From each set of three triangles in Fig. 3-6 select the congruent triangles and state the congruency 
principle that is involved. 



CHAPTER 3 Congruent Triangles 



Solutions 

(a) AI = All , by S AS . In Am , the right angle is not between 3 and 4 . 

(b) All = Am, by ASA. In Al, side 10 is not between 70° and 30°. 

(c) Als Alls AlllbySSS. 




Fig. 3-6 

3.2 Determining the reason for congruency of triangies 

In each part of Fig. 3-7, Al can be proved congruent of AIL Make a diagram showing the equal parts 
of both triangles and state the congruency principle that is involved. 




Given: Isos. AABC 

Isos. AADC 

AC is common base. 
To Prove: 
AI = AII 



Fig. 3-7 



Solutions 

(a) AC is a common side of both A [Fig. 3-8(a)] . Al = All by ASA. 

(b) Zl and Z2 are vertical angles [Fig. 3-8(b)]. Al = All by SAS. 

(c) BD is a common side of both A [Fig. 3-8(c)] . Al s AH by SSS . 




Fig. 3-8 

3.3 Finding parts needed to prove triangies congruent 

State the additional parts needed to prove AI = All in the given figure by the given congru- 
ency principle. 
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(a) InFig.3-9(a)by SSS. 

(b) InFig.3-9(a)by SAS. 

(c) InFig.3-9(b)byASA. 

(d) InFig.3-9(c)byASA. 

(e) InFig.3-9(c)bySAS. 

Solutions 

(a) If AD = BC, then AI = All by SSS. 

(b) If = Z4, then AI = All by SAS. 

(c) lfBC=CE, then AI = All by ASA. 

(d) If Z.2 = Z.3, then AI = All by ASA. 

(e) If AS s 51, then AI = All by SAS. 

3.4 Selecting corresponding parts of congruent triangles 

In each part of Fig. 3-10, the equal parts needed to prove Al = All are marked. List the remaining 
parts that are congruent. 





Fig. 3-10 




Solutions 

Congruent corresponding sides lie opposite congruent angles. Congruent corresponding angles lie opposite 
congruent sides. 

(a) Opposite 45°, AC = DE, Opposite 80°, BC = DF. Opposite the side of length 12; /.C = AD. 

(b) Opposite AB and CD, Z3 = Z2. Opposite BC and AD, Al = Z4. Opposite common side BD, 
AA = AC. 



(c) Opposite AE and ED, A2 = A3. Opposite BE and EC, Al = A4. Opposite A5 and A6, AB = CD. 
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3.5 Applying algebra to congruent triangles 

In each part of Fig. 3-11, find x and y. 




Fig. 3-11 



Solutions 

(a) Since AI = All, by SSS, corresponding angles are congruent. Hence, Zx: = 24 or x = 12, and 3y = 60 
or y = 20. 

(b) Since Al = All, by SSS, corresponding angles are congruent. Hence, x -F 20 = 26 or jc = 6, 

and >> - 5 = 42 or y = 47. 

(c) Since AI = All, by ASA, corresponding sides are congruent. Then 2;<: = 3y -I- 8 and x = 2y. Substitut- 
ing 2y for X in the first of these equations, we obtain 2(2y) = + 8 or y = 8. Then x = 2y = 16. 



3.6 Proving a congruency problem 

Given: BF IDE 

BF ±AC 

A3 ^ A4 
To Prove: AF = FC 
Prove: Prove AI = All 

PROOF: 




Statements 


Reasons 


1. 


BF ±AC 


1. 


Given 


2. 


A5 = A6 


2. 


_|s form rt. A; rt. ^ are = 


3. 


BF=BF 


3. 


Reflexive property 


4. 


BF ±DE 


4. 


Given 


5. 


Zl is the complement of Z3. 


5. 


Adjacent angles are complementary if exterior 




A2 is the complement of A4. 




sides are -L to each other. 


6. 


A3 = A4 


6. 


Given 


7. 


Al = Al 


7. 


Complements of = AdXQ = 


8. 


Ai = An 


8. 


ASA 


9. 


~AF = FC 


9. 


Corresponding parts of congruent A are = 



3.7 Proving a congruency problem stated In words 

Prove that if the opposite sides of a quadrilateral are equal and a diagonal is drawn, equal angles are 
formed between the diagonal and the sides. 
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Solution 

If the opposite sides of a quadrilateral are congruent and a diagonal is drawn, congruent angles are formed 
between the diagonal and the sides. 



Given: Quadrilateral ABCD 
ABs CD,BC = AD 
AC is a diagonal. 

To Prove: Al = A4, A2 = A3 

Plan: Prove AI s All 

PROOF: 




Statements 


Reasons 


1. 


AB = CD,BC =AD 


1. 


Given 


2. 


AC = AC 


2. 


Reflexive property 


3. 


AI = All 


3. 


SSS 


4. 


Zl = A4, ISL = A3 


4. 


Corresponding parts of = A are = . 



3.2 Isosceles and Equilateral Triangles 



3.2A Principles of isosceles and Equilateral Triangles 

PRINCIPLE 1: If two sides of a triangle are congruent, the angles opposite these sides are congruent. 
(Base angles of an isosceles triangle are congruent.) 

Thus in AABC in Fig. 3-12, if AB = BC, then ZA = AC. 

A proof of Principle 1 is given in Chapter 16. 



Hypothesis 
B. 





Hypothesis 




C A 
Fig. 3-12 



PRINCIPLE 2: If two angles of a triangle are congruent, the sides opposite these angles are congruent. 
Thus in AASC in Fig. 3-13, if AA = AC, then AB = BC. 

Principle 2 is the converse of Principle 1 . A proof of Principle 2 is given in Chapter 16. 
PRINCIPLE 3: An equilateral triangle is equiangular. 

Thus in AABC in Fig. 3-14, if AB = BC=CA, then AA = AB = AC. 

Principle 3 is a corollary of Principle 1 . A corollary of a theorem is another theorem whose statement and 
proof follow readily from the theorem. 

Hypothesis 



C A 

Fig. 3-14 
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PRINCIPLE 4: An equiangular triangle is equilateral. 

Thus in AABC in Fig. 3-15, if A4 s s ZC, then AB = BC=CA. 

Principle 4 is the converse of Principle 3 and a corollary of Principle 2. 



Hypothesis Condnsion 
B B 




Fig. 3-15 



SOLVED PROBLEMS 



3.8 Applying principles 1 and 3 

In each part of Fig. 3-16, name the congruent angles that are opposite congruent sides of a triangle. 




(«) {b) (c) (rf) 

Fig. 3-16 



Solutions 

(a) Since AC = BC,^A = /.B. 

(b) Since AB = AC, A.\ = 1.2. Since SD s CD, Z3 s Z4. 

(c) Since AS s AC s BC, ZA s Zl s Z3. Since BC=CD,l.2= AD. 

(d) Since AS s BC s AC, ZA s ZACS s ZASC. Since AE s AD s DE, ZA s ZD s ZS. 

3.9 Applying principles 2 and 4 

In each part of Fig. 3-17, name the congruent sides that are opposite congruent angles of a triangle. 




(a) (fc) (c) (^) 

Fig. 3-17 
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Solutions 

(a) Since mZa = 55°, Aa = IJD. Hence, BC = CD. 

(b) Since ZA = Al,AD = BD. Since Z2 = AC,BD= CD. 

(c) Since Zl s Z3, AS s SC. Since Z.2 = A4= ZD, CD s AS s AC. 

(d) Since /LA = Al = /L4,AB = BD = AD. Since Z2 s ZC, SD s CD. 

3.10 Applying isosceles triangle principles 

In each of Fig. 3-18(a) and (b), Al can be proved congruent to AH. Make a diagram showing the con- 
gruent parts of both triangles and state the congruency principle involved. 




(«) Given: AB = BC 
AD = EC 
F is midpoint of AC. 
To Prove: AI = All 




(b) Given: AB^AC 

BC is tri sect ed at E and G. 

'del'bc 

FG I BC 
To Prove: AI = All 



Solutions 

(a) Since A5 s fiC, ZA = ZC. AI = All by SAS [see Fig. 3- 19(a)]. 

(b) Since AS s AC, Zfi s ZC. AI s All by ASA [see Fig. 3- 19(b)]. 





Fig. 3-19 



3.11 Proving an isosceles triangle problem 

Given: AB = BC 

AC is trisected at D and E. 
To Prove: Zl = Z2 
Plan: Prove AI = All to obtain BD = BE. 

PROOF: 




Statements 


Reasons 


1 . AC is trisected at D and E 


1. 


Given 


2. AD = EC 


2. 


To trisect is to divide into three congruent parts 


3.AB = BC 


3. 


Given 


4. ZA s ZC 


4. 


In a A, A opposite = sides are = 


5. AI = An 


5. 


SAS 


6.BD = BE 


6. 


Corresponding parts of A are = 


7. Zl = Z2 


7. 


Same as 4 
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3.12 Proving an isosceles triangie probiem stated in words 

Prove that the bisector of the vertex angle of an isosceles triangle is a median to the base. 

Solution 

The bisector of the vertex angle of an 
isosceles triangle is a median to the base. 

Given: Isosceles AABC (AS = BQ 

BD bisects ZS 
To Prove: BD is a median to AC 
Plan: Prove AI s All to obtain ADsDC 



PROOF: 



Statements 


Reasons 


1. 


AB = BC 


1. 


Given 


2. 


BD bisects ZB. 


2. 


Given 


3. 


Zl = Z.2 


3. 


To bisect is to divide into two congruent parts. 


4. 


BD = BD 


4. 


Reflexive property. 


5. 


Ms An 


5. 


SAS 


6. 


AD = DC 


6. 


Corresponding parts of = A are =. 


7. 


BD is a median to AC. 


7. 


A line from a vertex of A bisecting opposite side 
is a median. 




SUPPLEMENTARY PROBLEMS. 



3.1. Select the congruent triangles in (a) Fig. 3-20, (b) Fig. 3-21 , and (c) Fig. 3-22, and state the congruency principle 
in each case. (3.1) 





Fig. 3-21 
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Fig. 3-22 

3.2. In each figure below, Al can be proved congruent to All. State the congruency principle involved. (3.2) 

(e) 




Given: zll = zl2 

G is midpoint of BF. 
To Prove: AI = All 



Given: AB 1 BE 

D ^ EF_l. BE 

BC^DE 
AB = EF 
To Prove: AI = All 



Given: AJl= AC 

AD is median to BC. 
To Prove: AI = All 



B 



E 













Given: /^EAB = ^EAC 

ADIBC 
To Prove: AI = All 



D 



if) 





E F 



Given: AD and BE 

bisect each 
other. 

II / To Prove: AI = All 

'e 



Given: BE L AD 

CFLAD 
BE ^ CF 
AD is trisected. 
D To Prove: AI = All 




(h) 



Given: BClCE 

AC LCD 
AC = CD 
BC=CE 
To Prove: AI = All 



G 



Given: AD lAC 

B£LAC 

BD bisects AC. 
To Prove: AI = AH 



3.3. State the additional parts needed to prove AI = All in the given figure by the given congruency 

(3.3) 






Fig. 3-23 



AI is AABD, All is AACD. 
Triangles overlap each other, 
(c) 
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(a) InFig.3-23(a)bySSS. 

(b) InFig.3-23(a)bySAS. 

(c) InFig.3-23(b)byASA. 

(d) InFig.3-23(b)bySAS. 

(e) InFig.3-23(c)bySSS. 

(f) InFig.3-23(c)bySAS. 



3.4. In each part of Fig. 3-24, the congruent parts needed to prove Al = All are marked. Name the remaining parts 
that are congruent. (3.4) 



E 






(c) 



3.5. In each part of Fig. 3-25 , find x and y. 



(3.5) 





3.6. Prove each of the following. 

(a) In Fig. 3-26: Given: BD ±AC 

Dis midpoint of AC. 
To Prove: AB = BC 



(b) In Fig. 3-26: Given: 5Z3 is altitude to AC. 

BD bisects AB. 
To Prove: = AC 




(3.6) 



(c) In Fig. 3-27: Given: ZA = A2,BF = DE 

BF bisects ZB. 
Z5E bisects AD. 
AB and AD are rt. A. 
To Prove: AB = CD 

(d) In Fig. 3-27: Given: BC = AD 

E is midpoint of BC. 
F is midpoint of ^4^) 
AB= CD,BF = DE 
To Prove: AA = AC 




Fig. 3-26 
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(e) In Fig. 3-28: Given: Zl s Z2 

CE bisects BF. 
To Prove: AC = AE 

(f) In Fig. 3-28: Given: 2?F and C£ bisect 

eacii otiier. 
To Prove: BC = EF 



(g) In Fig. 3-29: Given: CD = CD, AD s A'D' 
CD is altitude to AS. 



CD' is altitude to A 'S'. 
To Prove: A4 = /_A' 

(h) In Fig. 3-29: Given: CZ3 bisects zlC. 

bisects AC' 
AC= AC, 

AB = ZB', 



BC = B'C' . 



To Prove: CD=CD' 




Fig. 3-29 



3.7. Prove each of the following: (3.7) 

(a) If a line bisects an angle of a triangle and is perpendicular to the opposite side, then it bisects that side. 

(b) If the diagonals of a quadrilateral bisect each other, then its opposite sides are congruent. 

(c) If the base and a leg of one isosceles triangle are congruent to the base and a leg of another isosceles triangle, 

then their vertex angles are congruent. 

(d) Lines drawn from a point on the perpendicular bisector of a given line to the ends of the given line are 
congruent. 

(e) If the legs of one right triangle are congruent respectively to the legs of another, their 
hypotenuses are congruent. 

3.8. In each part of Fig. 3-30, name the congruent angles that are opposite sides of atriangle. (3.8) 




Fig. 3-30 
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3.9. In each part of Fig. 3-31, name the congruent sides that are opposite congruent angles of a triangle. (3 .9) 




(«) (b) (c) 

Fig. 3-31 



3.10. In each part of Fig. 3-32, two triangles are to be proved congruent. Make a diagram showing the congruent 
parts of both triangles and state the reason for congruency. (3.10) 




(a) G iven : 

AD^CE 
Zl /2 
To Prove: 

AABD = AC BE 




(&) Given; 

AB = BC 
DC, LAB 
EF : ec_ 
BD = BE 
To Prove: 
AAGD = ACFE 



Fig. 3-32 




(c) Given: 

AD = EC 
To Prove: 



AABE = ABCD 



3.11. In each part of Fig. 3-33 , Al, All, and Am can be proved congruent. Make a diagram showing the congruent 



parts and state the reason for congruency. 



(a) Given: 

AA B C is equilateral. 
AFs=W = CE 
To Prove: 

A1 = AI1=A11I 





(3.10) 



(b) Given: 

AABC is equilateral. 
AF, BD, and CE arc extensions 
ol' the sides ol' AABC. 
L\ = Ll = L^ 
jp To Prove: 

AI = All = AIII 



3.12. Prove each of the following: 

(a) In Fig. 3-34: Given: A5 = AC 

F is midpoint of SC. 
Zl ^ 1.1 
To Prove: TD = FE 

(b) In Fig. 3-34: Given: AB = A£ 

AD = AE 

FD ± AB,FE ± AC 
To Prove: BF=FC 



(c) In Fig. 3-35: Given: AB = AC 

/LA is trisected. 

To Prove: AD^AE 

(d) In Fig. 3-35: Given: AB = AC 

DB = BC 
CE = BC 
To Prove: AD = AE 



(3.11) 
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A 




B 



F 



C 



D 



'E 



Fig. 3-34 



B C 
Fig. 3-35 



3.13. Prove each of the following: 



(3.12) 



(a) The median to the base of an isosceles triangle bisects the vertex angle. 

(b) If the bisector of an angle of a triangle is also an altitude to the opposite side, then the other two sides of 

the triangle are congruent. 

(c) If a median to a side of a triangle is also an altitude to that side, then the triangle is isosceles. 

(d) In an isosceles triangle, the medians to the legs are congruent. 

(e) In an isosceles triangle, the bisectors of the base angles are congruent. 




Parallel Lines, Distances, 

and Angle Sums 



4.1 Parallel Lines 



Parallel lines are straight lines which lie in the same plane and do not intersect however far they are ex- 
tended. The symbol for parallel is ||; thus, A5||CD is read "line AB is parallel to line CD." In diagrams, ar- 
rows are used to indicate that lines are parallel (see Fig. 4-1). 




Fig. 4-1 Fig. 4-2 



A transversal of two or more lines is a line that cuts across these lines. Thus, EF is a transversal of AB and 
CD, in Fig. 4-2. 

The interior angles formed by two lines cut by a transversal are the angles between the two lines, while 
the exterior angles are those outside the lines. Thus, of the eight angles formed by AB and CD cut by EF in 
Fig. 4-2, the interior angles are Z. 1, Z.2, Z-3, and Z.4; the exterior angles are Z.5, Z.6, Ll , and Z.8. 



4.1A Pairs of Angles Formed by Two Lines Cut by a Transversal 

Corresponding angles of two lines cut by a transversal are angles on the same side of the transversal and on 
the same side of the lines. Thus, L 1 and Z.2 in Fig. 4-3 are corresponding angles of AB and CD cut by trans- 
versal EF. Note that in this case the two angles are both to the right of the transversal and both below the lines. 
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When two parallel lines are cut by a transversal, the sides of two corresponding angles form a capital F in 
varying positions, as shown in Fig. 4-4. 




Fig. 4-5 

Alternate interior angles of two lines cut by a transversal are nonadjacent angles between the two^ lines 
and on opposite sides of the transversal. Thus, L 1 and Z_2 in Fig. 4-5 are alternate interior angles of AB and 
CD cut by EF. When parallel lines are cut by a transversal, the sides of two alternate interior angles form a 
capital Z or N in varying positions, as shown in Fig. 4-6. 




Fig. 4-6 



When parallel lines are cut by a transversal, interior angles on the same side of the transversal can be read- 
ily located by noting the capital U formed by their sides (Fig. 4-7). 




Fig. 4-7 



4.1B Principles of Parallel Lines 

PRINCIPLE 1: Through a given point not on a given line, one and only one line can be drawn parallel to a 
given line. (Parallel-Line Postulate) 
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Thus, either /j or but not both may be parallel to in Fig. 4-8 . 




h 

Fig. 4-8 

Proving that Lines are Parallel 

PRINCIPLE 2: Two lines are parallel if a pair of corresponding angles are congruent. 
Thus, /i II if La = Lb in Fig. 4-9. 




Fig. 4-9 



PRINCIPLE 3: Two lines are parallel if a pair of alternate interior angles are congruent. 
Thus,/i II l^ \iLc = in Fig. 4-10. 




Fig. 4-10 



PRINCIPLE 4: Two lines are parallel if a pair of interior angles on the same side of a transversal are 
supplementary. 

Thus, Zi II /j if Z_e and Lfaie supplementary in Fig. 4-11. 




Fig. 4-11 



PRINCIPLE 5: Lines are parallel if they are perpendicular to the same line. {Perpendiculars to the same line 
are parallel) 

Thus, Zi II if Zi and Zj are each perpendicular to Z, in Fig. 4-12. 

U h 

1 h 

Fig. 4-12 

PRINCIPLE 6: Lines are parallel if they are parallel to the same line. {Parallels to the same line are 
parallel.) 
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Thus, Zi II if /i and are each parallel to Z3 in Fig. 4-13. 



Fig. 4-13 



Properties of Parallel Lines 



PRINCIPLE 7: If two lines are parallel, each pair of corresponding angles are congruent. {Corresponding 

angles of parallel lines are congruent) 

Thus, if l^ II I2, then = Lb'm Fig. 4-14. 




'b 

Fig. 4-14 



PRINCIPLE 8: If two lines are parallel, each pair of alternate interior angles are congruent. {Alternate in- 
terior angles of parallel lines are congruent!) 

Thus, if Zj II Z2, then Lc = Ld'm Fig. 4-15. 



0/ '> 
/d 



Fig. 4-15 



PRINCIPLE 9: If two lines are parallel, each pair of interior angles on the same side of the transversal are 
supplementary. 

Thus, if /j II Z2, Z_e and Lfsie. supplementary in Fig. 4-16. 



Fig. 4-16 



PRINCIPLE 10: If lines are parallel, a line perpendicular to one of them is perpendicular to the others also. 
Thus, if /j II Z2 and Z3 ± Zj, then Z3 ± l^ in Fig. 4-17. 



h 



Fig. 4-17 
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PRINCIPLE 11: If lines are parallel, a line parallel to one of them is parallel to the others also. 
Thus, if /j II I2 and || /[, then || in Fig. 4-18. 

li 



•/2 



Fig. 4-18 



PRINCIPLE 12: If the sides of two angles are respectively parallel to each other, the angles are either con- 
gruent or supplementary. 

Thus, if II and || /4 in Fig. 4-19, then = Lb and and are supplementary. 



e/h 



Fig. 4-19 



SOLVED PROBLEMS 



4.1 Numerical applications of parallel lines 

In each part of Fig. 4-20, find the measure x and the measure y of the indicated angles. 





(d) 




C E 




Fig. 4-20 




(c) 



B jF 




(/) 



Solutions 

(a) X = 130° (Principle 8). y = 180°- 130°= 50° (Principle 9). 

(b) X = 80° (Principle 8). y = 70° (Principle 7). 

(c) X = 75° (Principle 7).y= 180°- 75°= 105° (Principle 9). 

(d) X = 65° (Principle 7). Since mLB = m/_A, mLB = 65°. Hence, = 65° (Principle 8). 

(e) X = 30° (Principle 8). y = 180°- (30°+ 70°) = 80° (Principle 9). 

(f) x= 180°- 110°= 70° (Principle 9).y = 110° (Principle 12). 
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4.2 Applying parallel line principles and their converses 

The following short proofs refer to Fig. 4-21 . In each, the first statement is given. State the parallel- 
line principle needed as the reason for each of the remaining statements. 




Fig. 4-21 



(a) 


1. 


Ll=L2 


1. 


Given 


(c) 


1. 


L5 sup. LA 


1. 


Given 




2. 


AB\\CD 


2. 


? 




2. 


~ef\\gh 


2. 


? 




3. 


zL3 = zL4 


3. 


? 




3. 


L3=L6 


3. 


? 


(b) 


1. 


^2 = ^3 


1. 


Given 


(d) 


1. 


EF ±AB,GH ±AB, 


1. 


Given 




2. 


EF \\GH 


2. 


? 






~EF LCD 








3. 


LA sup. ^5 


3. 


? 




2. 


EF\\GH 


2. 


7 



3. CD LGH 3.-1 



Solutions 

(a) 2: Principle 3; 3: Principle 7. (c) 2: Principle 4; 3: Principle 8. 

(b) 2: Principle 2; 3: Principle 9. (d ) 2: Principle 5; 3: Principle 10. 

4.3 Algebraic applications of parallel lines 

In each part of Fig. 4-22, find x and y. Provide the reason for each equation obtained from the diagram. 



'3a; -20 



(«) 



a; + 2j/ 




92° 










Fig. 4-22 



(c) 



Solutions 

(a) 3jc - 20 = 2jc (Principle 8) 

X = 20° 
y + m = 2x (Principle 7) 
y -I- 10 = 40 

y = 30° 



(b) 4y = 180 - 92 

y = 22° 
x + 2y = 92 
x + U = 92 

jc = 48° 



(Principle 9) 

(Principle 7) 
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a: + = 150 (Principle 8) 
X + 2)? = 30 (Principle 9) 
3y = 120 (Subt. Postulate) 
y = 40° 
X + 40 = 150 
X = 110° 

4.4 Proving a parallel-line problem 

Given: AB = AC 

AE\\ BC 

To Prove: AE bisects LDAC 
Plan: Show that Z_l and 12 are congruent 
to the congruent angles B and C. 



PROOF: 



Statements 


Reasons 


1. 


AE II BC 


1. 


Given 


2. 


^1 =^ 


2. 


Corresponding A of | lines are =. 


3. 


^2 = ^C 


3. 


Alternate interior A of | lines are =. 


4. 


AB =AC 


4. 


Given 


5. 


LB = LC 


5. 


In a A, opposite = sides are =. 


6. 


Ll=L2 


6. 


Things = to = things are = to each other. 


7. 


AE bisects LDAC. 


7. 


To divide into two congruent parts is to bisect. 



(c) (1) 
(2) 




4.5 Proving a parallel-line problem stated in words 

Prove that if the diagonals of a quadrilateral bisect each other, the opposite sides are parallel. 

Given: Quadrilateral AfiCD 

AC and BD bisect each other. 
To Prove: AB \\ CD 

AD\\BC 

Plan: Prove Z_l = Z.4 by showing AI = All. 

Prove 12 = L2>hy showing AIII = AIV. 




PROOF: 



Statements 


Reasons 


1. 


AC and BD bisect each other. 


1. 


Given 


2. 


BE=EDAE = EC 


2. 


To bisect is to divide into two congruent parts. 


3. 


1.5 = A6, U = A8 


3. 


Vertical are =. 


4. 


AI = An, Am = AIV 


4. 


SAS 


5. 


1.1=1.4,12 = 13 


5. 


Corresponding parts of congruent A are =. 


6. 


AB II CD, BC II AD 


6. 


Lines cut by a transversal are || if alternate 








interior A are =. 
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4.2 Distances 

4.2A Distances Between Two Geometric Figures 

The distance between two geometric figures is the straight line segment which is the shortest segment between 
the figures. 

1 . The distance between two points, such as P and Q in Fig. 4-23(a), is the line segment PQ between 
them. 




-B 



■Q 



(«) 



JtL 
Q 

(b) 



Q 

(c) 



id) 




Fig. 4-23 



2. The distance between a point and a line, such as P and AB in (b), is the line segment PQ, the perpendi- 
cular from the point to the line. 

3. The distance between two parallels, such as AB and CD in (c), is the segment PQ, a perpendicular 
between the two parallels. 

4. The distance between a point and a circle, such as P and circle O in (d), is PQ, the segment of OP 
between the point and the center of the circle. 

5. The distance between two concentric circles, such as two circles whose center is O, is PQ, the segment 
of the larger radius that lies between the two circles, as shown in (e). 



4.2B Distance Principles 

PRINCIPLE 1: If a point is on the perpendicular bisector of a line segment, then it is equidistant from the 

ends of the line segment. 



Thus if P is on CD, the ± bisector of AB in Fig. 4-24, then PA = PB. 
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PRINCIPLE 2: If a point is equidistant from the ends of a line segment, then it is on the perpendicular bi- 
sector of the line segment. (Principle 2 is the converse of Principle 1 .) 

Thus if PA =PB m Fig. 4-24, then P is on CD, the ± bisector of AB. 
PRINCIPLE 3: If a point is on the bisector of an angle, then it is equidistant from the sides of the angle. 

Thus if P is on AB, the bisector of LA in Fig. 4-25 , then PQ = PR, where PQ and PR are the distances of P from the 
sides of the angle. 




Fig. 4-25 



PRINCIPLE 4: If a point is equidistant from the sides of an angle, then it is on the bisector of the angle. 
(Principle 4 is the converse of Principle 3.) 

Thus if PQ = PR, where PQ and PR are the distances of P from the sides of LA in Fig. 4-25 , then P is on AB, the bi- 
sector of LA. 

PRINCIPLE 5: Two points each equidistant from the ends of a line segment determine the perpendicular 
bisector of the line segment. (The line joining the vertices of two isosceles triangles having 
a common base is the perpendicular bisector of the base.) 

Thus ifPA = PBwAQA = QBm Fig. 4-26, then P and 2 determine CD, the ± bisector of AB. 




PRINCIPLE 6: The perpendicular bisectors of the sides of a triangle meet in a point which is equidistant 

from the vertices of the triangle. 

Thus if P is the intersection of the ± bisectors of the sides of AABC in Fig. 4-27, then PA = PB = PC. P is ihs 
center of the circumscribed circle and is called the circumcenter ofAABC. 




Fig. 4-27 



CHAPTER 4 Parallel Lines, Distances, and Angle Sums 



PRINCIPLE 7: The bisectors of the angles of a triangle meet in a point which is equidistant from the sides 
of the triangle. 

Thus if Q is the intersection of the bisectors of the angles of AABC in Fig. 4-28, then QR = QS = QT, where these 
are the distances from Q to the sides of AABC. Q is the center of the inscribed circle and is called the incenter of AABC. 




SOLVED PROBLEMS 



4.6 Finding distances 

In each of the following, find the distance and indicate the kind of distance involved. In Fig. 4-29(a), 
find the distance (a) from P to A; (b) from P to CD; (c) from A to BC; (d ) from AB to CD. In 
Fig. 4-29(b), find the distance (e) from P to inner circle O; (f) from P to outer circle O; (g) between 
the concentric circles. 





(«) 



Fig. 4-29 



Solutions 


(a) 


PA = 


7, distance between two points 


(b) 


PG = 


4, distance from a point to a line 


(c) 


AE = 


10, distance from a point to a line 


(d) 


FG = 


6, distance between two parallel lines 


(e) 


PQ = 


12 - 3 = 9, distance from a point to a circle 


(f) 


PR = 


12-5 =7, distance from a point to a circle 


(g) 


QR = 


5-3 = 2, distance between two concentric circles 



4.7 Locating a point satisfying given conditions 

In Fig. 4-30. 

(a) Locate P, a point on BC and equidistant from A and C. 

(b) Locate Q, a point on AB and equidistant from BC and AC. 

(c) Locate R, the center of the circle circumscribed about AABC. 

(d) Locate S, the center of the circle inscribed in AABC. 




Fig. 4-30 
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Solutions 

See Fig. 4-31. 




(a) Using Principle 1 (b) Using Principle 3 (c) Using Principle 6 (d) Using Principle 7 

Fig. 4-31 



4.8 Applying principles 2 and 4 

For each AABC in Fig. 4-32, describe P, Q, and R as equidistant points, and locate each on a bisector. 




Fig. 4-32 



Solutions 

(a) Since P is equidistant from A and B, it is on the ± bisector of AB. Since Q is equidistant from B and C, it 
is on the ± bisector of BC. Since R is equidistant from A, B, and C, it is on the ± bisectors of AB, BC, 
and AC. 

(b) Since P is equidistant from AB and BC, it is on the bisector of LB. Since Q is equidistant from AC and BC, 
it is on the bisector of Z_C. Since R is equidistant from AB, BC, and AC, it is on the bisectors of Z_A, Z_B, 
andz^C. 

4.9 Applying principles 1, 3, 6, and 7 

For each AABC in Fig. 4-33, describe P, Q, and 7? as equidistant points. Also, describe R as the cen- 
ter of a circle. 




Fig. 4-33 
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Solutions 

(a) Since P is on the bisector of /_A, it is equidistant from AB and AC. Since Q is on the bisectors of /_B, it is 
equidistant from AB and BC. Since R is on the bisectors of LA and LB, it is equidistant from AB, BC, and 
AC. i? is the incenter of AABC, that is , the center of its inscribed circle. 

(b) Since P is on the ± bisector of AB, it is equidistant from A and B. Since Q is on the ± bisector of AC, it 
is equidistant from A and C. Since R is on the ± bisectors of AB and AC, it is equidistant from A, S, and 
C. R is the circumcenter of AABC, that is, the center of its circumscribed circle. 

4.10 Applying principles 1, 3, 6, and 7 

In each part of Fig. 4-34, find two points equidistant from the ends of a line segment, and find the 
perpendicular bisector determined by the two points. 




(«) (b) (c) 

Fig. 4-34 



Solutions 

(a) B and D are equidistant from A and C; hence, BE is the ± bisector of AC. 

(b) A and D are equidistant from B and C; hence, AD is the ± bisector of BC. 

(c) B and /) are equidistant from A and C; hence, BD is the ± bisector of AC. A and C are equidistant from B 
and D; hence, AC is the ± bisector of BD. 



4.3 Sum of the Measures of the Angles of a Triangle 

The angles of any triangle may be torn off, as in Fig. 4-35(a), and then fitted together as shown in (b). The 
three angles will form a straight angle. 

We can prove that the sum of the measures of the angles of a triangle equals ISO^by drawing a line through 
one vertex of the triangle parallel to the side opposite the vertex. In Fig. 4-35(c), MN is drawn through B par- 
allel to AC. Note that the measure of the straight angle at B equals the sum of the measures of the angles of 
AABC; that is, a°+ b°+ c°— 180° . Each pair of congruent angles is a pair of alternate interior angles of par- 
allel lines. 




(«) (b) (c) 

Fig. 4-35 



CHAPTER 4 Parallel Lines, Distances, and Angle Sums 



4.3A Interior and Exterior Angles of a Polygon 

An exterior angle of a polygon is formed whenever one of its sides is extended through a vertex. If each of 
the sides of a polygon is extended, as shown in Fig. 4-36, an exterior angle will be formed at each vertex. 
Each of these exterior angles is the supplement of its adjacent interior angle. 















b 




la 


e\e' 


'P — 


E 



Fig. 4-36 



Thus, in the case of pentagon ABCD£, there will be five exterior angles, one at each vertex. Note that each 
exterior angle is the supplement of an adjacent interior angle. For example, mLa + mLa' — 180°. 

4.3B Angle-Measure-Sum Principles 

PRINCIPLE 1: The sum of the measures of the angles of a triangle equals the measure of a straight angle 
or 180°. 

Thus in AABC of Fig. 4-37, wZA + mAB + mAC = 180°. 




Fig. 4-37 



PRINCIPLE 2: If two angles of one triangle are congruent respectively to two angles of another triangle, 
the remaining angles are congruent. 

Thus in AABC and AA'B'C in Fig. 4-38 ,if LA = LA' and LB = LB' , then LC = LC' . 




Fig. 4-38 

PRINCIPLE 3: The sum of the measures of the angles of a quadrilateral equals 360°. 
Thus in quadrilateral AfiCZ) (Fig. 4-39), m^A + mLB + mLC + mLD = 360°. 




Fig. 4-39 
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PRINCIPLE 4: The measure of each exterior angle of a triangle equals the sum of the measures of its two 

nonadjacent interior angles. 

Thus in AAfiC in Fig. 4-40, mLECB = m/_A + mLB. 




C E 



Fig. 4-40 

PRINCIPLE 5: The sum of the measures of the exterior angles of a triangle equals 360°. 
Thus in AASCin Fig. 4-41, mZa'+ mAb' + mAc'= 360°. 




C 

Fig. 4-41 

PRINCIPLE 6: The measure of each angle of an equilateral triangle equals 60°. 
Thus if AABC in Fig. 4-42 is equilateral, then niLA = 60°, mLB = 60° , and inLC = 60° . 




Fig. 4-42 

PRINCIPLE 7: The acute angles of a right triangle are complementary. 
Thus in rt. AABC in Fig. 4-43, if mz^C= 90°, then mZA + mLB = 90°. 

A 




Fig. 4-43 

PRINCIPLE 8: The measure of each acute angle of an isosceles right triangle equals 45° 
Thus in isos.rt. AABC in Fig. 4-44, if mz^C = 90°, then mz^A = 45° widmLB = 45°. 

A 



-I— ^B 



Fig. 4-44 

PRINCIPLE 9: A triangle can have no more than one right angle. 

Thus in rt. AABC in Fig. 4-43, if mLC = 90° , then ZA and ZB cannot be rt. zS 
PRINCIPLE 10: A triangle can have no more than one obtuse angle. 

Thus in obtuse AABC in Fig. 4-45, if ZC is obtuse, then ZA and ZB cannot be obtuse angles. 

Ax 




Fig. 4-45 



CHAPTER 4 Parallel Lines, Distances, and Angle Sums 



PRINCIPLE 11: Two angles are supplementary if their sides are respectively perpendicular to each other. 
Thus if /j ± and I2 -L 1^ in Fig. 4-46, then La = Lb, and a and Lc are supplementary. 

U. 



Fig. 4-46 




SOLVED PROBLEMS 



4.11 Numerical applications of angle-measure-sum principles 

In each part of Fig. 4-47, find x and y. 




Solutions 

(a) X + 35 + 70 = 180 (Pr. 1) 

X = 75° 

y -F 110 + 25 = 180 (Pr. 1) 

y = 45° 

Check: The sum of the measures of the 
angles of quad. ABCD should equal 360°. 

70 + 120 + 110 + 60 I 360 
360 = 360 

(b) X is ext. A of A I. 

X = 30 + 40 (Pr. 4) 

a: = 70° 

y is an ext. L of AABC. 

y = mLB + 40 (Pr. 4) 

y = 85 + 40 = 125° 





I 




MY 


1 






(c) In AABC, X + 65 = 90 (Pr. 7) 

X = 25° 

In AI, ;c -I- y = 90 (Pr. 7) 

25 + y = 90 

y = 65° 

(d) Since /5c ± £B, X = 90° 

X + y + 120 = 360 (Pr. 7) 

90 + y + 120 = 360 
y = 150° 

(e) Since AfillDE, X = 50° 

y = X + 45 (Pr. 4) 

y = 50 + 45 = 95° 

(f) Since AB\\CD, 2x + 80 = 180 

2x = 100 

x = 50° 

y = X + 80° (Pr. 4) 

y = 50 + 80 = 130° 
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4.12 Applying angle-measure-sum principles to Isosceles and equilateral triangles 

Find X and y in each part of Fig. 4-48. 





(b) 
Fig. 4-48 




BP bisects AB 
CD bisects AC 
(c) 



Solutions 

(a) Since AB = AC, we have Z_l = Lx 
X = 180- 125 = 55° 

2x + y= 180 (Pr. 1) 

lW+y= 180 
y = 70° 

(b) ByPr. 8,x = 45° 

Since mlABC = 60° (Pr. 6) 
and mLCBD = 45° (Pr. 8) 
y = 60 + 45 = 105° 



(c) Since AB = AC, lABC = ZACS 
2x + 80 = 180 (Pr. 1) 

X = 50° 

JiiAl,lx + lx + y= 180 (Pr. 1) 

X + y = 180 
50 + y= 180 
y = 130° 



4.13 Applying ratios to angle-measure sums 

Find tiie measure of each angle 

(a) Of a triangle if its angle measures are in the ratio of 3:4:5 [Fig. 3-49(a)] 

(b) Of a quadrilateral if its angle measures are in the ratio of 3:4:5:6 [(b)] 

(c) Of a right triangle if the ratio of the measures of its acute angles is 2:3 [(c)] 
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Solutions 

(a) Let 3x, Ax, and 5x represent the measures of the angles. Then 12a: = 180 by Principle 1, so thatx = 15. 
Now3x = 45,4x = 60,and5;c = 75. Ans. 45°, 60°, 75° 

(b) Let 3x, Ax, 5x, and dx represent the measures of the angles. Then 18x = 360 by Principle 3, so that 
X = 20. Now 3x = 60, 4jc = 80, and so forth. Ans. 60°, 80°, 100°, 120° 

(c) Let 2x and 3jc represent the measures of the acute angles. Then 5x = 90 by Principle 7 so that x = IS. 
Now 2x = 36 and 3;c = 54. Ans. 36°, 54°, 90° 



4.14 Using algebra to prove angle-measure-sum problems 

(a) Prove that if the measure of one angle of a triangle equals the sum of the measures of the other 
two, then the triangle is a right triangle. 

(b) Prove that if the opposite angles of a quadrilateral are congruent, then its opposite sides are 
parallel. 



Solutions 

(a) Given: AABC, niAC = mAA + mAB 
To Prove: /\ABC is a right triangle. 
Plan: Prove mLC = 90° 

ALGEBRAIC PROOF: 

Let a = number of degrees in LA 
b = number of degrees in LB 
Then a + b = number of degrees in LC 

a + b + (a + b) = 180 (Pr. 1) 
2a + 2b= 180 
a + b = 90 

Since mLC = 90° , AABC is a rt. A . 

(b) Given: Quadrilateral ABCZ) 

LA = LC,IM = II> 
To Prove: AB \\CD,BC \\AD 
Plan: Prove int. A on same side of 
transversal are supplementary. 

ALGEBRAIC PROOF: 

Let a 
b 



number of degrees in LA and LC, 
number of degrees in LB and LD. 

2a + 2b = 360 (Pr. 3) 
a+b=\m 
Since LA and LB are supplementary, 
BC II AD. 

Since LA and ID are supplementary, 
AS II CD. 





4.4 Sum of the Measures of the Angles of a Polygon 

A polygon is a closed plane figure bounded by straight line segments as sides. An n-gon is a polygon of n 
sides. Thus, a polygon of 20 sides is a 20-gon. 
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B 




Regular Pentagon 
Fig. 4-50 

A regular polygon is an equilateral and equiangular polygon. Thus, a regular pentagon is a polygon hav- 
ing 5 congruent angles and 5 congruent sides (Fig. 4-50). A square is a regular polygon of 4 sides. 



Names of Polygons According to the Number of Sides 



Number of Sides 


Polygon 


Number of Sides 


Polygon 


3 


Triangle 


8 


Octagon 


4 


Quadrilateral 


9 


Nonagon 


5 


Pentagon 


10 


Decagon 


6 


Hexagon 


12 


Dodecagon 


7 


Heptagon 


n 


«-gon 



4.4A Sum of the Measures of the Interior Angles of a Polygon 

By drawing diagonals from any vertex to each of the other vertices, as in Fig. 4-51 , a polygon of 7 sides is 
divisible into 5 triangles. Note that each triangle has one side of the polygon, except the first and last trian- 
gles which have two such sides. 

In general, this process will divide a polygon of n sides into n-2 triangles; that is, the number of such tri- 
angles is always two less than the number of sides of the polygon. 

The sum of the measures of the interior angles of the polygon equals the sum of the measures of the inte- 
rior angles of the triangles. Hence: 

Sum of measures of interior angles of a polygon of n sides = (« - 2)180° 



4 




Fig. 4-51 
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4.4B Sum of the Measures of the Exterior Angles of a Polygon 

The exterior angles of a polygon can be reproduced together, so that they have the same vertex. To do this, 
draw lines parallel to the sides of the polygon from a point, as shown in Fig. 4-52. If this is done, it can be 
seen that regardless of the number of sides, the sum of the measures of the exterior angle equals 360° . Hence: 

Sum of measures of exterior angles of a polygon of n sides — 360° 



1 




Fig. 4-52 



4.4C Polygon-Angle Principles 

For any polygon 

PRINCIPLE 1: IfS is the sum of the measures of the interior angles of a polygon ofn sides, then 

S = n-2 straight angles = in- 2)180° 

The sum of the measures of the interior angles of a polygon of 10 sides (decagon) equals 1440°, since 
5 = 8(180) = 1440. 

PRINCIPLE 2: The sum of the measures of the exterior angles of any polygon equals 360°. 
Thus, the sum of the measures of the exterior angles of a polygon of 23 sides equals 360°. 

For a regular polygon 

PRINCIPLE 3: If a regular polygon ofn sides (Fig. 4-53) has an interior angle of measure i and an exte- 
rior angle of measure e ( in degrees), then 




Regular Polygon 
Fig. 4-53 
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Thus for a regular polygon of 20 sides, 



180(20 - 2) 360 

i = =162 e = =18 i + e = 162 + 18 = 180 

20 20 



SOLVED PROBLEMS 



4.15 Applying angle-measure formulas to a polygon 

(a) Find the sum of the measures of the interior angles of a polygon of 9 sides (express your answer 
in straight angles and in degrees) . 

(b) Find the number of sides a polygon has if the sum of the measures of the interior angles is 3600°. 

(c) Is it possible to have a polygon the sum of whose angle measures is 1890°? 

Solutions 

(a) 5 (in straight angles) = n- 2 = 9- 2 = 7 straight angles; m/_S = {n- 2)180 = 7(180) = 1260°. 

(b) S (in degrees) = (n - 2)180. Then 3600 = (n - 2)180, from which n = 22. 

(c) Since 1890 = (n - 2)180, then n = 12^. A polygon cannot have \2\ sides. 

4.16 Applying angle-measure formulas to a regular polygon 

(a) Find each exterior angle measure of a regular polygon having 9 sides. 

(b) Find each interior angle measure of a regular polygon having 9 sides. 

(c) Find the number of sides a regular polygon has if each exterior angle measure is 5°. 

(d) Find the number of sides a regular polygon has if each interior angle measure is 165°. 



Solutions 

360 360 

(a) Since n = 9,m/Le = -pr = = 40. Ans. 40° 

{n - 2)180 (9 - 2)180 

(b) Since n = 9,mAi = ^ = = 140. Ans. 140° 

n g 

Another method: Since « + e = 180, j = 180 - e = 180 - 40 = 140. 
360 360 

(c) Substituting e = 5 in e = —j^, we have 5 = Then 5n = 360, so n = 72. Ans. 72 sides 

(d) Substituting i = 165 mi + e = 180, we have 165 + e = 180 or e = 15. 

360 360 
Then, using e = with e = 15, we have 15 = or n = 24. Ans. 24 sides 



4.17 Applying algebra to the angle-measure sums of a polygon 

Find each interior angle measure of a quadrilateral (a) if its interior angles are represented by jc -I- 10, 
2jc + 20, 3jc - 50, and 2x - 20; (b) if its exterior angles are in the ratio 2:3:4:6. 
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Solutions 

(a) Since the sum of the measures of the interior A is 360°, we add 

(x + 10) + (2x + 20) + (3jc - 50) + (2x - 20) = 360 

8x-40 = 360 
X = 50 

Then x + 10 = 60; 2x + 20 = 120; 3;c - 50 = 100; 2jc - 20 = 80. Ans. 60° , 120° , 100° , 80° 

(b) Let the exterior angles be represented respectively by 2x, 3x, 4x, and 6x. Then 2x + 3x + 4x + 6x = 360. 
Solving gives us 15x = 360 and x = 24. Hence, the exterior angles measure 48°, 72°, 96°, and 144°. The 
interior angles are their supplements. Ans. 132°, 108°, 84°, 36° 

4.5 Two New Congruency Theorems 

Three methods of proving triangles congruent have already been introduced here. These are 

1. Side-Angle-Side (SAS) 

2. Angle-Side-Angle (ASA) 

3. Side-Side-Side (SSS) 

Two additional methods of proving that triangles are congruent are 

4. Side- Angle- Angle (SAA) 

5. Hypotenuse-Leg (hy-leg) 

4.5A Two New Congruency Principles 

PRINCIPLE 1: (SAA) If two angles and a side opposite one of them of one triangle are congruent to the cor- 
responding parts of another, the triangles are congruent. 

Thus if M s LA', LB = LB', and BC = WC^ in Fig. 4-54, then AABC = AA'B'C'. 




Fig. 4-54 Fig. 4-55 



PRINCIPLE 2: (hy-leg) If the hypotenuse and a leg of one right triangle are congruent to the corresponding 
parts of another right triangle, the triangles are congruent. 

Thus if hyAB = hyA^ and leg BC = legBX^ in Fig. 4-55, then rt. AABC = rt. AA'B'C. 

A proof of this principle is given in Chapter 16. 
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SOLVED PROBLEMS 



4.18 Selecting congruent triangles using hy-leg or SAA 

In (a) Fig. 4-56 and (b) Fig. 4-57, select congruent triangles and state the reason for the congruency. 




Fig. 4-57 



Solutions 

(a) AI = An by hy-leg. In Am, 4 is not a hjfpotenuse. 

(b) AI = AIII by SAA. In All, 7 is opposite 60° instead of 35°. In AIV, 7 is included between 60° 
and 35°. 

4.19 Determining the reason for congruency of triangles 

In each part of Fig. 4-58, AI can be proved congruent to AIL Make a diagram showing the congru- 
ent parts of both triangles and state the reason for the congruency. 




Fig. 4-58 
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Solutions 

(a) See Fig. 4-59(a). AI = All by hy-leg. 

(b) See Fig. 4-59(b). AI = All by SAA. 




4.20 Proving a congruency problem 

Given: Quadrilateral ABCD 

DF ±AC,BE ± AC 
AE=FC,BC=AD 

To Prove: BE = FD 
Plan: Prove AI = All 



Fig. 4-59 




PROOF: 



Statements 


Reasons 


1. 


BC = AD 


1. 


Given 


2. 


DFA.AC,BELAC 


2. 


Given 


3. 


n = i2 


3. 


Perpendiculars form rt. ^ , and all rt. ^ are congruent. 


4. 


AE=FC 


4. 


Given 


5. 


EF = EF 


5. 


Identity 


6. 


AF = EC 


6. 


If equals are added to equals, the sums are equal. 








Definition of congruent segments. 


7. 


AI = All 


7. 


Hy-leg 


8. 


BE=FD 


8. 


Corresponding parts of congruent A are congruent. 



4.21 Proving a congruency probiem stated in words 

Prove that in an isosceles triangle, altitudes to the congruent sides are congruent. 



Given: Isosceles AABC (AB = BC) 
AD is altitude to BC 
CE is altitude to AB 

To Prove: AD=CE 

Plan: Prove A ACE = ACAD 
or AI s All 




CHAPTER 4 Parallel Lines, Distances, and Angle Sums 



PROOF: 



Statements 


Reasons 


1 

1 , 


nD — 1 > \_ 


1 

1 , 


ijiven 


9 




9 


111 a Z_\ , ollglca UppUalLC CL[Ual alUCa oTC CL[Ual. 


3. 


AD is altitude to BC, 


3. 


Given 




CE is altitude to AB. 






4. 


n=i2 


4. 


Altitudes form rt. A and rt. are congruent. 


5. 


AC = AC 


5. 


Identity 


6. 


AI s All 


6. 


SAA 


7. 


AD = CE 


7. 


Corresponding parts of congruent A are 








congruent. 




Fig. 4-( 
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4.2. In each part of Fig. 4-61 , find x and y. 



(4.3) 



3a; + 36i 










y 





(c) 



4.3. If two parallel lines are cut by a transversal, find 

(a) Two alternate interior angles represented by 3x and 5x - 70 

(b) Two corresponding angles represented by 2x + 10 and 4x - 50 

(c) Two interior angles on the same side of the transversal represented by 2x and 3x 



(4.3) 



4.4. Provide the proofs requested in Fig. 4-62 



(4.4) 




(a) Given: Quad. ABCD 

AB = CD 
BC = AD 
To Prove: AB\\CD 
BC \\AD 




(b) Given: AB = DE 
AC\\DF 
BC\\EF 
To Prove: AC = ~DF 



Fig. 4-62 



4.5. Provide the proofs requested in Fig. 4-63 



(4.4) 




(b) Given: AC = BC 
LB = LE 
To Prove: 'AB\DE 



(rf) Given: AC || BP 

AE bisects LA 
BF bisects LB 
To Prove: Bf||AE 



Fig. 4-63 
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4.6. Prove each of the following: (4.5) 

(a) If the opposite sides of a quadrilateral are parallel, then they are also congruent. 

(b) If AB and CD bisect each other at E, then AC \\ BD. 

(c) In quadrilateral A5CD, let Z?C || AD. If the diagonals AC and BD intersect at E and AE \\ DE, then BE=CE. 

(d) AB and CD are parallel lines cut by a transversal at E and F. If EG and EH bisect a pair of corresponding 
angles, then EG || F//. 

(e) If a line through vertex B of AABC is parallel to AC and bisects the angle formed by extending AB through 
B, then AABC is isosceles. 

4.7. In Fig. 4-64, find the distance from (a) A to B; (b) E to AC; (c) A to BC; (d) ID to BC. (4.6) 













9 


/ r 


r 


12 2) 8 


Fig. 4-64 



15 




Fig. 4-65 



4.8. In Fig. 4-65, find the distance (a) from P to the outer circle; (b) from P to the inner circle; (c) between the 
concentric circles; (d) from P to O. (4.6) 

4.9. In Fig. 4-66 (4.6) 

(a) Locate P, a point on AD, equidistant from B and C. Then locate Q, a point on AD, equidistant from AB 

and BC. 

(b) Locate R, a point equidistant from A, B, and C. Then locate S, a point equidistant from B, C, and D. 

(c) Locate r, a point equidistant from BC, CD, and A£). Then locate U, a point equidistant from AB, BC, 
and CD. 



4.10. In each part of Fig. 4-67, describe P, Q, and R as equidistant points and locate them on a bisector. 
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4.11. In each part of Fig. 4-68, describe P, Q, and R as equidistant points 
A -^B 




(a) 



4.12. Find x and y in each part of Fig. 4-69. 



Fig. 4-68 




(6) 



(4.9) 



(4.11) 




(d) BD bisects ^S; CD bisects AC. 









/y 


n 






(e) 

Fig. 4-69 




(c) CZJ bisects AC. 




(/) 



4.13. Find x and y in each part of Fig. 4-70. 



(4.12) 



C D 




(d) A/l SC is equilateral. 




(e) AABC is equilateral. BD 
bisects aB, CD bisects AC. 

Fig. 4-70 




(c) >1D bisects A/i. 




(/) AABC is equilateral. 
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4.14. Find the measure of each angle (4.13) 

(a) Of a triangle if its angle measures are in the ratio 1:3:6 

(b) Of a right triangle if its acute angle measures are in the ratio 4:5 

(c) Of an isosceles triangle if the ratio of the measures of its base angle to a vertex angle is 1 :3 

(d) Of a quadrilateral if its angle measures are in the ratio 1 :2:3:4 

(e) Of a triangle, one of whose angles measures 55° and whose other two angle measures are in the ratio 2:3 

( f ) Of a triangle if the ratio of the measures of its exterior angles is 2:3:4 

4.15. Prove each of the following: (4.14) 

(a) In quadrilateral ABCD if M = AD and Z_B = LC, then BC \\ AD. 

(b) Two parallel lines are cut by a transversal. Prove that the bisectors of two interior angles on the same side 
of the transversal are perpendicular to each other. 

4.16. Show that a triangle is (4.14) 

(a) Equilateral if its angles are represented by x + 15, 3;i: - 75, and 2x - 30 

(b) Isosceles if its angles are represented hy x + 15, 3;c - 35, and 4x 

(c) A right triangle if its angle measures are in the ratio 2:3:5 

(d) An obtuse triangle if one angle measures 64° and the larger of the other two measures 10° less than five times 
the measure of the smaller 

4.17. (a) Find the sum of the measures of the interior angles (in straight angles) of a polygon of 9 sides; of 32 sides. 

(4.15) 

(b) Find the sum of the measures of the interior angles (in degrees) of a polygon of 1 1 sides; of 32 sides; of 1002 
sides. 

(c) Find the number of sides a polygon has if the sum of the measures of the interior angles is 28 straight angles; 
20 right angles; 4500°; 36,000°. 

4.18. (a) Find the measure of each exterior angle of a regular polygon having 18 sides; 20 sides; 40 sides. (4.16) 

(b) Find the measure of each interior angle of a regular polygon having 18 sides; 20 sides; 40 sides. 

(c) Find the number of sides a regular polygon has if each exterior angle measures 120°; 40°; 18°; 2°. 

(d) Find the number of sides a regular polygon has if each interior angle measures 60°, 150°; 170°, 175°; 179°. 

4.19. (a) Find each interior angle of a quadrilateral if its interior angles are represented by x - 5, x + 20, 

2x- 45, and 2^-30. (4.17) 

(b) Find the measure of each interior angle of a quadrilateral if the measures of its exterior angles are in the ratio 
of 1:2:3:3. 



4.20. 
4.21. 



In each part of Fig. 4-71 , select congruent triangles and state the reason for the congruency. 



(4.18) 



In each part of Fig. 4-72, two triangles can be proved congruent. Make a diagram showing the congruent parts 
of both triangles, and state the reason for the congruency. (4.19) 
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B 





\ (fl) 


/ I 


II \ 



(a) 



Given: Isosceles AABC 

(ab = ~bc) 

BD is altitude to AC 
To Prove: AI = All. 




Fig. 4-71 



(b) 




(b) Given: AB = EF 

AB lAF, EFIAF 
DG = GC 
To Prove: AABC = ADEF 



Fig. 4-72 



4.22. Provide the proofs requested in Fig. 4-73 . 



(4.20) 




(a) Given: £B = 

BC \\AD 
To Prove: ~BC = ~AD 




(b) Given: AE = EC 

BDi.BC 
BD LAD 
To Prove: 'BE = ~ED 




(c) Given: IW = DC 
BD lAE 
DCIAF 
To Prove: AG bisects ^A. 




{d) Given: AC = BD 
AB IAD 
CD IAD 
To Prove: AB = CD 



Fig. 4-73 



4.23. Prove eacli of the following: 



(4.21) 



(a) If the perpendiculars to two sides of a triangle from the midpoint of the third side are congruent, then the 
triangle is isosceles. 

(b) Perpendiculars from a point in the bisector of an angle to the sides of the angle are congruent. 

(c) If the altitudes to two sides of a triangle are congruent, then the triangle is isosceles. 

(d) Two right triangles are congruent if the hypotenuse and an acute angle of one are congruent to the 
corresponding parts of the other. 



Parallelograms, Trapezoids, 
Medians, and Midpoints 




5.1 Trapezoids 

A trapezoid is a quadrilateral having two, and only two, parallel sides. The bases of the trapezoid are its par- 
allel sides; the legs are its nonparallel sides. The median of the trapezoid is the segment joining the mid- 
points of its legs. 

Thus in trapezoid ABCD in Fig. 5-1, the bases areAZ) and BC, and the legs are AS and CD. If M and are 
midpoints, then MAT is the median of the trapezoid. 



An isosceles trapezoid is a trapezoid whose legs are congruent. Thus in isosceles trapezoid ABCD in 
Fig. 5-2 AB = CD. 

The base angles of a trapezoid are the angles at the ends of its longer base: /-A and ZD are the base an- 
gles of isosceles trapezoid ABCD. 



I 

Mh- 




A 



D 



Fig. 5-1 




Isosceles Trapezoid 
Fig. 5-2 



5.1A Trapezoid Principies 



PRINCIPLE 1: The base angles of an isosceles trapezoid are congruent. 



Thus in trapezoid ABCD of Fig. 5-3 if AS = CD, then = AD. 
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D 

Fig. 5-3 

PRINCIPLE 2: If the base angles of a trapezoid are congruent, the trapezoid is isosceles. 
Thus in Fig. 5-3 if ZA = ZD, then AB s CZ5. 



SOLVED PROBLEMS 



5.1 Applying algebra to the trapezoid 

In each trapezoid in Fig. 5-4, find x and y. 




(a) ABCD is a trapezoid. (b) ABCD is an isosceles trapezoid. (c) ABCD is an isosceles 

trapezoid. 

Fig. 5-4 

Solutions 

(a) Since AZ5 || BC, (2x - 5) + (x -I- 5) = 180; then 3x = 180 and jc = 60. 
Also,y + 70 = 180 or V = 110. 

(b) Since ZA = zlD, 5x = 3x + 20, so that 2x = 20 or x = 10. 
SinceBCll AD,3; -I- (3x -I- 20) = 180,80^-1- 50 = 180 or y = 130. 

(c) Since BC \\ AD, 3x -I- 2x = 180 or x = 36. 
Since ZD = ZA, y = 2x or y = 72. 

5.2 Proof of a trapezoid principle stated in words 

Prove that the base angles of an isosceles trapezoid are congruent. 

Given: Isosceles trapezoid ABCD 

{BC II AD, AS s CD) 
To Prove: ZA s AD 
Plan: Draw Js to base from B and C 
Prove AI s n. 

PROOF: 



Statements 


Reasons 


1. 


DrawM ± AZ) and CF ± AD. 


1. 


A _L may be drawn to a line from an outside point. 


2. 


BC \\AD,AB =CD 


2. 


Given 


3. 


BE=CF 


3. 


Parallel lines are everywhere equidistant. Definition 








of congruent segments. 


4. 


Zl = Z2 


4. 


Perpendiculars form rt. All rt. are congruent. 


5. 


AI = All 


5. 


Hy-leg 


6. 


ZAs ZD 


6. 


Corresponding parts of congruent A are congruent. 
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5.2 Parallelograms 



A parallelogram is a quadrilateral whose opposite sides are parallel. The symbol for parallelogram is o. 
Thus in ejABCD in Fig. 5-5, AB || CD in AD || BC. 




A D 

Fig. 5-5 



If the opposite sides of a quadrilateral are parallel, then it is a parallelogram. (This is the converse of the 
above definition.) Thus if 35 || CD and AD ||"BC, then AfiCD is a o. 

5.2A Principles Involving Properties of Parallelograms 

PRINCIPLE 1: The opposite sides of a parallelogram are parallel. (This is the definition.) 

PRINCIPLE 2: A diagonal of a parallelogram divides it into two congruent triangles. 
BZ5 is a diagonal of ejABCD in Fig. 5-6, so Al = All. 

A D 

Fig. 5-6 

PRINCIPLE 3: The opposite sides of a parallelogram are congruent. 

Thus in CJABCD in Fig. 5-5 , AB = CD and AD = BC. 
PRINCIPLE 4: The opposite angles of a parallelogram are congruent. 

Thus in CJABCD, LA = LC and LB = LD. 
PRINCIPLE 5: The consecutive angles of a parallelogram are supplementary. 

Thus in CJABCD, /LA is the supplement of both /LB and /LD. 
PRINCIPLE 6: The diagonals of a parallelogram bisect each other. 

Thus in CJABCD in Fig. 5-7 , AE s £C and M s ED. 




Fig. 5-7 



5.2B Proving a Quadrilateral is a Parallelogram 

PRINCIPLE 7: A quadrilateral is a parallelogram if its opposite sides are parallel. 

Thus if AB II CZ5 and AD II SC, then ABCD is a D. 
PRINCIPLE 8: A quadrilateral is a parallelogram if its opposite sides are congruent. 

Thus if AB s CD and AD s BC 'm Fig. 5-8, then ABCD is a CJ. 



CHAPTER 5 Parallelograms, Trapezoids, Medians, and Midpoints 




A D 

Fig. 5-8 



PRINCIPLE 9: A quadrilateral is a parallelogram if two sides are congruent and parallel. 

Thus if SC s AD and BC II AD in Fig. 5-8 , then ABCD is a O. 
PRINCIPLE 10: A quadrilateral is a parallelogram if its opposite angles are congruent. 

Thus d IA = AC and A.B = A.D m Fig. 5-8, then ASCD is a O. 
PRINCIPLE 11: A quadrilateral is a parallelogram if its diagonals bisect each other. 

Thus \SAE = ICand BE = ED m Fig. 5-9, then ABCD is a O. 




Fig. 5-9 



SOLVED PROBLEMS 



5.3 Applying properties of parallelograms 

Assuming ABCD is a parallelogram, find x and y in each part of Fig. 5-10. 




{a) Perimeter = 40. {b) (c) 

Fig. 5-10 

Solutions 

(a) By Principle 3, SC = AD = 3;c and CD = AB = 2x; then 2(2x + 3x) = 40, so that lOx = 40 or ;c = 4. 
By Principle 3, 2y - 2 = 3x; then 2>' - 2 = 3(4), so 2y = 14 or y = 7. 

(b) By Principle (),x + 2y = 15 andx = Jiy. 

Substituting 3y for x in the first equation yields 3y -I- 2y = 15 or y = 3. Then x = 2)y = 9. 

(c) By Principle 4, 3x - 20 = x + 40, so 2x = 60 for x = 30. 
ByPrinciple5,>'-l-(x-l-40) = 180. Then y (30 -I- 40) = 180ory= 110. 

5.4 Applying principle 7 to determine parallelograms 

Name the parallelograms in each part of Fig. 5-11 . 
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Fig. 5-11 

Solutions 

(a) ABCD,AECF; (b) ABFD, BCDE; (c) ABDC, CDFE,ABFE. 



5.5 Applying principles 9, 10, and 11 

State why ABCD is a parallelogram in each part of Fig. 5-12. 




Fig. 5-12 

Solutions 

(a) Since supplements of congruent angles are congruent, opposite angles of ABCD are congruent. Thus by 
Principle 10, ABCD is a parallelogram. 

(b) Since perpendiculars to the same line are parallel, AB || CD. Hence by Principle 9, ABCD is a parallelogram. 

(c) By the addition axiom, DG = GB. Hence by Principle 11, ABCD is a parallelogram. 

5.6 Proving a parallelogram problem 

Given: CJABCD 

E is midpoint of BC. 

G is midpoint of AD. 

EF ±BD,GH ±BD 
To Prove: EF=GH 
Plan: Prove ABF£ = AGHD 

PROOF: 



Statements 


Reasons 


1. 


E is midpoint of BC. 


1. 


Given 




G is midpoint of AD. 






2. 


BE = \bC, GC = \AD 


2. 


A midpoint cuts a segment in half. 


3. 


ABCD is a o. 


3. 


Given 


4. 


BC = AD 


4. 


Opposite sides of a o are congruent. 


5. 


BE=GD 


5. 


Halves of equals are equal. 


6. 


EF ±BD,GH ±BD 


6. 


Given 


7. 


1.1= 1.1 


7. 


Perpendiculars form rt. zi. Rt. A are =. 


8. 


BC II AD 


8. 


Opposite sides of a o are ||. 


9. 


Z3= Z4 


9. 


Alternate interior A of || lines are =. 


10. 


t\BFE = AGHD 


10. 


SAA 


11. 


EF=GH 


11. 


Corresponding parts of congruent A are s . 
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5.3 Special Parallelograms: Rectangle, Rhombus, and Square 

5.3A Definitions and Reiationsliips among tlie Special Paraiieiograms 

Rectangles, rhombuses, and squares belong to the set of parallelograms. Each of these may be defined as a 
parallelogram, as follows: 

1. A rectangle is an equiangular parallelogram. 

2. A rhombus is an equilateral parallelogram. 

3. A square is an equilateral and equiangular parallelogram. Thus, a square is both a rectangle and a 
rhombus. 

The relations among the special parallelograms can be pictured by using a circle to represent each set. Note 
the following in Fig. 5-13: 




Fig. 5-13 



1 . Since every rectangle and every rhombus must be a parallelogram, the circle for the set of rectangles 
and the circle for the set of rhombuses must be inside the circle for the set of parallelograms. 

2. Since every square is both a rectangle and a rhombus, the overlapping shaded section must represent 
the set of squares. 

5.3B Principles involving Properties of tlie Special Parallelograms 

PRINCIPLE 1: A rectangle, rhombus, or square has all the properties of a parallelogram. 

PRINCIPLE 2: Each angle of a rectangle is a right angle. 

PRINCIPLE 3: The diagonals of a rectangle are congruent. 

Thus in rectangle ABCD in Fig. 5-14, AC = BD. 
PRINCIPLE 4: All sides of a rhombus are congruent. 




Rectangle Rhombus 
Fig. 5-14 Fig. 5-15 



CHAPTER 5 Parallelograms, Trapezoids, Medians, and Midpoints 




PRINCIPLE 5: The diagonals of a rhombus are perpendicular bisectors of each other. 

Thus in rhombus ABCD in Fig. 5-15, AC and BD are -L bisectors of each other. 
PRINCIPLE 6: The diagonals of a rhombus bisect the vertex angles. 

Thus in rhombus ABCD, AC bisects A4 and ZC. 
PRINCIPLE 7: The diagonals of a rhombus form four congruent triangles. 

Thus in rhombus ASCD, Al = All = AIII = AIV. 
PRINCIPLE 8: A square has all the properties of both the rhombus and the rectangle. 

By definition, a square is both a rectangle and a rhombus. 

5.3C Diagonal Properties of Parallelograms, Rectangles, Rhombuses, and Squares 

Each check in the following table indicates a diagonal property of the figure. 



Diagonal Properties 


Parallelogram 


Rectangle 


Rhombus 


Square 


Diagonals bisect each other. 


/ 


/ 


/ 


/ 


Diagonals are congruent. 




/ 




/ 


Diagonals are perpendicular. 






/ 


/ 


Diagonals bisect vertex angles. 






/ 


/ 


Diagonals form 2 pairs of congruent triangles. 


/ 




/ 


/ 


Diagonals form 4 congruent triangles. 






/ 


/ 



5.3D Proving that a Parallelogram is a Rectangle, Rhombus, or Square 

Proving that a Parallelogram is a Rectangle 

The basic or minimum definition of a rectangle is this: A rectangle is a parallelogram having one right angle. 
Since the consecutive angles of a parallelogram are supplementary, if one angle is a right angle, the remain- 
ing angles must be right angles. 

The converse of this basic definition provides a useful method of proving that a parallelogram is a rectan- 
gle, as follows: 

PRINCIPLE 9: If a parallelogram has one right angle, then it is a rectangle. 
Thus liABCD in Fig. 5-16 is a O and mZA = 90°, then ABCD is a rectangle. 




A D 
Fig. 5-16 



PRINCIPLE 10: If a parallelogram has congruent diagonals, then it is a rectangle. 

Thus if ABCD is a o and AC s BZ5,then ABCD is a rectangle. 
Proving that a Parallelogram is a Rhombus 

The basic or minimum definition of a rhombus is this: A rhombus is a parallelogram having two congruent 
adjacent sides. 

The converse of this basic definition provides a useful method of proving that a parallelogram is a rhom- 
bus, as follows: 

PRINCIPLE 11: If a parallelogram has congruent adjacent sides, then it is a rhombus. 
Thus if ABCD in Fig. 5-17 is a O and AS s BC, then ABCD is a rhombus. 
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A D 
Fig. 5-17 

Proving that a Parallelogram is a Square 

PRINCIPLE 12: If a parallelogram has a right angle and two congruent adjacent sides, then it is a square. 
This follows from the fact that a square is both a rectangle and a rhombus. 



SOLVED PROBLEMS 



5.7 Applying algebra to the rhombus 

Assuming ABCD is a rhombus, find x and y in each part of Fig. 5-18. 

y + 2f) 





5y + Q 





(a) ib) (c) 

Fig. 5-18 

Solutions 

(a) Since AB = AD, 3x — 7 = 20 or x = 9. Since AABD is equiangular it is equilateral, and so y = 20. 

(b) Since BC = AB, 5y + 6 = y + 20 or y = 3^ Since CD = BC, x = y + 20 or x = 23\. 

(c) Since AC bisects ZA, 4j>: - 5 = 2x + 15 or x = 10. Hence, 2x -I- 15 = 35 and mZA = 2(35°) = 70° 
Since /-B and /LA are supplementary, y + 10 = 180 or y = 110. 



5.8 Proving a special parallelogram problem 

Given: Rectangle ABCD 

E is midpoint of BC. 
To Prove: AE=ED 
Plan: Prove AAEB = ADEC 

PROOF: 




Statements 


Reasons 


1. 


ABCD is a rectangle. 


1. 


Given 


2. 


E is midpoint of fiC. 


2. 


Given 


3. 


BE = EC 


3. 


A midpoint divides a line into two congruent parts. 


4. 


AB= AC 


4. 


A rectangle is equiangular. 


5. 


AB=CD 


5. 


Opposite sides of a o are congruent. 


6. 


AAEB= ADEC 


6. 


SAS 


7. 


AE = ED 


7. 


Corresponding parts of congruent A are congruent. 
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5.9 Proving a special paraiieiogram probiem stated in words 

Prove that a diagonal of a rhombus bisects each vertex angle through which it passes. 

Solution 



Given: Rhombus ABCD 
ACi& a diagonal. 
To Prove: ACbisects /LA and AC. 
Plan: Prove (1) Al and Z.2 are congruent to Z3. 

(2) A3 and A4 are congruent to Z 1 . 




PROOF: 



Statements 


Reasons 


1. 


ABCD is a rhombus. 


1. 


Given 


2. 




2. 


A rhombus is equilateral. 


3. 


Al = A3 


3. 


In a A, angles opposite congruent sides are congruent. 


4. 


BC II AD, AB II CD 


4. 


Opposite sides of a £7 are ||. 


5. 


Z2= A3,A1 = Z4 


5. 


Alternate interior A of || lines are congruent. 


6. 


Zl = A2, A3 = Z4 


6. 


Things congruent to the same thing are congruent to each other. 


7. 


AC bisects AA and ZC. 


7. 


To divide into two congruent parts is to bisect. 



5.4 Three or More Parallels; Medians and Midpoints 
5.4A Three or More Parallels 

PRINCIPLE 1: If three or more parallels cut ojf congruent segments on one transversal, then they cut off 
congruent segments on any other transversal. 

<-> 

Thus if /j II II in Fig. 5- 19 and segments a and b of transversal AB are congruent, then segments c and d of trans- 

<-> 

versal CD are congruent. 




Fig. 5-19 



5.4B Midpoint and Median Principles of Triangles and Trapezoids 

PRINCIPLE 2: If a line is drawn from the midpoint of one side of a triangle and parallel to a second side, 
then it passes through the midpoint of the third side. 

Thus in AABC in Fig. 5-20 if M is the midpoint of AB and MN || AC, then N is the midpoint of BC. 

PRINCIPLE 3: If a line joins the midpoints of two sides of a triangle, then it is parallel to the third side and 
its length is one-half the length of the third side. 

Thus in AABC, if M and AT are the midpoints of AB and BC, then MN \\ AC and MN = \ AC. 
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Fig. 5-20 



A 6 

Fig. 5-21 




D 



PRINCIPLE 4: The median of a trapezoid is parallel to its bases, and its length is equal to one -half of the 
sum of their lengths. 

Thus if MVis the median of trapezoid ASCD in Fig. 5-21 then MN \\ AD, MN \\BC,wdm = \{b + b'). 

PRINCIPLE 5: The length of the median to the hypotenuse of a right triangle equals one-half the length of 
the hypotenuse. 

Thusinrt. AABCinFig.5-22,ifCMis the median to hypotenuse AB,then CM = \AB; that is, CM = AM = MB. 

A 




Fig. 5-22 



PRINCIPLE 6: The medians of a triangle meet in a point which is two-thirds of the distance from any ver- 
tex to the midpoint of the opposite side. 

Thus if AN, BP, and CM are medians of AABC in Fig . 5-23 , then they meet in a point G which is two-thirds of the 
distance from A to A^, S to P, and C to M. 




SOLVED PROBLEMS 



5.10 Applying principle 1 to three or more parallels 

Find X and y in each part of Fig. 5-24. 
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Solutions 

(a) Since BE = ED and GC = |CD, x = 8 and y = 7|. 

(b) Since BE = EA and CG = AG, 2x - 7 = 45 andSy + 4 = 67. Hence x = 26 and y = 21. 

(c) SinceAC = CE = EGwdHF = FD = DB, x = \Q sady = 6. 

5.11 Applying principles 2 and 3 

Find X and y in each part of Fig. 5-25 . 

A F 

y 

(a) 

Solutions 

(a) By Principle 2, E is the midpoint of BC and F is the midpoint of AC. Hence x= 11 and y = 36. 

(b) By Principle 3,DE = ^AC and DF = |bC. Hence x = 24 and y = 12^. 

(c) Since ABCD is a parallelogram, £ is the midpoint of AC. Then by Principle 2, G is the midpoint of CD. 
By Principle 3,x = |(27) = 13| andy = ^(15) = 7^. 

5.12 Applying principle 4 to the median of a trapezoid 

If MP is the median of trapezoid ABCD in Fig. 5-26, 

(a) Find m if & = 20 and b'= 28. 

(b) Find b'ifb = 30 and w = 26. 

(c) Find b if fe'= 35 and m = 40. 

m/ 

A b 

Fig. 5-26 

So/ut/ons 

In each case, we apply the formula m = \{b + b').Ths, results are 

(a) m = 1(20 -H 28) or m = 24 

(b) 26 = i(30 -I- b') or b' = 22 

(c) 40=\(,b + 35) or & = 45 




- X 

(b) (c) ABCD is a parallelogram. 

Fig. 5-25 
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5.13 Applying principles 5 and 6 to the medians of a triangle 

Find X and y in each part of Fig. 5-27. 






(«) 



Solutions 

(a) Since AM = MB, CM is the median to hypotenuse A5. Hence by Principle 5, = 20 and |y = 20. Thus, 

X = 6^ and y = 60. 

(b) 5D and AFare medians of AABC. Hence by Principle 6, x = ^(16) = 8 and y = 3(7) = 21 . 

(c) CD is the median to hypotenuse AZ?;hence by Principle 5, CD = 15. 

CD and AFaie medians of AABC; hence by Principle 6, x = |(15) =5 and y = |(15) = 10. 

5.14 Proving a midpoint problem 

Given: Quadrilateral AfiCD 

E, F, G, and H are midpoints of AD, AB,BC, and CD, 

respectively. 
To Prove: EFGH is a o. 

Plan: Prove EF and G// are congruent and parallel. 
PROOF: 




Statements 


Reasons 


1. 


DrawBD. 


1. 


A segment may be drawn between any two points. 


2. 


E,F,G, and /f are midpoints. 


2. 


Given 


3. 


ET^IlBDand G7/||55 


3. 


A line segment joining the midpoints of two sides of a A is 




£F =5BZ) mdGH=i BD 




parallel to the third side and equal in length to half the third side. 


4. 


IF II Gff 


4. 


Two lines parallel to a third line are parallel to each other. 


5. 




5. 


Segments of the same length are congruent. 


6. 


EFGH is a HJ. 


6. 


If two sides of a quadrilateral are = and ||, the quadrilateral 








is a CJ. 



5.1. Find x and y in each part of Fig. 5-28. 

/l05° 9x + 5 
Isy 2x + 10^ 



A D 

(a) ABCD is a trapezoid. 




A D 

(b) ABCD is an isosceles trapezoid. 
Fig. 5-28 



y 7x 



2x^ 



(5.1) 



A D 

(c) ABCD is an isosceles trapezoid. 
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5.2. Prove that if the base angles of a trapezoid are congruent, the trapezoid is isosceles. (5.2) 

5.3. Prove that (a) the diagonals of an isosceles trapezoid are congruent; (b) if the nonparallel sides AB and CD of 
an isosceles trapezoid are extended until they meet at E, triangle ADE thus formed is isosceles. (5.2) 



5.4. Name the parallelograms in each part of Fig. 5-29. (5.4) 




(a) (b) (c) id) 



Fig. 5-30 

5.6. Assuming ABCZ) in Fig. 5-31 is a parallelogram, find ;c and y if (5.3) 

(a) AD = 5x,AB = 2x, CD = y, perimeter = 84 

(b) AB = 2x, BC = ?,y + 8, CD = lx- 25, AZ) = 5y - 10 

(c) mZA = Ay - 60, mzlC = ly, ml.D = x 

(d) = 3x, ml-B = lOx - 15, mAC = y 




Fig. 5-31 Fig- 5-32 



5.7. Assuming ABCD in Fig. 5-32 is a parallelogram, find x and y if (5 .3) 

(a) AE = x + y, EC = 20, BE = x - y, ED = S 

(b) AE = x,EC = 4y, BE = x-2y,ED = 9 

(c) AE = 3x - 4, EC = X + 12, BE = 2y - 7, ED = X - y 

(d) AE = 2x + y, AC = 30, BE = X + y, BD = 2A 
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5.8. Provide the proofs requested in Fig. 5-33 . 



(5.6) 



B E 




H D 



C (a) Given: ejABCD 

G is midpoint of AB. 
F is midpoinl of CD. 
~HG i.^,~EF LCD 
To Prove: £F = ~GH 




Fig. 5-33 



(6) Given: cjABCD 
BE = FD 
To Prove: ~BF = ~ED 

(c) Given: a A BCD 

BF bisects ZS, 
ED bisects AD. 
To Prove: ~BF = ~ED 



5.9. Prove each of the following: 

(a) The opposite sides of a parallelogram are congruent (Principle 3). 

(b) If the opposite sides of a quadrilateral are congruent, then the quadrilateral is a parallelogram (Principle 8) . 

(c) If two sides of a quadrilateral are congruent and parallel , the quadrilateral is a parallelogram (Principle 9) . 

(d) The diagonals of a parallelogram bisect each other (Principle 6). 

(e) If the diagonals of a quadrilateral bisect each other, then the quadrilateral is a parallelogram (Principle 11). 



5.10. Assuming ABCD in Fig. 5-34 is a rhombus, find x and y if 



(5.7) 




Fig. 5-34 

(a) BC =35,CD = Sx-5,BD = 5y, mAC = 60° 

(b) AB = 43, AD = 4x + 3,BD = y + S, mAB = 120° 

(c) AB = Ix, AD = 'ix+ 10, BC = y 

(d) AB = X + y, AD = 2x - y, BC = 12 

(e) mA.B = 130° mAl = 3x - 10, mAA = 2y 

(f ) mZl =Sx- 29, mZ.2 = 5x + 4, mAD - y 



5.11. Provide the proofs requested in Fig. 5-35 . 



(5.8) 




(a) Given: Rectangle ABCD 
EA = DF 

To Prove: 'BE = 'CF 



E A 



D F 




(b) Given: Rectangle ABCD 
E, F, G, and H arc 
Ihc midpoints of the 
G sides of the rectangle. 

To Prove: EFGH is a rhombus, 
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5.12. Prove each of the following: 

(a) If the diagonals of a parallelogram are congruent, the parallelogram is a rectangle. 

(b) If the diagonals of a parallelogram are perpendicular to each other, the parallelogram is a rhombus. 

(c) If a diagonal of a parallelogram bisects a vertex angle, then the parallelogram is a rhombus. 

(d) The diagonals of a rhombus divide it into four congruent triangles. 

(e) The diagonals of a rectangle are congruent. 



(5.9) 



5.13. Find x and y in each part of Fig. 5-36. 



(5.10) 




5.14. Find x and y in each part of Fig. 5-37. 



(5.11) 




(a) (ft) (c) 



Fig. 5-37 

5.15. If MF is the median of trapezoid A5CD in Fig. 5-38 (5.12) 

(a) Find m if = 23 and b'= 15. 

(b) Find b' if b = 46 and m = 41. 

(c) Find if = 5 1 and m = 62. 




Fig. 5-38 
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5.16. Find x and y in each part of Fig. 5-39. 



(5.11 and 5.12) 




29 



35 

(.b) 
Fig. 5-39 





5.17. In a right triangle 

(a) Find the length of the median to a hypotenuse whose length is 45. 

(b) Find the length of the hypotenuse if the length of its median is 35. 



(5.13) 



5.18. If the medians of AABC meet in D 

(a) Find the length of the median whose shorter segment is 7. 

(b) Find the length of the median whose longer segment is 20. 

(c) Find the length of the shorter segment of the median of length 42. 

(d) Find the length of the longer segment of the median of length 39. 



(5.13) 



5.19. Prove each of the following: (5.14) 

(a) If the midpoints of the sides of a rhombus are joined in order, the quadrilateral formed is a rectangle. 

(b) If the midpoints of the sides of a square are joined in order, the quadrilateral formed is a square. 

(c) In AABC, let M,P,andQ be the midpoints of AB, BC, and AC, respectively. Prove that QMPC is a 

parallelogram. 

(d) In right AABC, niAC = 90°. If Q, M, and P are the midpoints of AC, AB, and BC, respectively, prove 
that QMPC is a rectangle. 




Circles 



6.1 The Circle; Circle Relationships 

The following terms are associated with the circle. Although some have been defined previously, they are re- 
peated here for ready reference. 

A circle is the set of all points in a plane that are at the same distance from a fixed point called the cen- 
ter. The symbol for circle is O; for circles ©. 

The circumference of a circle is the distance around the circle. It contains 360°. 

A radius of a circle is a line segment joining the center to a point on the circle. 

Note: Since all radii of a given circle have the same length, we may at times use the word radius to mean 
the number that is "the length of the radius." 
A central angle is an angle formed by two radii. 

An arc is a continuous part of a circle. The symbol for arc is A semicircle is an arc measuring one-half 
the circumference of a circle. 

A minor arc is an arc that is less than a semicircle. A major arc is an arc that is greater than a semicircle. 



Thus in Fig. 6-1, fiC is a minor arc and BAC is a major arc. Three letters are needed to indicate a major arc. 
To intercept an arc is to cut off the arc. 
Thus in Fig. 6- 1 , /_BAC and /_BOC intercept BC. 

A chord of a circle is a line segment joining two points of the circumference. 
Thus in Fig. 6-2, AB is a chord. 

A diameter of a circle is a chord through the center. A secant of a circle is a line that intersects the cir- 
cle at two points. A fangenf of a circle is a line that touches the circle at one and only one point no mat- 
ter how far produced. 




Fig. 6-1 



Fig. 6-2 
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Thus, CD is a diameter of circle O in Fig. 6-2, EF is a secant, and G// is a tangent to the circle at P. P is the point of 
contact or the point of tangency. 

An inscribed polygon is a polygon all of whose sides are chords of a circle. A circumscribed circle is a 
circle passing through each vertex of a polygon. 




Inscribed Polygons 
Circumscribed Circle 

Fig. 6-3 



Thus AABD, ABCD, and quadrilateral ABCD are inscribed polygons of circle O in Fig. 6-3. Circle O is a circum- 
scribed circle of quadrilateral ASCZ). 

A circumscribed polygon is a polygon all of whose sides are tangents to a circle. An inscribed circle is a 
circle to which all the sides of a polygon are tangents. 

Thus, AABC is a circumscribed polygon of circle O in Fig. 6-4. Circle O is an inscribed circle of AABC. 

Concentric circles are circles that have the same center. 




Circumscribed Polygon 

Inscribed Circle Concentric Circles 



Fig. 6-4 Fig. 6-5 

Thus, the two circles shown in Fig. 6-5 are concentric circles. AB is a tangent of the inner circle and a chord of the 
outer one. CD is a secant of the inner circle and a chord of the outer one. 

Two circles are equal if their radii are equal in length; two circles are congruent if their radii are 
congruent. ^ 

Two arcs are congruent if they have equal degree measure and length. We use the notation mAC to denote 
"measure of arc AC." 

6.1A Circle Principles 

PRINCIPLE 1: A diameter divides a circle into two equal parts. 

Thus, diameter AB divides circle O of Fig. 6-6 into two congruent semicircles, ACB and ADB. 
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PRINCIPLE 2: If a chord divides a circle into two equal parts, then it is a diameter. (This is the converse of 
Principle 1.) 

Thus if ACB = ADB in Fig. 6-6, then AS is a diameter. 




PRINCIPLE 3: A point is outside, on, or inside a circle according to whether its distance from the center is 
greater than, equal to, or smaller than the radius. 

F is outside circle O in Fig. 6-6, since FO is greater in length than a radius. E is inside circle O since EO is smaller 
in length than a radius. A is on circle O since AO is a radius. 




Fig. 6-7 




Fig. 6-8 



PRINCIPLE 4: Radii of the same or congruent circles are congruent. 

Thus in circle O of Fig. 6-1, OA = OC. 
PRINCIPLE 5: Diameters of the same or congruent circles are congruent. 

Thus in circle O of Fig. 6-7, AS s CD. 
PRINCIPLE 6: In the same or congruent circles, congruent central angles have congruent arcs. 

Thus in circle Oof Fig. 6-8, if z^l = L2,i\iQnAC= CB. 
PRINCIPLE 7: In the same or congruent circles, congruent arcs have congruent central angles. 

Thus in circle O of Fig. 6-8 , if AC s CB, then L\=L2. 

(Principles 6 and 7 are converses of each other) 

PRINCIPLE 8: In the same or congruent circles, congruent chords have congruent arcs. 
Thus in circle O of Fig . 6-9 , if AS s AC, then AS = AC. 
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PRINCIPLE 9: In the same or congruent circles, congruent arcs have congruent chords. 
Thus in circle O of Fig. 6-9, if AB = AC, then AB =~AC. 
(Principles 8 and 9 are converses of each other.) 





PRINCIPLE 10: A diameter perpendicular to a chord bisects the chord and its arcs. 

Thus in circle O of Fig. 6-10, if CD ± AB, then CD bisects AB, AB, and ACB. 

A proof of this principle is given in Chapter 16. 
PRINCIPLE 11: A perpendicular bisector of a chord passes through the center of the circle. 

Thus in circle O of Fig. 6-11 , if PD is the perpendicular bisector of AB, then PD passes through center O. 





Fig. 6-12 



PRINCIPLE 12: In the same or congruent circles, congruent chords are equally distant from the center. 
Thus in circle O of Fig. 6-12, if AS s CD, if 0£ _L AB, and if OF ± CD, then OE=OF. 

PRINCIPLE 13: In the same or congruent circles, chords that are equally distant from the center are 

congruent . 



Thus in circle O of Fig. 6-12, if OE = OF, OE L AB, and OF _L CD, then AB = CD. 
(Principles 12 and 13 are converses of each other.) 



SOLVED PROBLEMS 



6.1 Matching test of circle vocabuiary 

Match each part of Fig. 6-13 on the left with one of the names on the right: 

{&) OE 1. Radius 

(b) FG 2. Central angle 
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(c) FH 

(d) CD 

(e) U 

(f) EF 

(g) FGH 

(h) FEG 

(i) LEOF 

(J) Circle O about EFGH 

(k) Circle O in 

(1) Quadrilateral EFGH 

(m) Quadrilateral ABCD 

Solutions 

(a) 1 (c) 7 (e) 8 

(b) 6 (d) 9 (f) 4 



Fig. 6-13 



3. Semicircle 

4. Minor arc 

5. Major arc 

6. Chord 

7. Diameter 

8. Secant 

9. Tangent 

10. Inscribed polygon 

11. Circumscribed polygon 

12. Inscribed circle 

13. Circiunscribed circle 



(g) 3 

(h) 5 



(i) 2 
(j) 13 



(k)12 
a) 10 



(m) 11 



6.2 Applying principles 4 and 5 

In Fig. 6-14, (a) what kind of triangle is OCD; (b) what kind of quadrilateral is ABCDl (c) In 
Fig. 6-15 if circle O — circle Q, what kind of quadrilateral is OAQBI 

Solutions 

Radii or diameters of the same or equal circles have equal lengths, 
(a) Since OC =0D, A OCD is isosceles. 
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(b) Since diagonals AC and BD are equal in length and bisect each other, ABCD is a rectangle. 

(c) Since the circles are equal, OA = AQ = QB = BO and OAQB is a rhombus. 

6.3 Proving a circle problem 

Given: AB = DE 

BC = EF 
To Prove: LB = LE 
Plan: Prove AI s All. 



PROOF: 




Statements 


Reasons 


1. 


AB = DE,BC = EF 


1. 


Given 


2. 


AB=DE,BC=EF 


2. 


In a circle, = chords have = arcs. 


3. 


ABC=DEF 


3. 


If equals are added to equals, the sums are equal. 








Definition of = arcs. 


4. 


AC = DF 


4. 


In a circle, = arcs have = chords. 


5. 


AIs An 


5. 


SSS 


6. 


LB = LE 


6. 


Corresponding parts of congruent A are =. 



6.4 Proving a circle problem stated in words 

Prove that if a radius bisects a chord, then it is perpendicular to the chord. 

Solution 

Given: Circle O 

OC bisects AB. 
To Prove: OC LAB 

Plan: Prove AAOD = ABOD to show L \ = L2. 
Also, A 1 and A 2 are supplementary. 

PROOF: 




Statements 


Reasons 


1. 


Draw OA andOB. 


1. 


A straight line segment may be drawn between 








any two points. 


2. 


OA = OB 


2. 


Radii of a circle are congruent. 


3. 


OCbisectsAB. 


3. 


Given 


4. 


AD = DB 


4. 


To bisect is to divide into two = parts. 


5. 


OD = OD 


5. 


Reflexive property 


6. 


AAOD = ABOD 


6. 


SSS 


7. 


L\ =L2 


7. 


Corresponding parts of congruent A are = . 


8. 


A 1 is the supplement of A 2. 


8. 


Adjacent A are supplementary if exterior sides lie 








in a straight line. 


9. 


A 1 and A 2 are right angles. 


9. 


Congruent supplementary angles are right angles. 


10. 


OC LAB. 


10. 


Rt. A are formed by perpendiculars. 
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6.2 Tangents 

The length of a tangent from a point to a circle is the length of the segment of the tangent from the given point 
to the point of tangency. Thus, PA is the length of the tangent from P to circle O in Fig. 6-16. 



P 




Fig. 6-16 



6.2A Tangent Principles 

PRINCIPLE 1: A tangent is perpendicular to the radius drawn to the point of contact. 

Thus if AB is a tangent to circle O at P in Fig. 6-17, and OP is drawn, then AB ± OP. 
PRINCIPLE 2: A line is tangent to a circle if it is perpendicular to a radius at its outer end. 

Thus if AB _L radius OP at P of Fig. 6-17, then AB is tangent to circle O. 




Fig. 6-17 Fig. 6-18 

PRINCIPLE 3: A line passes through the center of a circle if it is perpendicular to a tangent at its point of 
contact. 

<-> <-> 

Thus if AB is tangent to circle O at P in Fig. 6-18, and CP ± AB at P, then CP extended will pass through the 

center O. 

PRINCIPLE 4: Tangents to a circle from an outside point are congruent. 
Thus if AP and A2 are tangent to circle O at P and g (Fig. 6-19), then AP = AQ. 

PRINCIPLES: The segment from the center of a circle to an outside point bisects the angle between the 

tangents from the point to the circle. 

Thus OA bisects LPAQ in Fig. 6-19 if AP and AQ are tangents to circle O. 



A 




Fig. 6-19 
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6.2B Two Circles in Varying Relative Positions 

The line of centers of two circles is the line joining their centers. Thus, 00' is the line of centers of circles 
O and O' in Fig. 6-20. 




Fig. 6-20 Fig. 6-21 



Circles Tangent Externally 

Circles O and O' in Fig. 6-21 are tangent externally at P. AB is the common internal tangent of both circles. 
The line of centers 00' passes through/", is perpendicular to AB, and is equal in length to the sum of the radii, 
R + r. Also AB bisects each of the common external tangents, CD and EF. 



Circles Tangent Internally 

Circles O and O' in Fig. 6-22 are tangent internally atP. ABis the common external tangent of both circles. 
The line of centers 00' if extended passes through P, is perpendicular to AB, and is equal in length to the 
difference of the radii, R-r. 




Overlapping Circles 

Circles O and O' in Fig. 6-23 overlap. Their common chord is AB. If the circles are unequal, their (equal) com- 
mon external tangents CD and EF meet at P. The line of centers 00' is the perpendicular bisector of AB and, 
if extended, passes through P. 

Circles Outside Each Other 

Circles O and O' in Fig. 6-24 are entirely outside each other. The common internal tangents, and CD meet 
at P. If the circles are unequal, their common external tangents, EF and GH if extended, meet at P' . The line 
of centers 00^ passes through PandP'. Also, AB = CD and EF = GH. 
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6.5 Triangles and quadrilaterals having tangent sides 

Points P, Q, and R in Fig. 6-25 are points of tangency. 



A 



A 




B 



R 



Fig. 6-25 



(a) In Fig. 6-25(a), if AP = OP, what kind of triangle is 0PA7 

(b) In Fig. 6-25(b), if AP = PQ, what kind of triangle is APQl 

(c) In Fig. 6-25(b), if AP = OP, what kind of quadrilateral is OPAQl 

(d) In Fig. 6-25(c), if OQ ± PR, what kind of quadrilateral is PABRl 

Solutions 

(a) AP is tangent to the circle at P; then by Principle 1 , Z_ OPA is a right angle. Also, AP = OP. Hence, A OAP 

is an isosceles right triangle. 

(b) AP and AQ are tangents from a point to the circle; hence by Principle 4, AP = AQ. Also, AP = PQ. Then 
AAPQ is an equilateral triangle. 

(c) By Principle 4, AP = AQ. Also, OP and Og are s radii. And AP = OP. By Principle 1, LAPO is a rt. ^ . 
Then AP = AQ = OP = OQ; hence, OPAQ is a rhombus with a right angle, or a square. 

(d) By Principle 1, AP ± PP andM ± P^. Then AP || BR, since both are _L to PR. By Principle 1, Afi ± OQ; 
also, PR ± OQ (Given). Then AS || PR, since both are ± to OQ. Hence, PABR is a parallelogram with a 
right angle, or a rectangle. 

6.6 Applying principle 1 

(a) In Fig. 6-26(a), AP is a tangent. Find LA if m/_A: mLO = 2:3. 

(b) In Fig. 6-26(b), AP and Ag are tangents. Find I if O = 140°. 

(c) In Fig. 6-26(c), DP and CQ are tangents. Find mL 2 and 3 if ^ OPD is trisected and PQ 
is a diameter. 

Solutions 

(a) By Principle 1, niLP = 90°. Then mLA + mLO = 90°. If mLA = 2x and mLO = 2>x, then 5;c = 90 and 
X = 18. Hence, mLA = 36°. 
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(b) By Principle l,mLP = mLQ = 90°. Since mLP + mLQ + mLO + niLA = 360°, m/_A + mLO =180°. 
Since mLO = 140°, mLA = 40°. By Principle 5,mL \ mLA = 20°. 

(c) By Principle 1 , niLDPQ = mLPQC = 90°. Since mL 1 = 30°, mL2 = 60°. Since A 3 is an exterior angle 
ofAPBQ,m/_3 = 90° + 60°= 150°. 

6.7 Applying principle 4 

(a) AP, BQ, and AB in Fig. 6-27(a) are tangents. Find y. 

(b) A ABC in Fig. 6-27(b) is circumscribed. Find x. 

(c) Quadrilateral ABCD in Fig. 6-27(c) is circumscribed. Find x. 




(«) (b) (c) 

Fig. 6-27 



Solutions 

(a) By Principle 4, A/? = 6, and /?fi = y .Vasa RB = AB - AR = 14-6 = 8. Hence,)' = RB = %. 

(b) By Principle 4, PC =^,QB = 4, and = AQ. Then Ag = AB - QB = 11. Hence, jc = AP + PC = 
11 + 8 = 19. 

(c) By Principle 4,A5 = 10, CR = 5,andPD = 5D.ThenPD = CD - CR = 8. Hence, x = AS + SD = 
10 + 8 = 18. 

6.8 Finding tlie line of centers 

Two circles have radii of 9 and 4, respectively. Find the length of their line of centers (a) if the 
circles are tangent externally, (b) if the circles are tangent internally, (c) if the circles are concentric, 

(d) if the circles are 5 units apart. (See Fig. 6-28.) 




(fl) (b) (c) {d) 



Fig. 6-28 
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Solutions 

Let R = radius of larger circle, r = radius of smaller circle. 

(a) Since R = 9 and r = 4,00' = R + r = 9 + 4 = 13. 

(b) Since R = 9 mdr = 4,00' = R - r = 9 - 4 = 5. 

(c) Since the circles have the same center, their line of centers has zero length. 

(d) Since R = 9, r = 4,andd = 5, OO' = R + d + r = 9 + 5 + 4 = 18. 



6.9 Proving a tangent problem stated in words 

Prove: Tangents to a circle from an outside 
point are congruent (Principle 4). 

Given: Circle O 

AP is tangent at P. 
AQ is tangent at Q. 

To Prove: AP = AQ 

Plan: Draw OP, OQ, and OA and prove 
AAOP = AAOQ. 




PROOF: 



Statements 


Reasons 


1. 


Draw OP, OQ, andOA. 


1. 


A straight line may be drawn between any two 








points. 


2. 


OP = OQ 


2. 


Radii of a circle are congruent. 


3. 


LP and Z. 2 are right angles. 


3. 


A tangent is ± to radius drawn to point of contact. 


4. 


OA=OA 


4. 


Reflexive property 


5. 


AAOP = AAOQ 


5. 


Hy-leg 


6. 


AP = AQ 


6. 


Corresponding parts of congruent A are congruent. 



6.3 Measurement of Angles and Arcs in a Circle 

A central angle has the same number of degrees as the arc it intercepts. Thus, as shown in Fig. 6-29, a cen- 
tral angle which is a right angle intercepts a 90° arc; a 40° central angle intercepts a 40° arc, and a central angle 
which is a straight angle intercepts a semicircle of 180°. 

Since the numerical measures in degrees of both the central angle and its intercepted arc are the same, we 
may restate the above principle as follows: A central angle is measured by its intercepted arc. The symbol — 
may be used to mean "is measured by." (Do not say that the central angle equals its intercepted arc. An angle 
cannot equal an arc.) 




Fig. 6-29 
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An inscribed angle is an angle whose vertex is on the circle and whose sides are chords. An angle in- 
scribed in an arc has its vertex on the arc and its sides passing through the ends of the arc. Thus, LA in 
Fig. 6-30 is anmscribed angle whose sides are the chords AB and AC. Note that LA intercepts BC and is 
inscribed in BAC. 




Fig. 6-30 



6.3A Angle-Measurement Principles 

PRINCIPLE 1: A central angle is measured by its intercepted arc. 
PRINCIPLE 2: An inscribed angle is measured by one-half its intercepted arc. 
A proof of this principle is given in Chapter 16. 

PRINCIPLE 3: In the same or congruent circles, congruent inscribed angles have congruent intercepted 

arcs. 

ThusinFig. 6-31,if Al s ^2, then SCs ZXE. 




PRINCIPLE 4: In the same or congruent circles, inscribed angles having congruent intercepted arcs are 
congruent. (This is the converse of Principle 3.) 

Thus in Fig. 6-31, ifBCsDfi, then z^l = L2. 

PRINCIPLE 5: Angles inscribed in the same or congruent arcs are congruent. 

Thus in Fig. 6-32, if C and LD are inscribed in ACB, then LC = LD. 




Fig. 6-32 
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PRINCIPLE 6: An angle inscribed in a semicircle is a right angle. 
Thus in Fig. 6-33, since Z_ C is inscribed in semicircle ACD, mL C = 90°. 




Fig. 6-33 

PRINCIPLE 7: Opposite angles of an inscribed quadrilateral are supplementary. 
Thus in Fig. 6-34, if ABCD is an inscribed quadrilateral, LA is the supplement of /_ C. 




Fig. 6-34 

PRINCIPLE 8: Parallel lines intercept congruent arcs on a circle. 

Thus in Fig. 6-35, if AS || CD, then AC =80. If tangent FG is parallel to CD, then PC=Pb. 




Fig. 6-35 



PRINCIPLE 9: An angle formed by a tangent and a chord is measured by one-half its intercepted arc. 

PRINCIPLE 10: An angle formed by two intersecting chords is measured by one-half the sum of the inter- 
cepted arcs. 

PRINCIPLE 11 : An angle formed by two secants intersecting outside a circle is measured by one-half the dif- 
ference of the intercepted arcs. 

PRINCIPLE 12: An angle formed by a tangent cmd a secant intersecting outside a circle is measured by one- 
half the difference of the intercepted arcs. 

PRINCIPLE 13: An angle formed by two tangents intersecting outside a circle is measured by one-half the 
difference of the intercepted arcs. 

Proofs of Principles 10 to 13 are given in Chapter 16. 




Fig. 6-36 
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6.3B Table of Angle-Measurement Principles 



Positioii 

of 
Vertex 


Kind of Angle 


Diagram 


Measurement 
VAvmiilii 


Method of 

ftffAafiiimilMk||# 


Center of 
circle 


Central angle 
(apply Principle 1) 


( 


3 


a" 


AO = AB 
mLO = a° 


By intercepted arc 


On the circle 


Inscribed angle 
(apply Principle 2) 




B 

a° 


mZ.A = ia' 


By one-half 
intercepted arc 


Angle formed by a 
tangent and a chord 
(apply Principle 9) 


1 


A 

0 


__B 

0° 


Inside the 
circle 


Angle formed by two 
intersecting chords 
(apply Principle 10) 


cr 


D 

ia° 


L\ =\{AC'rBD) 
ml.\ =|(fl» + i)'') 


By one-half sum of 
intercepted arcs 


Outside the 
circle 


Angle formed by 
two secants 
(apply Principle 10) 


c 


r 


LA = \(BC- DE) 
mLA=\((f-b'') 


By one-half difference 
of intercepted arcs 


Angle formed by a 
secant and a tangent 
(apply Principle 12) 


A 




I- 


/LA ^ l(BC- BD) 
m/LA = ^^{a''-b'') 


Angle Formed bv 
two tangents 
(apply ninciple 13) 


A 


C 


i 


AA = |(BDC- BQ 
mAA = Ka" - b") 

Also, 

niAA = (180 - by 



Note: To find the angle formed by a secant and a chord meeting on the circle, first find the measure of the inscribed 

angle adjacent to it and then subtract from 180°. Thus if secant AB meets chord CD at C on the circle in Fig. 6-36, to 
find mLy, first find the measure of inscribed Lx. Obtain mLy by subtracting niLx from 180°. 
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SOLVED PROBLEMS 



6.10 Applying principles 1 and 2 

(a) In Fig. 6-37(a), if m/_y = 46°, find mLx. 

(b) In Fig. 6-37(b), if niLy = 112°, find mLx. 

(c) In Fig. 6-37(c), if m/_x = 75°, find my. 




(a) 





Solutions 

(a) Ly ^ BC, so mBC = 46°. Then Lx = \bC = \ (46°) = 23°, so mLx = 23°. 

(b) LyJ. AB so niAB =J^12°. ^ 

mBC = miABC - AB) = 180° - 112° = 68°. Then Lx ^ \BC = \ (68°) = 34°, so mLx = 34°. 

(c) Lx ^ \aDC, so mADC = 150°. Then my = m(ADC - AD) = 150°- 60° = 90°. 

6.11 Applying principles 3 to 8 

Find X and y in each part of Fig. 6-38. 






Solutions 

(a) Since mL 1 



mL2, mx = mAB = 50°. Since AD = CD, mLy = mLABD = 65° 



(b) LABD and Lxeae inscribed in ABD; hence, mLx = mLABD = 40°. 
ABCD is an inscribed quadrilateral; hence, mLy = 180° - mLB = 95°. 

(c) Since Lxis inscribed in a semicircle, mLx = 90°. Since AC \\ DE, my = mCE = 70°. 
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6.12 Applying principle 9 

In each part of Fig. 6-39, CD is a tangent at P. 

(a) If my = 220° in part (a), find mLx. 

(b) If my = 140° in part (b), find m/_x. 

(c) If mLy — 75° in part (c), find mZ.x. 



C 




(«) ib) (c) 

Fig. 6-39 



Solutions 

(a) = 1(220°) = 110°. So m/_x = 180°- 110° = 70°. 

(b) Since AB = AP, mAB = my = 140°. Then mz = 360° - 140° - 140° = 80°. 
Since ^ ^ ? = 40°, mLx = 40°. 

(c) /Ly AP, so niAP = 150°. Then mz = 360° - 100° - 150° = 110°. 
Since Ax ^? = 55°,mAx = 55°. 

6.13 Applying Principle 10 

(a) If mLx = 95° in Fig. 6-40(a), find my. 

(b) If my = 80° in Fig. 6-40(b), find mLx. 

(c) Ifmx = 78° in Fig. 6-40(c), find m/_y. 




(a) (6) (c) 

Fig. 6-40 



Solutions 

(a) Ax ^ i(AC -I- y); thus 95° = |(70° + my), so = 120°. 

(b) Zz ^ ^(9 -I- AS) = ^(80° + 120°) = 100°. Then mz^x = m°-m/_z = 80°. 

(c) Because BC || AD,mCD = mx = 78°.Also, Az ^^(^x + CD) = 78°. TbsnmLy = m°-m/_z = 102°. 
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6.14 Applying principles 11 to 13 

(a) JfmLx = 40° in Fig. 6-41(a), find my. 

(b) If OT^x = 67° in Fig. 6-41(b), find my. 

(c) If mZ.x = 61° in Fig. 6-41(c), find mj. 



200° 



y\ 
(a) 




(c) 



Solutions 

(a) Ax^\(BC - y), so 40° = \ (200° - m^) or my = 120°. 

(b) = I (BC - BE), so 67°= | (200° - mBE) ovmBE = 66°. 
Then my = 360° - 200° - 66° = 94°. 

(c) Ijc ^ \{BFC - y and mBFC = 360° - my. Then 61° = ^[(360° - my) - my] = 180° - my. Thus 
my = 119°. 

6.15 Using equations in two unknowns to find arcs 

In each part of Fig. 6-42, find x and y using equations in two unknowns. 




(«) 



Fig. 6-42 




Solutions 

(a) By Principle 10, 70° = |(mx + my) 
By Principle 11, 25° = ^imx — my) 

If we add these two equations, we get mx = 95°. If we subtract one from the other, we get my = 45°. 

(b) Since m^ + m^y = 360°, | (mx + my) = 180° 
By Principle \3,\(mx — mV) = 62° 

If we add these two equations, we find that mlc = 242°. If we subtract one from the other, we get 
my = 118°. 
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6.16 Measuring angles and arcs in generai 

Find X and y in each part of Fig. 6-43. 




Solutions 

(a) By Principle 2, 50° = |mPQ or mPQ = 100°. Also, by Principle 9, 70° = \mQR or mQR = 140°. 
Then mPR = 360° - mPQ - mQR = 120°. 

By Principle 9,x = \mPR = 60°. 

By Principle 13, >• = {{mPRQ - mPQ) = ^(260°- 100°) = 80°. 

(b) ByPrinciple \ ,mAB = 80°. Also, by Principle 8, mBC = mPA = 85°. Then mPC = 360° - mPA - 
mAB - mBC = 110°. 

By Principle 9, x = |m PC = 55°. 

By Principle I2,y = \{mPCB - mPA) = \ (195°- 85°) = 55°. 



6.17 Proving an angie measurement probiem 



Given: BD = CE 

To Prove: AB = AC 

Plan: First prove CD = BE. 

Use this to show that IM = LC. 




PROOF: 



Statements 


Reasons 


1. 


BD 


= CE 


1. 


Given 


2. 


DE 


= DE 


2. 


Reflexive property 


3. 


BE 


= CD 


3. 


If =s are added to =s, the sums are =. 


4. 


LB 


= LC 


4. 


In a circle, inscribed angles having equal inter- 










cepted arcs are = . 


5. 


AB 


= AC 


5. 


In a triangle, sides opposite = angles are equal in 










length. 
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6.18 Proving an angle measurement problem stated In words 

Prove that parallel chords drawn at the ends of a diameter are equal in length. 

Solution 

Given: Circle O 

AB is a diameter 

AC\\BD 
To Prove: AC = BD 
Plan: Prove AC = fib 



PROOF: 



Statements 


Reasons 


1. 


AB is a diameter 


1. 


Given 


2. 


ACB = ADB 


2. 


A diameter cuts a circle into two equal semicircles. 


3. 


AC II BD 


3. 


Given 


4. 


AD =BC 


4. 


Parallel lines intercept = arcs on a circle. 


5. 


AC=BD 


5. 


If equals are subtracted from equals, the differ- 
ences are equal. Definition of = arcs. 


6. 


AC = BD 


6. 


In a circle, equal arcs have chords which are equal 
in length. 




EMENTARY PROBLEMS^ 

6.1. Provide the proofs requested in Fig. 6-44. 



(a) Given: AB = DE 
AC = DF 
To Prove: /_B = /_E 



(b) Given: Circle O, AS = fiC 
Diameter BD 
To Prove: BD bisects ZAOC. 



(6.3) 

(c) Given: Circle O 
AB = CD 
To Prove: lAOC = LBOD 






ic) 



6.2. Provide the proofs requested in Fig. 6-45. Please refer to figure 6-45(a) for problems 6.2(a) and (b); to figure 
6-45(b) for problems 6.2(c) and (d); and figure 6-45(c) for problems 6.2(e) and (f). (6.3) 

(a) Given: AB = AC (c) Given: Circle O, AS = AD (e) Given: AD = BC 
To Prove: ABC = ACB Diameter AC To Prove: AC = BD 

To Prove: BC = CD 

(b) Given: ABC = ACB (d) Given: Circle O (f) Given: AC = BD 

To Prove: AB = AC AB = AD, BC = CD To Prove: AD = BC 

To Prove: AC is a diameter. 
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(a) 



6.3. Prove each of the following: 

(a) If a radius bisects a chord, then it bisects its arcs. 

(b) If a diameter bisects the major arc of a chord, then it is perpendicular to the chord. 

(c) If a diameter is perpendicular to a chord, it bisects the chord and its arcs. 




(6.4) 



6.4. Prove each of the following: (6.4) 

(a) A radius through the point of intersection of two congruent chords bisects an angle formed by them. 

(b) If chords drawn from the ends of a diameter make congruent angles with the diameter, the chords are 
congruent. 

(c) In a circle, congruent chords are equally distant from the center of the circle. 

(d) In a circle, chords that are equally distant from the center are congruent. 



6.5. 



6.6. 



Determine each of the following, assuming t, t' , and t" in Fig. 6-46 are tangents. 

(a) If niLA = 90° in Fig. 6-46(a), what kind of quadrilateral is PAQOl 

(b) lfBR = RC in Fig. 6-46(b), what kind of triangle is AfiC? 

(c) What kind of quadrilateral is PABQ in Fig. 6-46(c) if PQ is a diameter? 

(d) What kind of triangle is AOB in Fig. 6-46(c)? 



(6.5) 






Fig. 6-46 

In circle O, radii OA and OB are drawn to the points of tangency of PA and PB. Find mlAOB if niLAPB equals 
(a) 40°; (b) 120°; (c) 90°; (d) x°; (e) (180 - xf\ (f) (90 - x)°. (6.6) 



6.7. Find each of the following (f and t' in Fig. 6-47 are tangents). 
In Fig. 6-47(a) 

(a) IfmU'OQ = 80°, fmd m/_PAQ. 

(b) JfmWBO = 25°, find mLl and m/_PAQ. 

(c) If mLPAQ = 72°, find mU and mLPBO. 



(6.6) 
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Fig. 6-47 

In Fig. 6-47 (b) 

(d) If PB bisects lAPQ, find ml_2. 

(e) \fmL\= 35°,findmA2. 

(f) IfPQ = QB,fin&mL\. 

6.8. InFig.6-48(a),AASCiscircumscribed.(a)Ify = 9,find x. (b) If = 25,findy. (6.7) 

In Fig. 6-48(b), quadrilateral ABCD is circumscribed, (c) Find AB + CD. (d) Find perimeter of ABCD. 
In Fig. 6-48(c), quadrilateral A5 CD is circumscribed, (e) If r = 10, findx. {f)\fx = 25, find r. 




(«) (fc) (c) 

Fig. 6-48 



6.9. If two circles have radii of 20 and 13 , respectively, find their line of centers: (6.8) 

(a) If the circles are concentric 

(b) If the circles are 7 units apart 

(c) If the circles are tangent externally 

(d) If the circles are tangent internally 

6.10. If the line of centers of two circles measures 30, what is the relation between the two circles: (6.8) 

(a) If their radii are 25 and 5? 

(b) If their radii are 35 and 5? 

(c) If their radii are 20 and 5? 

(d) If their radii are 25 and 10? 
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6.11. What is the relation between two circles if the length of their line of centers is (a) 0; (b) equal to the difference 
of their radii; (c) equal to the sum of their radii; (d) greater than the sum of their radii, (e) less than the difference 
of their radii and greater than 0; (f ) greater than the difference and less than the sum of their radii? (6.8) 

6.12. Prove each of the following: (6.9) 

(a) The line from the center of a circle to an outside point bisects the angle between the tangents from the point 
to the circle. 

(b) If two circles are tangent externally, their common internal tangent bisects a common external tangent. 

(c) If two circles are outside each other, their common internal tangents are congruent. 

(d) In a circumscribed quadrilateral, the sum of the lengths of the two opposite sides equals the sum of the 
lengths of the other two. 

6.13. Find the number of degrees in a central angle which intercepts an arc of (a) 40°; (b) 90°; (c) 170°; (d) 180°; 

(e) 2x°; (f) (180 - x)°; (g) (2x - 2yf. (6.10) 

6.14. Find the number of degrees in an inscribed angle which intercepts an arc of (a) 40°; (b) 90°; (c) 170°; (d) 1 80°; 
(e) 260°; (f) 348°; (g) 2x°; (h) (180 - x)°; (i) (2jc - 2y)°. (6.10) 

6.15. Find the number of degrees in the arc intercepted by (6.10) 

(a) A central angle of 85° 

(b) An inscribed angle of 85° 

(c) A central angle of c° 

(d) An inscribed angle of i° 

(e) The central angle of a triangle formed by two radii and a chord equal to a radius 

(f) The smallest angle of an inscribed triangle whose angles intercept arcs in the ratio of 1:2:3 

6.16. Find the number of degrees in each of the arcs intercepted by the angles of an inscribed triangle if the measures 
of these angles are in the ratio of (a) 1:2:3; (b) 2:3:4; (c) 5:6:7; (d) 1:4:5. (6.10) 

6.17. (a) If my = 40° in Fig. 6-49(a), find mljc. (d) If mLx = 108° in Fig. 6-49(b), find ml_y. 

(b) If mljc = 165° in Fig. 6-49(a), find my . (e) If my = 105° in Fig. 6-49(c), find mljc. 

(c) If mLy = 115° in Fig. 6-49(b), find mljc. (f) If mljc = 96° in Fig. 6-49(c), find my. 
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6.18. If quadrilateral ABCD is inscribed in a circle in Fig. 6-50 , find 



(a) mlA if ml.C = 45° 

(b) mLB if mLD = 90° 

(c) mZ_C if mlA = x° 

(d) mLD if mLB = (90-x)° 



(e) mlA ifmBAD = 160° 

(f) mLB if mABC= 200° 

(g) mLC if mBC = 140° and wCD = 110° 

(h) mLD if mLD:mLB = 2:3 



(6.11) 




Fig. 6-50 




6.19. If BC and AD are the parallel sides of inscribed trapezoid ABCD in Fig. 6-5 1 , find 

(a) mAB if mCD = 85° (e) mlA if mLD = 12° 

(b) mCb if mAB = y° (f) mlA if mLC = 130° 

(c) mAB if mBC = 60° and mAD = 80° (g) mLB if mLC = 145° 

(d) mCb if mAD + mBC = 170° (h) mLB if mAD = 90° and mAfi = 84° 



(6.11) 



6.20. A diameter is parallel to a chord. Find the number of degrees in an arc between the diameter and chord if the 
chord intercepts (a) a minor arc of 80°; (b) a major arc of 300°. (6.11) 



6.21. Find X and y in each part of Fig. 6-52. 



(6.11) 




Fig. 6-52 



6.22. Find the number of degrees in the angle formed by a tangent and a chord drawn to the point of tangency if 
the intercepted arc has measure (a) 38°; (b) 90°; (c) 138°; (d) 180°; (e) 250°; (f) 334°; (g) x°; (h) (360 - x)°; 
(i) {2x + 2yy. (6.12) 



6.23. Find the number of degrees in the arc intercepted by an angle formed by a tangent and a chord drawn to the point 
of tangency if the angle measures (a) 55°; (b) 67^°; (c) 90°; (d) 135°; (e) (90 - x)°; (f) (180 - xf; (g) (x - y)°; 
(h) 3\x°. (6.12) 



6.24. Find the number of degrees in the acute angle formed by a tangent through one vertex and an adjacent side of 
an inscribed (a) square; (b) equilateral triangle; (c) regular hexagon; (d) regular decagon. (6.12) 
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6.25. Find x and y in each part of Fig. 6-53 (f and t' are tangents) . 



(6.12) 






6.26. If AC and BD are chords intersecting in a circle as shown in Fig. 6-54, find 

(a) mZjcif toAB = 90° and mCD = 60° (e) mAB + mCDifm/jc = 70° 

(b) m/jc if mAB and mCD each equals 75° (f) wSC + mAD if mZjc = 65° 

(c) m/jc if mAS + mCD = 230° (g) mBC if mZjc = 60° and mAD 



160° 



(6.13) 



(d) mljc if mBC + mAD = 160° 



(h) mBC if m/_y = 72° and mAD = 2mBC 




Fig. 6-54 




6.27. If AC and BZ) are diagonals of an inscribed quadrilateral ASCD as shown in Fig. 6-55, find 

(a) m/_l if ma = 95° and mc = 75° (e) ml.2 if mb + md = ma + mc 

(b) mL\ if mfo =88° and ml = 66° (f) mA2 if 5C || AD and ma = 70° 

(c) mAl if mfo and md each equals 100° (g) mA2 if AD is a diameter and mfo = 80° 

(d) m/_l if ma:mb:m^:md =1:2:3:4 (h) mA2 if ABCD is a rectangle and ma = 70° 



(6.13) 



6.28. Find x and y in each part of Fig. 6-56 . 



(6.13) 
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6.29. If AB and AC are intersecting secants as shown in Fig. 6-57, find 

(a) mlA if mc = 100° and ma = 40° (e) ma if wc = 160° and mlA = 20° 

(b) mlA if mc -ma = 74° (f) mc if ma = 60° and mZA = 35° 

(c) mZA if mc = ma + 40° (g) mc - ma if mLA = 47° 

(d) mlAif ma:mb:mc:md =1:4:3:2 (h) ma if mc-= 3a and mZA = 25° 



(6.14) 





6.30. If tangent AP and secant AB intersect as shown in Fig .6-58, find 



(a) mlA if = 150° and ma = 60° 

(b) mlA if mc = 200° and w'^ = 110° 

(c) mlA if mb = 120° and ma = 70° 

(d) mlA if m'c - ma = 73° 

(e) mlA if ma:mb:mc = 1:4:7 



(f) wa if mc = 220° and mlA = 40° 

(g) mc if ma = 55° and mlA = 30° 

(h) ma if m'c = 3 ma and mlA = 45° 

(i) ma if mb = 100° and mlA = 50° 



(6.14) 



6.31. If and AQ are intersecting tangents as shown in Fig. 6-59, find 



(6.14) 




(a) mlA if mb = 200° 

(b) mlA if ma = 95° 

(c) mlA if ma = x° 

(d) mlA if ma = (90 - x)° 

(e) m/_A if mZ? = 3 ma 

(f) mM if mb =ma + 50° 

(g) mZj4 if mb - mil = 84° 

(h) mlAifmb:ma =5:1 



(i) mlA if mb:ma = 7:3 

(j) mZyi if mZ) = 5ma — 60° 

(k) ma if mM = 35° 

(1) ma if mlA = y° 

(m) mb if mlA = 60° 

(n) mb if mlA = x° 

(o) mb if AP ±AQ 
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6.32. Find x and y in each part of Fig. 6-60 (f and t' are tangents) . (6.14) 




Fig. 6-60 

6.33. If AB andAC are intersecting secants as shown in Fig. 6-61, find (6.15) 

(a) mx if mLl = 80° and mlA = 40° (d) my if mLl = 95° and mlA = 45° 

(b) nix ifmLl + mlA = 150° (e) my ifmLl - mlA = 22j 

(c) mx if Z_l and lA are supplementary (f) my if mx + my = 190° and mlA = 50° 




Fig. 6-62 

6.35. If ABC is an inscribed triangle as shown in Fig. 6-63, find (6.16) 




Fig. 6-63 



CHAPTER 6 Circles 



(a) mlA if ma = 110° and mc = 200° 

(b) mlA if AC ± BCand ma = 102° 

(c) mlA if AC is a diameter and rria = 80° 

(d) mlA if m^:mb:mc = 3:1:2 

(e) mlA in AC is a diameter and ma:mb = 5:4 



(f) mAB if mABC = 208° 

(g) mZ_B if rna + mb = 2>nic 

(h) mLB if mo = 75° and mc- = 2otZ> 

(i) wZCif AB ± BCand wa = Smb 
(j) mc if mZA:mAB:mz^C = 5:4:3 



6.36. If ABCP is an inscribed quadrilateral, PD a tangent, and AF a secant in Fig. 6-64, find 



(6.16) 



(a) mZ_l if mo = 94° and mc = 54° 

(b) mZ_2 if AP is a diameter 

(c) mz^3 if mCPA = 250° 

(d) mz^3 if mZABC= 120° 

(e) mZ.4 if mBCP = 130° and mb = 50° 

(f) mZ.4 if BC II AP and mo = 74° 



(g) mo if BC II AP and mz^6 = 42° 

(h) mo if AC is a diameter and mZ_5 = 35° 

(i) m^ if AC ± BP and ml2 = 57° 

(j) m? if AC and BP are diameters and mZ_5 = 41° 
(k) md ifmn = 95° and mb = 95° 
(1) mLCPA if ml3 = 79° 




6.37. Find x and y in each part of Fig. 6-65 {t and t' are tangents) . 

B 



P t 





(6) PBCA is an inscribed square. 
Fig. 6-65 



6.38. Find x and y in each part of Fig. 6-66. 
A 





(c) 



70°. C 



Fig. 6-66 



(6.16) 




(6.16) 
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6.39. Provide the proofs requested in Fig. 6-67. 



(6.17) 



(a) Given: AC bisects M 
To Prove: BC=CD 

(b) Given: BC=CD 

To Prove: AC bisects LA 



(c) Given: AB \\ CD 

AB is a tangent. 
To Prove: PC = PD 

(d) Given: PC = PD 

AB is a tangent. 
To Prove: AB 11 CD 



(e) Given: mAC = mBD 
To Prove: CE = ED 

(f) Given: CE = EB^ 
To Prove: AC=BD 






Fig. 6-67 



6.40. Prove each of the following: 

(a) The base angles of an inscribed trapezoid are congruent. 

(b) A parallelogram inscribed in a circle is a rectangle. 

(c) In a circle, parallel chords intercept equal arcs. 

(d) Diagonals drawn from a vertex of a regular inscribed pentagon trisect the vertex angle. 

(e) If a tangent through a vertex of an inscribed triangle is parallel to its opposite side, the triangle is 
isosceles. 



(6.18) 




Similarity 



7.1 Ratios 

Ratios are used to compare quantities by division. The ratio of two quantities is the first divided by the sec- 
ond. A ratio is an abstract number, that is, a number without a unit of measure. Thus, the ratio of 10 ft to 5 ft 
is 10 ft H- 5 ft, which equals 2. 

A ratio can be expressed in the following ways: (1) using a colon, as in 3 :4; (2) using "to" as in 3 to 4; 
(3) as a common fraction, as in |; (4) as a decimal, 0.75; and (5) as a percent, 75%. 

The quantities involved in a ratio must have the same unit. A ratio should be simplified by reducing to low- 
est terms and eliminating fractions. Thus to find the ratio of 1 ft to 4 in, we first change the foot to 12 in, and 
then take the ratio of 12 in to 4 in; the result is a ratio of 3 to 1, or 3. Also, the ratio of 2| : | would be restated 
as 5 : 1 or 5. 

The ratio of three or more quantities may be expressed as a continued ratio. Thus, the ratio of $2 to $3 to 
$5 is the continued ratio 2:3:5. This enlarged ratio is a combination of three separate ratios; these are 2 : 3, 3 : 5, 
and 2: 5. 

Throughout this chapter, readers should use a calculator whenever they choose. 



SOLVED PROBLEMS 



7.1 Ratio of two quantities with the same unit 

Express each of the following ratios in lowest terms: (a) 15° to 3°; (b) $1.25 to $5; (c) l\ years to 
2 years. 



Solutions 

(a) y = 5 

1.25 _ 1 
(•'^ ^ - 4 

2^ 5 



7.2 Ratio of two quantities with different units 

Express each of the following ratios in lowest terms: (a) 2 years to 3 months; (b) 80 cents to $3.20. 

Solutions 

24 

(a) 2 years to 3 months = 24 months to 3 months = ^ = 8 

on 1 

(b) 80 cents to $3.20 = 80 cents to 320 cents = ^ = ^ 
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7.3 Continued ratio of three quantities 

Express each of the following ratios in lowest terms: (a) 1 gal to 2 qt to 2 pt; (b) 1 ton to lib to 8 oz. 

Solutions 

(a) 1 gal to 2 qt to 2 pt = 4qtto2qtto 1 qt = 4:2:1 

(b) 1 ton to 1 lb to 8 oz = 2000 lb to 1 lb to |lb = 2000 : 1 : ^ = 4000 : 2 : 1 

7.4 Numericai and aigebraic ratios 

Express each of the following ratios in lowest terms: (a) 50 to 60; (b) 6.3 to 0.9; (c) 12 to |; (d) 2x to 
5x; (e) 5s^ to s^; (f) x to 5jc to Ix. 

Solutions 

, , 50 5 , 2x 2 

^^^60 = 6 ^'^^5x = 5 

(b) H = 7 (e) ^ = f 

(c) 12 ^ I = 32 (f) ;c:5;c:7;c = 1:5:7 

7.5 Using ratios in angie probiems 

If two angles are in the ratio of 3 :2, find the angles if (a) they are adjacent and form an angle 
measuring 40°; (b) they are acute angles of a right triangle; (c) they are two angles of a triangle 
whose third angle measures 70°. 

Solutions 

Let the measures of the angles be 3x and 2x. Then: 

(a) 3x + 2;«; = 40, so that 5;<; = 40 or jc = 8; hence, the angles measure 24° and 16°. 

(b) 3x + 2x = 90, so 5x = 90 or X = 18; hence, the angles measure 54° and 36°. 

(c) 3x + 2x + 70 = 180, so 5jc = 110 or X = 22; hence, the angles measure 66° and 44°. 

7.6 Three angies having a fixed ratio 

Three angles are in the ratio of 4 : 3 : 2 . Find the angles if (a) the first and the third are supplementary; 
(b) the angles are the three angles of a triangle. 

Solutions 

Let the measures of the angles be 4jc, 3x, and 2x. Then: 

(a) 4x + 2x= 180, so that 6x = 180 for x = 30; hence, the angles measure 120°, 90°, and 60°. 

(b) 4x + 3x + 2x: = 180, so 9x = 180 or x = 20; hence, the angles measure 80°, 60°, and 40°. 



7.2 Proportions 

A proportion is an equahty of two ratios. Thus, 2:5 = 4 : 10 (or j = ^) is a proportion. 

The fourth term of a proportion is the fourth proportional to the other three taken in order. Thus in 2 : 3 = 
4:x,xis the fourth proportional to 2, 3, and 4. 

The means of a proportion are its middle terms, that is, its second and third terms. The extremes of a pro- 
portion are its outside terms , that is , its first and fourth terms . Thus ina-.b = c:d,ihe means are b and c , and 
the extremes are a and d. 
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If the two means of a proportion are the same, either mean is the mean proportional between the first and 
fourth terms. Thus in 9 : 3 = 3 : 1 , 3 is the mean proportional between 9 and 1 . 

7.2A Proportion Principles 

PRINCIPLE 1: In any proportion, the product of the means equals the product of the extremes. 

Thus if a:b = c:d, then ad = be. 

PRINCIPLE 2: If the product of two numbers equals the product of two other numbers, either pair may be 
made the means of a proportion and the other pair may be made the extremes. 

Thus if 3x = 5y,\h&[ix:y = 5:3 ory.x = 3:5 or3:y = 5:xor5:x = 3:y. 

7.2B IVIethods of Changing a Proportion into an Equivalent Proportion 

PRINCIPLE 3: (Inversion method) A proportion may be changed into an equivalent proportion by inverting 
each ratio. 

14 X 5 
Thus if ^ = ^, then y = 4 • 

PRINCIPLE 4: (Alternation method) A proportion may be changed into an equivalent proportion by inter- 
changing the means or by interchanging the extremes. 

Thus if 3 = 2' y ~ 2 3^ ~ ^' 

PRINCIPLE 5: (Addition method) A proportion may be changed into an equivalent proportion by adding 
terms in each ratio to obtain new first and third terms. 

„, .„ a c ^, a + b c + d „x — 1 9 x 10 
Thus ifT = -,, then — r — = — , — . If — ^ — = t. then = 

b d b d 2 1'21 

PRINCIPLE 6: (Subtraction method) A proportion may be changed into an equivalent proportion by sub- 
tracting terms in each ratio to obtain new first and third terms. 

„, .„a c ^. a — b c — d ^j.x + Z 9 x 8 
Thus if r = ~;. then — r — = — ; — . If — 5 — = t> then ^ = t- 
b d b d 3 r31 



7.2c Other Proportion Principles 

PRINCIPLE 7: If any three terms of one proportion equal the corresponding three terms of another propor- 
tion, the remaining terms are equal. 

3 X 3 
Thus if y = and ^ = then y = 4. 

PRINCIPLE 8: In a series of equal ratios, the sum of any of the numerators is to the sum of the correspon- 
ding denominators as any numerator is to its denominator. 

_ .^a c e ^ a + c + e a - y y-3 3 x-y + y-3 + 3 3 ^ 3 
Thusif^ = - = y,then^^^^^ = ;^.If— = = y-then 4 + 5 + ^ =l'''w= T 



SOLVED PROBLEMS 



7.7 Finding unknowns in proportions 

Solve the following proportions for x: 

(a) x:4- = 6:S (c) ;c :5 = 2;c:(x + 3) 



(b)3:x = x:27 (d) 



2 
5 



(e) 
(f) 



2x - 3 
X - 2 



^ 3 
5 
7 

X + 2 
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Solutions 

(a) Since 4(6) = 8x, 8x = 24 orx = 3. 

(b) Since = 3(27), = 81 or;c = ±9. 

(c) Since 5(2;c) = x(x + 3), we have lOx = x^ + 3x. Then ;ic^ — 7x = 0, so x = 0 or 7. 

(d) Since 2x = 3(5), 2x = 15 orx = 7^. 

(e) Since 3(2x — 3) = 5x, we have 6x — 9 =5jc, so x = 9. 

(f) Since 4(7) = (x - 2Xx + 2), we have 28 = - 4. Then =32, sox= ±4 V2. 

7.8 Finding fourth proportionais to three given numbers 

Find the fourth proportional to (a) 2, 4, 6; (b) 4, 2, 6; (c) |, 3, 4; (d) &, d, c. 

Solutions 

(a) We have 2:4 = 6:x, so 2;c = 24 or x = 12. 

(b) Wehave4:2 = 6:x, so4x = 12orx = 3. 

(c) We have ^:3 = 4:x, so = 12 or x = 24. 

(d) We have b:d = c:x, so bx = cd or x = cdlb. 

7.9 Finding the mean proportionai to two given numbers 

1 8 

Find the positive mean proportional x between (a) 5 and 20; (b) ^ and p. 
Solutions 

(a) We have 5:x = x: 20, so = 100 orx= 10. 

(b) We have = sox^ = |or;c = |. 

7.10 Changing equal products into proportions 

(a) Form a proportion whose fourth term is x and such that 2bx — 3s'^. 

(b) Find the ratio jc to j if ay = bx. 
Solutions 

(a) 2b:3s = s:x or 2b:3 = s^:x 01 2b: = 3:x {b)x:y = a:b 

7.11 Changing proportions into new proportions 

Use each of the following to form a new proportion whose first term is x: 

. . 15 3 X — 6 5 , . X + 8 4 /jx 5 15 

(a) ^^^~6~^3 ^'^^~8~^3 ^^^2^^ 

Solutions 

jc 4 X 1 

(a) By Principle 3, = g (c) By Principle 6, g = ^ 

(b) By Principle 5, ^ = |^ (d) By Principle 4, ^ = thus, ^ = y 

7.12 Combining numerators and denominators of proportions 

Use Principle 8 to find x in each of the following proportions: 

, . X - 2 _ 2 , X + y _ X - y _ 2 , , 3x - y _ y - 3 _ 3 

^''^ 9 " 3 8 " 4 " 3 15 " 10 " 5 
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Solutions 

X ~ 2 + 2 2 X 2 

(a) Adding numerators and denominators yields — ^ ^ — = or ^ = ^ , so x = 8. 

(x + y) + (x — y) 2 2x 2 

(b) Here we have S + 4 ~ 3 ' ^^^^ gives ^ = ^,sox = 4. 

(3;c - y) + Cv - 3) + 3 3 3 

(c) We use all three ratios to get j^g _|_ j^q _|_ 5 =5 or = so x = 6. 



7.3 Proportional Segments 

If two segments are divided proportionately, (1) the corresponding new segments are in proportion, and 
(2) the two original segments and either pair of corresponding new segments are in proportion. 

Cl c 

Thus if AS and AC in Fig. 7-1 are divided proportionately by Dii, we may write a proportion suchas^ = —using 

Cl c 

the four segments; or we may write a proportion such as = using the two original segments and two of their 
new segments. 



A 




B C 
Fig. 7-1 



7.3A Obtaining the Eiglit Arrangements of Any Proportion 

A proportion such as ^ = ^ can be arranged in eight ways. To obtain the eight variations, we let each term 
of the proportion represent one of the new segments of Fig. 7-1 . Two of the possible proportions are then ob- 
tained from each direction, as follows: 




Direction: Down Direction: Up Direction: Right Direction: Left 

a c c a b d d b abba c d d c 

— = — or — = — — = — or — = — — = — or — = — — = — or — = — 

b d d b a c c a c d d c abba 



7.3B Principles of Proportional Segments 

PRINCIPLE 1 : If a line is parallel to one side of a triangle, then it divides the other two sides proportionately. 
Thusin AABCofFig.7-2,ifD£ || SC.thenf = ^. 
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A 




Fig. 7-2 

PRINCIPLE 2: If a line divides two sides of a triangle proportionately, it is parallel to the third side. 
(Principles 1 and 2 are converses.) 



Thus in AABC (Fig. 7-2), if 



then SC. 



b d' 

PRINCIPLE 3: Three or more parallel lines divide any two transversals proportionately. 



<-><-><-> 



Thus if AB II EF\\ CD in Fig. 7-3, then 



PRINCIPLE 4: A bisector of an angle of a triangle divides the opposite side into segments which are pro- 
portional to the adjacent sides. 

Thus in AASC of Fig. 7-4, if CD bisects ZC, then x = ^• 

o d 



7c m 



Fig. 7-3 




SOLVED PROBLEMS 



7.13 Applying principle 1 

Find X in each part of Fig. 7-5. 




(«) 




Fig. 7-5 



Solutions 

(a) DE II BC; hence = so that x = 7A. 



(b) We have £C = 7 and DE \\ BC; hence. 



x + A 1 



1^. Then Ix = 5x + 20 and x = 10. 



7.14 Applying principle 3 

Find X in each part of Fig. 7-6. 
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IE 




Fig. 7-6 



Dt 



Solutions 

(a) We have EC = 4 and AB \\EF 11 CD; hence, J = ^ and x = 6. 

y 6 

(b) AB \\CD \\EF; hence, T ^ = 1, from which 20x - 20 = Ux + 1. Then 6x = 27 and x = a\. 

7.15 Applying principle 4 

Find X in each part of Fig. 7-7. 





Fig. 7-7 



2x J) 



3i-l 



So/ut/ons 

(a) BD bisects ZS; hence, ^ = j| andjc = 12. 

(b) BD bisects /-B; hence, 2x ^ ~ ll ~ ^^■^ ~ ~ -^^^ ^"'^ x = 7. 

7.16 Proving a proportional-segments problem 

Given: EG\\BD,EF\\BC 
To Prove: FG\\CD 

Plan: Prove that FG divides AC and AD proportionately. 
PROOF: 




Statements 


Reasons 


1. EG\\BD,EF\\BC 

2. AE _ AG AE _ AF 
EB GD' EB EC 

^ AF AG 
EC GD 

4. FG\\CD 


1. Given 

2. A line (segment) parallel to one side of a triangle divides 
the other two sides proportionately. 

3. Substitution postulate 

4. If a line divides two sides of a triangle proportionately, it is 
parallel to the third side. 
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7.4 Similar Triangles 



Similar polygons are polygons whose corresponding angles are congruent and whose corresponding sides are 
in proportion. Similar polygons have the same shape although not necessarily the same size. 

The symbol for "similar" is —.The notation AABC ~ AA'B'C is read "triangle ABC is similar to tri- 
angle A-prime B-prime C-prime." As in the case of congruent triangles, corresponding sides of similar tri- 
angles are opposite congruent angles. (Note that corresponding sides and angles are usually designated by 
the same letter and primes.) 

In Fig. 7-8 AABC ~ AA'B'C because 

mZA = mAA' = 37° mZB = mZB' = 53° mZC = mZC = 90° 



. a__ b^_ jc^ 6_8_10 

and ar- br~ cr 3 " 4 " 5 




7.4A Selecting Similar Triangles to Prove a Proportion 

In Solved Problem 7.25, it is given that ABCD in a figure like Fig. 7-9 is a parallelogram, and we must 
AE AF 

prove that = -p^. To prove this proportion, it is necessary to find similar triangles whose sides are 
in the proportion. This can be done simply by selecting the triangle whose letters A, E, and F are in the 
numerators and the triangle whose letters B, C, and F are in the denominators. Hence, we would prove 
AAEF ~ ABCF. 

AE BC 

Suppose that the proportion to be proved is -j-^ = In such a case, interchanging the means leads to 
AE AF 

= The needed triangles can then be selected based on the numerators and the denominators. 

AE AF 

Suppose that the proportion to be proved is = —. Then our method of selecting triangles could not 
be used until the term AD were replaced by BC. This is possible, because AD and bC opposite sides of 
the parallelogram ABCD and therefore are congruent. 

7.4B Principles of Similar Triangles 

PRINCIPLE 1: Corresponding angles of similar triangles are congruent (by the definition). 

PRINCIPLE 2: Corresponding sides of similar triangles are in proportion (by the definition). 

PRINCIPLE 3: Two triangles are similar if two angles of one triangle are congruent respectively to two an- 
gles of the other 

Thus in Fig. 7-10, if ZA = AA' and ZB = Z.B' , then AABC ~ AA'B'C. 
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B' 



A b C A' b' C 

Fig. 7-10 

PRINCIPLE 4: Two triangles are similar if an angle of one triangle is congruent to an angle of the other 

and the sides including these angles are in proportion. 

Thus in Fig. 7-10, if AC = AC' and 4 = ^, then AABC ~ AA'B'C. 
" a b 

PRINCIPLE 5: Two triangles are similar if their corresponding sides are in proportion. 

Thus in Fig. 7-10, if = A = 4, then AABC ~ A'B'C. 
" a b c 

PRINCIPLE 6: Two right triangles are similar if an acute angle of one is congruent to an acute angle of the 
other (corollary of Principle 3). 

PRINCIPLE 7: A line parallel to a side of a triangle cuts off a triangle similar to the given triangle. 




Fig. 7-11 Fig. 7-12 



PRINCIPLE 8: Triangles similar to the same triangle are similar to each other. 

PRINCIPLE 9: The altitude to the hypotenuse of a right triangle divides it into two triangles which are sim- 
ilar to the given triangle and to each other 

Thus in Fig. 7-12, AABC ~ AACD ~ ACBD. 
PRINCIPLE 10: Triangles are similar if their sides are respectively parallel to each other 

Thus in Fig. 7-13, AABC ~ AA'B'C. 
PRINCIPLE 11: Triangles are similar if their sides are respectively perpendicular to each other. 

Thus in Fig. 7-14, AABC ~ AA'B'C. 
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SOLVED PROBLEMS 



7.17 Applying principle 2 

In similar triangles ABC and A'B'C (Fig. 7-15), find x and 3^ if s ZA' and = L.B' . 




Fig. 7-15 



Solution 

X 15 

Since /LA = ZA' and = /LB' , x and y correspond to 32 and 26, respectively. Hence, ^^5- = 7^, 

y 15 1 
from which x = 24; also ^ = ^&oy = 19,. 

26 20 



7.18 Applying principle 3 

In each part of Fig. 7-16, two pairs of congruent angles can be used to prove the indicated triangles 
similar. Determine the congruent angles and state the reason they are congruent. 




(a) ABEC-AAED (b) AAED-ACEB (c) AABC ~ AAED 

ABCD is a trapc/oid. 

Fig. 7-16 

Solutions 

(a) /LCBD = /LBDA and /LBCA = /-CAD, since alternate interior angles of parallel lines are congruent 
(BC II AD) . Also , A.BEC and AAED are congruent vertical angles . 

(b) /-A = /-C and A.B = A.D, since angles inscribed in the same arc are congruent. Also, AAED and ACEB 
are congruent vertical angles. 

(c) /LABC = AAED, since each is a supplement of /-DEC. AACB = AADE, since each is a supplement of 
ABDE. Also, /LA = /A. 



7.19 Applying principle 6 

In each part of Fig. 7-17, determine the angles that can be used to prove the indicated triangles 
similar. 
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(a) AACB-AADC (b) AAEC-ACDB (c) AADE- AABC 

AB = AC AB is a diamclcr. 

Fig. 7-17 

Solutions 

(a) AACB and AADC are right angles. AA = AA. 

(b) AAEC and /LBDC are right angles. /-B = /-ACE, since angles in a triangle opposite congruent sides are 
congruent. 

(c) ZACB is a right angle, since it is inscribed in a semicircle. Hence, /-AED = AACB. A.D = A.B, since 
angles inscribed in the same arc are congruent. 

7.20 Applying principle 4 

In each part of Fig. 7-18, determine the pair of congruent angles and the proportion needed to prove 
the indicated triangles similar. 




(a) AAEB-ADEC (b) AAED-AABC (c) AABC -ACAD 



Fig. 7-18 

Solutions 

(a) AAEB = ADEC; | = ^ (h) AA = AA; = (c) ABAC = AACD; = |§ 



7.21 Applying principle 5 

In each part of Fig. 7-19, determine the proportion needed to prove the indicated triangles similar. 




(a) AABC-AEFD {b) AABD-ABCD (c) AABD-ACEB 

Fig. 7-19 
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Solutions 

12 16 24 21 24 30 

fh^ = 12 = 15 
12 16 20 



7.22 Proportions obtained from similar triangles 

Find X in each part of Fig. 7-20. 




Solutions 

„ X in 

(a) Since BD \\ AC, ZJl = ABaadAC= AD; hence, AAEC ~ ABED. Then ^ = j| and ;c = 15. 

(b) Since 7^|| GH, AFJK ~ AFGHby Principle 7. Hence, — ^ = ^ and x = 4|- 



7.23 Finding heights using ground shadows 

A tree casts a 15-ft shadow at a time when a nearby upright pole 6 ft high casts a shadow of 2 ft. Find 
the height of the tree if both tree and pole make right angles with the ground. 

Solution 

At the same time in localities near each other, the rays of the sun strike the ground at equal angles; hence, 

AB = AB' in Fig. 7-21. Since the tree and the pole make right angles with the ground, AC = AC Hence, 
h 15 

AAfiC- AA'fi'CsOg = ^aadh = 45 ft. 




C 15 B C 2 B' 



Fig. 7-21 
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7.24 Proving a similar-triangle problem stated in words 

Prove that two isosceles triangles are similar if a base angle of one is congruent to a base angle of 
the other. 

Solution 

Given: Isosceles AABC (AB = AQ 

Isosceles AA'B'C (A'B'=A'C') 

AB s AB' 
To Prove: AABC -AA'B'C 
Plan: Prove AC = AC' and use Principle 3. 

PROOF: 





Statements 


Reasons 


1. 


AB = AB' 


1. 


Given 


2. 


AB = AC, AB' = AC 


2. 


Base angles of an isosceles triangle are congruent. 


3. 


AC=AC 


3. 


Things = to = things are = to each other. 


4. 


AABC ~ AA'B'C 


4. 


Two triangles are similar if two angles of one triangle are 








congruent to two angles of the other. 



7.25 Proving a proportion problem involving similar triangles 

Given: Parallelogram ABCD 
„ „ AE AF 

To Prove: ^ = ^ 

Plan: Prove (AEF ~ ABCF) 



PROOF: 




Statements 



Reasons 



1 . ABCD is a parallelogram. 

2. ED\\BC 

3. ADEC = AECB 

4. AEEi = ABFC 

5. AAEF ~ ABCF 



6. 



AE 
BC 



AF 
BF 



1. Given 

2. Opposite sides of a parallelogram are parallel. 

3 . Alternate interior angles of parallel lines are congruent. 

4. Vertical angles are congruent. 

5. Two triangles are similar if two angles of one triangle are 
congruent to two angles of the other. 

6. Corresponding sides of similar triangles are in proportion. 



7.5 Extending A Basic Proportion Principle 

PRINCIPLE 1: Corresponding sides of similar triangles are in proportion. 
PRINCIPLE 2: Corresponding segments of similar triangles are in proportion. 
PRINCIPLE 3: Corresponding segments of similar polygons are in proportion. 

When segments replaces sides. Principle 1 becomes the more general Principle 2. When polygons replaces 
triangles. Principle 2 becomes the even more general Principle 3. 

By segments we mean straight or curved segments such as altitudes, medians, angle bisectors, radii of in- 
scribed or circumscribed circles, and circumferences of inscribed or circumscribed circles. 

The ratio of similitude of two similar polygons is the ratio of any pair of corresponding lines. 

Corollaries of Principles 2 and 3, such as the following, can be devised for any combination of correspon- 
ding lines: 

1 . Corresponding altitudes of similar triangles have the same ratio as any two correponding medians. 

Thus if AABC ~ AA'B'C in Fig. 7-22, then A = 

h m 
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B 




Fig. 7-22 Fig. 7-23 



2. Perimeters of similar polygons have the same ratio as any two corresponding sides. 
Thus in Fig. 7-23 , if quadrilateral I ~ quadrilateral I' , then || = | = | = ^ = i^. 



SOLVED PROBLEMS 



7.26 Line ratios from simiiar triangies 

(a) In two similar triangles, corresponding sides are in the ratio 3:2. Find the ratio of corresponding 

medians [see Fig. 7-24(a)]. 

(b) The sides of a triangle are 4, 6, and 7 [Fig. 7-24(b)]. If the perimeter of a similar triangle is 51, 
find its longest side. 

(c) In AABC of Fig. 7-24(c), BC = 25 and the measure of the altitude to BC is 10. A line segment 
terminating in the sides of the triangle is parallel to BC and 3 units from A. Find its length. 




(a) (b) (c) 

Fig. 7-24 



Solutions 

(a) If AASC ~ AA'S'C and 4 = 1, then = ^. 

s 2 m 2 

(b) The perimeter of ZiA '5' C is 4 + 6 -I- 7 = 17. Since AABC ~ AA'fi'C, y = yyandi = 21. 

(c) Since AADE ~ ABC, ^ = ^ and = l\. 

7.27 Line ratios from similar polygons 

Complete each of the following statements: 

(a) If corresponding sides of two similar polygons are in the ratio of 4:3, then the ratio of their perime- 
ters is -:_ . 

(b) The perimeters of two similar quadrilaterals are 30 and 24. If a side of the smaller quadrilateral 
is 8, the corresponding side of the larger is — . 

(c) If each side of a pentagon is tripled and the angles remain the same, then each diagonal is — . 
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Solutions 

P s 4 

(a) Since the polygons are similar, ^ ~ y ~ ^• 

s P s 30 

(b) Since the quadrilaterals are similar, y ~ Jy- Then = 24 ^^'^ * ~ 

(c) Tripled, since polygons are similar if their corresponding angles are congruent and their corresponding 
sides are in proportion. 



7.6 Proving Equal Products of Lengths of Segments 

In a problem, to prove that the product of the lengths of two segments equals the product of the lengths of 
another pair of segments, it is necessary to set up the proportion which will lead to the two equal products. 



SOLVED PROBLEM 



7.28 Proving an equal-products problem 

Prove that if two secants intersect outside a circle, the product of the lengths of one of the secants and 
its external segment equals the product of the lengths of the other secant and its external segment. 

Solution 

Given: Secants AB and AC. 
To Prove: ABXAD=ACXAE 

Plan: Prove AABE ~ AACD to obtain 

AB ^ AE 

AC AD- 
PROOF: 



Statements 


Reasons 


1. DrawM and CD^ 

2. AA= AA 

3. AB = AC 

4. AAEB ~ AADC 

, AB AE 
AC AD 
6. ABXAD=ACX AE 


1 . A segment may be drawn between any two points. 

2. Reflexive property. 

3. Angles inscribed in the same arc are congruent. 

4. Two triangles are similar if two angles of one triangle are 
congruent respectively to two angles of the other. 

5. Corresponding sides of similar triangles are in proportion. 

6. In a proportion, the product of the means equals the product 
of the extremes. 




7.7 Segments Intersecting Inside and Outside a Circle 

PRINCIPLE 1: If two chords intersect within a circle, the product of the lengths of the segments of one chord 
equals the product of the lengths of the segments of the other. 

Thus in Fig. 1 -25, AE X EB = CE X ED. 




Fig. 7-25 
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PRINCIPLE 2: If a tangent and a secant intersect outside a circle, the tangent is the mean proportional be- 
tween the secant and its external segment. 

Thus in Fig. 7-26, if PA is a tangent, then = 

PRINCIPLE 3: If two secants intersect outside a circle, the product of the lengths of one of the secants and its 
external segment equals the product of the lengths of the other secant and its external segment. 

Thus in Fig. 1-21,AB X AD = AC X AE. 





Fig. 7-26 



Fig. 7-27 



SOLVED PROBLEMS 



7.29 Applying principle 1 

Find X in each part of Fig. 7-28, if chords AB and CD intersect in E. 





(a) 



Solutions 

(a) ED = 4. Then \6x = 4(12), so that 16x = 48 or x = 3. 

(b) AE = EB = X. Then x^ = 8(2), so = 16 and x = 4. 

(c) = 3 andAE = EB = x.Thenx^ = 27(3) orx^ = 81,andx ^ 









E 




12 


0 






15 







(c) Diameter CD IAS 



9. 
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Solutions 

(a) AS = 9 + 9 + 6 = 24. Then = 24(6) orx" = 144,andx = 12. 

(b) AB = 2x + 5. Then 5(2x + 5) = 100 and x = 7|. 

(c) AB = X + 6. Then x(x + 6) = 16 or + 6x — 16 = 0. Factoring gives (x + 8)(;c — 2) = 0 and x = 2. 

7.31 Applying principle 3 

Find X in each part of Fig. 7-30 if secants AB and AC intersect in A. 





Fig. 7-30 

Solutions 

(a) AC = 12. Then 8x = 12(3) and x = 4^. 

(b) AC = 2x -F 2 and AB = 12. Then 2(2x + 2) = 12(5) and x = 14. 



7.8 Mean Proportionals in a Riglit Triangie 



PRINCIPLE 1: The length of the altitude to the hypotenuse of a right triangle is the mean proportional be- 
tween the lengths of the segments of the hypotenuse. 

Thus in right AASC (Fig. 7-31), ^ = 




PRINCIPLE 2: In a right triangle, the length of either leg is the mean proportional between the length of the 
hypotenuse and the length of the projection of that leg on the hypotenuse. 

Thus in right AASC (Fig. 7-31), |§ = |§ and ^ = 

A proof of this principle is given in Chapter 16. 



SOLVED PROBLEMS 



7.32 Finding mean proportionals in a right triangle 

In each triangle in Fig. 7-32, find x and y. 
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Solutions 

(a) By Principle 1,^ = ^ov = 21 , and x = 3 V 3. By Principle 2, ^ = ^ . so j'^ = 36 and y = 6. 

X 8 20 y r 

(b) By Principle 1> = 4 and x = 16. By Principle 2, ^ = ^, so = 80 and y = 4 V 5. 

7.9 Pythagorean Theorem 

In a right triangle, the square of the length of the hypotenuse equals the sum of the squares of the lengths of 

the legs. 

Thus in Fig. 7-33, = + b^. 

A proof of the Pythagorean Theorem is given in Chapter 16. 



B 




Fig. 7-33 



7.9A Tests for Right, Acute, and Obtuse Triangles 

If = + Jj2 applies to the three sides of a triangle, then the triangle is a right triangle; but if # + ^2^ 
then the triangle is not a right triangle. 

In AABC, if c^<a^ + where c is the longest side of the triangle, then the triangle is an acute triangle. 

Thus in Fig. 7-34, 9^ < 6^ + 8^ (that is, 81 < 100); hence, AABC is an acute triangle. 

In AABC, if > + where c is the longest side of the triangle, then the triangle is an obtuse triangle. 

Thus in Fig. 7-35, IP > 6^ -I- 8^ (that is, 121 > 100); hence, AABC is an obtuse triangle. 
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SOLVED PROBLEMS 



7.33 Finding tlie sides of a riglit triangle 

In Fig. 7-36, (a) find the length of hypotenuse c if a = 12 and b — 9; (b) find a if ft = 6 and c — S; 
(c)findfeif a = 4\/3andc = 8. 




6 

Fig. 7-36 



Solutions 

(a) c^ = a^ + b^= 12^ + 9^ = 225 and c = 15. 

(b) = c2 - fo2 = 82 _ 62 = 28 and a = 2 V7. 

(c) b^ = c^-a^ = S^- (4 V3)2 = 64 - 48 = 16 and b = 4. 

7.34 Ratios in a right triangie 

In a right triangle, the hypotenuse has length 20 and the ratio of the two arms is 3 :4. Find each arm. 

Solution 

Let the lengths of the two arms be denoted by 3x and 4x. Then 20^ = (3xy + (4xy. 

Multiplying out, we get 400 = 9x^ + I6x^ or 400 = 25x^, and x = 4; hence, the arms have lengths 12 and 16. 

7.35 Applying the Pythagorean theorem to an isosceles triangle 

Find the length of the altitude to the base of an isosceles triangle if the base is 8 and the equal sides are 12. 

Solution 

The altitude A of an isosceles triangle bisects the base (Fig. 7-37). Then = — (^b)^ = 12^ — 4^ = 128 and 

h = sVi. 

7.36 Applying the pythagorean theorem to a rhombus 

In a rhombus, find (a) the length of a side s if the diagonals are 30 and 40; 
(b) the length of a diagonal d if a side is 26 and the other diagonal is 20. 

Solution 

The diagonals of a rhombus are perpendicular bisectors of each other; hence, 
j2 = (^d)"- + ild'y in Fig. 7-38. 

(a) If = 30 and d' = 40, then s"- = 15^ + 20^ = 625 or j = 25. 

(b) If J = 26 and d' = 20, then 26^ = (^d)'^ + 10^ or 576 = (\d)'^. Thus, \d=7Aord = A?, 




Fig. 7-38 




4» 

Fig. 7-37 



CHAPTER? Similarity 



7.37 Applying the Pythagorean theorem to a trapezoid 

Find X in each part of Fig. 7-39 if ABCD is a trapezoid. 



B. 12 c 



13/ 


X 




/ r 







J 



D 



22 
(a) 




>17 



Fig. 7-39 



Solutions 



The dashed perpendiculars in the diagrams are additional segments needed only for the solutions. Note how 

rectangles are formed by these added segments. 

(a) EF = BC= 12 andA£ =\ (22 -12) = 5. Then jc^ = 13^ -5^ = 144 orx = 12. 

(b) fo2 = 252-72 = 576orZj = 24;also,fl£ = i) = 24andC£'= 17-7 = lO.Thenx^ = 24^ + 102or;c = 26. 

7.38 Applying the Pythagorean theorem to a circle 

(a) Findthedistance J from the center of a circle of radius 17 to a chord whose length is 30 [Fig.7^(a)]. 

(b) Find the length of a common external tangent to two externally tangent circles with radii 4 and 9 
[Fig.7-40(b)]. 




(«) 




Fig. 7-40 



Solutions 

(a) BC = 1(30) = 15. Then = - 15^ = 64 and = 8. 

(b) OS = PR,RS = A,OQ = U,&ndSQ = 9-A = 5. Then in right I\OSQ, {OS)^ = 13^ - 5^ = 144 so 
05= 12; hence Pi? = 12. 



7.10 Special Right Triangles 
7.10A The 30°-60°-90° Triangle 

A 30°-60°-90° triangle is one-half an equilateral triangle. Thus, in right AABC (Fig. 7-41), a =\ c. Consider 
that c = 2; then a = I, and the Pythagorean Theorem gives 

^2 = c2 - a2 = 22 - P = 3 or b = V3 
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The ratio of the sides is then a:b:c = 1: V3:2 






/SO" 


3o\ 




h 


V 




r 


60 


\ 







Fig. 7-41 

Principles of the 3ff'-60°-90° Triangle 

PRINCIPLE 1: The length of the leg opposite the 30° angle equals one-half the length of the hypotenuse. 
In Fig. 7-41, a = ^c. 

PRINCIPLE 2: The length of the leg opposite the 60° angle equals one-half the length of the hypotenuse 
times the square root of 3. 

In Fig. 7-41, = |cV3. 

PRINCIPLES: The length of the leg opposite the 60° angle equals the length of the leg opposite the 30° 

angle times the square root of 3. 

In Fig. 7-41, = flVs. 
Equilateral- Triangle Principle 

PRINCIPLE 4: The length of the altitude of an equilateral triangle equals one-half the length of a side times 
the square root of 3. (Principle 4 is a corollary of Principle 2.) 

In Fig. 7-41, /j = \s\/2>. 

7.10B The 45°-45°-90° Triangle 

A 45°-45°-90° triangle is one-half a square. In right triangle ABC (Fig. 7-42), = + or c = a\/2 
Hence, the ratio of the sides is a:a:c = l:l:\/2. 



A 




Fig. 7-42 



Principles of the 45°-45°-90° Triangle 

PRINCIPLE 5: The length of a leg opposite a 45° angle equals one-half the length of the hypotenuse times 
the square root of 2. 

In Fig. 7-42, a = \cV2 

PRINCIPLE 6: The length of the hypotenuse equals the length of a side times the square root of 2. 
In Fig. 7-42, c =a V2. 
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Square Principle 

PRINCIPLE 7: In a square, the length of a diagonal equals the length of a side times the square root of 2. 
In Fig. 7-42, d=s\/2 



SOLVED PROBLEMS 



7.39 Applying principles 1 to 4 

(a) If the length of the hypotenuse of a 30°-60°-90° triangle is 12, find the lengths of its legs [Fig.7-43(a)]. 

g 10 C 





6 (6) 



Fig. 7-43 



(b) Each leg of an isosceles trapezoid has length 18. If the base angles are 60° and the upper base is 
10, find the lengths of the altitude and the lower base [Fig. 7-43(b)]. 

Solutions 

(a) By Principle 1, a = \(\2) = 6. By Principle 2,b = |(12) VS = 6 V^. 

(b) By Principle 2, = i(18)V3 = 9 Vs. By Principle 1,A£' = FD = ^(18) = 9; hence, = 9 -I- 10 -F 9 =28. 

7.40 Applying principles 5 and 6 

(a) Find the length of the leg of an isosceles right triangle whose hypotenuse has length 28 [Fig. 7-44(a)]. 
B 





(a) 



Fig. 7^4 



(b) An isosceles trapezoid has base angles measuring 45°. If the upper base has length 12 and the al- 
titude has length 3, find the lengths of the lower base and each leg [Fig. 7-44(b)]. 

Solutions 

(a) By Principle 5, a = i(28)V2 = 14 V2. 

(b) By Principle 6, a = 3 V2,A£' = BE = 3 and EF = 12; hence, = 3 -F 12 -H 3 = 18. 
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7.1. Express each of the following ratios in lowest terms: 



(7.1) 



(a) 


20 cents to 5 cents 


(r) 50% to 25% 


(k) jlb to 41b 


(b) 


5 dimes to 15 dimes 


(g) 15 to 75 


(1) 2^ days to 3^ days 


(c) 


30 lb to 25 lb 


\a) ii /c to / / 70 


(m; J It to jit 


(d) 


20° to 14° 


(i) $2.20 to $3.30 


(n) \ yd to l| yd 


(e) 


27 min to 21 min 


(j) $.84 to $.96 


(0) 16|mto5|m 


Express each of the following 


ratios in lowest terms: 




(a) 


1 year to 2 months 


(e) 2 yd to 2 ft 


(i) 100 lb to 1 ton 


(b) 


2 weeks to 5 days 


(f) 2| yd to 2 ft 


G) $2 to 25 cents 


(c) 


3 days to 3 weeks 


(g) l^ftto9in 


(k) 2 quarters to 3 dimes 


(d) 


2l h to 20 min 


(h) 2gto8mg 


(1) lyd2to2ft2 


Express each of the following 


ratios in lowest terms: 




(a) 


20 cents to 30 cents to S 1 


(f) 2hto^ 


h to 15 min 


(b) 


S3 to $1.50 to 25 cents 


(g) 1 ton to 200 lb to 40 lb 


(c) 


1 quarter to 1 dime to 1 nickel (h) 3 lb to 1 lb to 8 oz 


(d) 


1 day to 4 days to 1 week 


(i) 1 gal to 1 qt to 1 pt 


(e) 


^ day to 9 h to 3 h 







(7.2) 



(7.3) 



7.4. Express each of the following ratios in lowest terms: 

(a) 60 to 70 (e) 630 to 105 (i) 0.002 to 0.007 

(b) 84 to 7 (f) 1760 to 990 G) 0.055 to 0.005 

(c) 65 to 15 (g) 0.7 to 2.1 (k) 6.4 to 8 

(d) 125 to 500 (h) 0.36 to 0.24 (1) 144 to 2.4 

7.5. Express each of the following ratios in lowest terms: 

(a) xto3x (d) 27jTt0 7rD (g) S^\a(sS^ 

(b) 15c to 5 (e) TtabXaita^ (h) 9r2to6rt 

(c) lWto22 (f) 45 to 52 (i) jcto4xtol0x 



(7.4) 



(m) 1^ to I2 
(n) \\ to 10 
(o) I to \\ 
(P) \ ^\ 



(j) 157 to lOy to 5^ 

(k) to to X 

(1) 12w to lOw to 8w to 2w 



(7.4) 



7.6. Use X as the common factor to represent the following numbers and their sum: 

(a) Two numbers whose ratio is 5 :4 (c) Three numbers whose ratio is 2:5 :11 

(b) Two numbers whose ratio is 9 : 1 (d) Five numbers whose ratio is 1:2:2:3:7 



(7.4) 



7.7. If two angles in the ratio of 5 :4 are represented by 5x and \x, express each of the following statements as an 
equation; then find x and the angles: (7.5) 

(a) The angles are adjacent and together form an angle measuring 45°. 

(b) The angles are complementary. 

(c) The angles are supplementary. 

(d) The angles are two angles of a triangle whose third angle is their difference. 
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7.8. If three angles in the ratio of 7 : 6 : 5 are represented by 7x, 6x, and 5x, express each of the following statements as 
an equation; then find x and the angles: (7.6) 

(a) The first and second are adjacent and together form an angle measuring 91°. 

(b) The first and third are supplementary. 

(c) The first and one-half the second are complementary. 

(d) The angles are the three angles of a triangle. 

7.9. Solve the following proportions for X (7.7) 

(a) x:6 = 8:3 (d) .j::2 = 10:.^: (,g) a:b = c:x 

(b) 5:4 = 20:x (e) (jc + 4):3 = 3:(x - 4) (h) x:2y = ISy.x 

(c) 9:x = x:4 (f) (2x + 8):(;c + 2) = (2x + 5):ix + 1) 

7.10. Solve the following proportions for x: (7.7) 

,,5 15 /n3 X ,,x + 26 ,,2x 3 

(a) 7 = ^ ('^) X = 12 ^ = 3 VTl = 5 

(b) | = | (d)l='4 (^^ = jh = ! 

7.11. Find the fourth proportional for each of the following sets of numbers: (7.8) 

(a) 1,3,5 (c) 2,3,4 (e) 3,2,5 (g) 2,8,8 

(b) 8,6,4 (d) 3,4,2 (f) |, 2,5 (h) b,2a,3b 

7.12. Find the positive mean proportional between each of the following pairs of numbers: (7.9) 

(a) 4 and 9 (c) | and 27 (e) 2 and 5 (g) pandq 

(b) 12 and 3 (d) 2bandSb (f) 3 and 9 (h) a^andb 

7.13. From each of these equations, form a proportion whose fourth term is x: (a) cx = bd; (b) pq = ax; (c) hx = a\ 
{d)3x = 7;{&)x = ab/c. (7.10) 

7.14. In each of the following equations, find the ratio of x to y: (a) 2x = y; (b) 3y = 4x; (c) x = ^y; (d) ax = hy; 

(e) x = by. (7.10) 

7.15. Which of the following is not a proportion? (7.11) 

, , 4 ? 24 3 ? 7 , - 25 ? 10 .2 ? 6 , x x ? 3 . . 

(a) 3 = jg (b) 3 = j2 45 = 18 ^^^^=9 (e) ^ = 4 whenx = 6. 

7.16. From each of the following, form a new proportion whose first term is x. Then find x. (7.11) 

,,3 9 /, xl 5 /xfl 2 ,,, x + 5 11 ,,x — 20 1 

(a) 2 = X (b) X = 4 ^""^ x = b = To ^0^ = 4 

7.17. Find X in each of these pairs of proportions: (7.11) 

(a) a:b = c:x and a:b = c:d (c) 2:3x = 4:5y and 2:15 = 4:5); 

(b) 5:7 =x:42 and 5:7 = 35:42 (d) 7:5x - 2 = 14:3y and 7:18 = 14:3y 

7.18. Find X in each of the following proportions: (7.12) 

, > X - 7 _ 7 , X + y _ X - y _\ 2x - y _ y - 1 _ \ 

8 " 4 ^''^ 6 " 3 " 3 ^'^> 8 " 10 " 2 
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7.19. Find jc in each part of Fig. 7-45. 



(7.13) 





Fig. 7-45 



7.20. In which parts of Fig. 7-46 is a line parallel to one side of the triangle? 




(7.13) 





7.21. Find x in each part of Fig. 7-47 . 




At \B 




7.22. Find x in each part of Fig. 7-48 . 
B 






(7.14) 




/36 



IB 



A' 'B 

(c) 



(7.15) 



(«) 

Fig. 7-48 

7.23. Prove that three or more parallel lines divide any two transversals proportionately. 




(7.16) 



7.24. In similar triangles ABC and A'B'C of Fig. 7-49, /LB and /-B' are corresponding angles. Find m/LB if 
(a) mZA' = 120° and wZC'= 25°; (b) m^' + mAC = 127°. (7.17) 
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7.25. In similar triangles ASC and A'S'C of Fig. 7-50, ZA = lA' and I.B = ZB'. (a) Find a if c = 24; (b) find if 
a = 20;(c)fmdciffc = 63. (7.17) 




Fig. 7-49 Fig. 7-50 



7.26. In each part of Fig. 7-5 1 , show that the indicated triangles are similar. (7.18) 



C 




(a) AADE-AABC (b) ARQP-ARQ'P' (c) AFG'H'-AFGH 

Fig. 7-51 



7.27. In each part of Fig. 7-52, two pairs of congruent angles can be used to prove the indicated triangles similar. Find 
the congruent angles. (7.18) 




(a) AAEB-ADEC 




(d) AAEB-AADC 




{b) ABAF-AAED 




(e) AADE- AACB 
BC=CD 




(/) AABC- AABD 
AB is a tangent 



Fig. 7-52 



7.28. In each part of Fig. 7-53, determine the angles that can be used to prove the indicated triangles similar. 



(7.19) 
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(a) AAED-AFGB 

ABCD is a parallelogram. 




{b) AADB-AABC 
AB is a diamclcr. 
BC is a langcnt. 

Fig. 7-53 




(c) AABE-AAED 
AD is a diameter. 
ABCD is a rectangle. 



7.29. In each part of Fig. 7-54, determine the pair of congruent angles and the proportion needed to prove the indicated 
triangles similar. (7.20) 




(a) AABC-AEDF 




(b) AADE-AACB 
Fig. 7-54 




(c) ABDE- ABAC 



7.30. In each part of Fig. 7-55, state the proportion needed to prove the indicated triangles similar. 



(7.21) 





(b) AADE ~ AABC 
Fig. 7-55 

7.31. In each part of Fig. 7-56, prove the indicated proportion. 




(c) ADEF-ACBA 



(7.25) 




(a) AD-.AC = DE-.BC 




(b) AB-.EC = BF:FC 

ABCD is a parallelogram. 

Fig. 7-56 




(c) AC-.AP = AP-.AB 
AP is a tangent. 
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(a) Leta = 4,A5 = 8,/7 = 10. Find 9. (d) Let i = 9,/; = 20, ^ = 35. Find a. 

(b) Let c = 5, AC =15,q = 24. Find p. (e) Let a = I0,p = 24,q = 84. FindAfi. 

(c) Leta = 7,p = n,q = 22.Fmdb. (f) Let c = 3,p = 4, ^ = 7. Find J. 



7.33. Findjcineachpartof Fig. 7-58. 



(7.22) 





(a) ABCD is a parallelogram. 



(6) ABCD is a trapezoid. 
Fig. 7-58 




7.34. A 7-ft upriglit pole near a vertical tree casts a 6-ft shadow. At that same time, find (a) the height of the tree if its 
shadow is 36 ft long; (b) the length of the shadow of the tree if its height is 77 ft. (7.23) 



7.35. Prove each of the following: 

(a) In AABC, if AZ5 and CE are altitudes , then AD .CE = AB.BC. 



g.23) 



(b) In circle O, diameter AB and tangent BC are sides of AABC. If AC intersects the circle in D, then AD:AB 
AB-.AC. 

(c) The diagonals of a trapezoid divide each other into proportional segments. 

(d) In right AABC, CD is the altitude to the hypotenuse AB, then AO.CD = AB .BC. 



7.36. Prove each of the following: 

(a) A line parallel to one side of a triangle cuts off a triangle similar to the given triangle. 

(b) Isosceles right triangles are similar to each other. 

(c) Equilateral triangles are similar to each other. 

(d) The bases of a trapezoid form similar triangles with the segments of the diagonals. 



(7.24) 



7.37. Complete each of the following statements: (7.26) 

(a) In similar triangles , if corresponding sides are in the ratio 8:5, then corresponding altitudes are in the ratio 

(b) In similar triangles, if corresponding angle bisectors are in the ratio 3:5 , then their perimeters are in the ratio 

(c) If the sides of a triangle are halved, then the perimeter is ? , the angle bisectors are ? , the medians are 

? , and the radii of the circumscribed circle are ? . 
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7.38. (a) Corresponding sides of two similar triangles have lengths 18 and 12. If an altitude of the smaller has length 

10, find the length of the corresponding altitude of the larger. (7.26) 

(b) Corresponding medians of two similar triangles have lengths 25 and 15. Find the perimeter of the larger if 
the perimeter of the smaller is 36. 

(c) The sides of a triangle have lengths 5,7, and 8. If the perimeter of a similar triangle is 100, find its sides. 

(d) The bases of a trapezoid have lengths 5 and 20, and the altitude has length 12. Find the length of the 
altitude of the triangle formed by the shorter base and the nonparallel sides extended to meet. 

(e) The bases of a trapezoid have lengths 11 and 22. Its altitude has length 9. Find the distance from the point 
of intersection of the diagonals to each of the bases. 

7.39. Complete each of the following statements: (7.27) 

(a) If corresponding sides of two similar polygons are in the ratio 3:7, then the ratio of their corresponding 

altitudes is ? 

(b) If the perimeters of two similar hexagons are in the ratio of 56 to 16, then the ratio of their corresponding 
diagonals is ? . 

(c) If each side of an octagon is quadrupled and the angles remain the same, then its perimeter is 

(d) The base of a rectangle is twice that of a similar rectangle. If the radius of the circumscribed circle of the 
first rectangle is 14, then the radius of the circumscribed circle of the second is ? . 

7.40. Prove each of the following: (7.28) 

(a) Corresponding angle bisectors of two triangles have the same ratio as a pair of corresponding sides. 

(b) Corresponding medians of similar triangles have the same ratio as a pair of corresponding sides. 

7.41. Provide the proofs requested in Fig. 7-59. (7.28) 




Fig. 7-59 
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7.42. Prove each of the following: (7.28) 

(a) If two chords intersect in a circle, the product of the lengths of the segments of one chord equals the 
product of the lengths of the segments of the other. 

(b) In a right triangle, the product of the lengths of the hypotenuse and the altitude upon it equals the product 
of the lengths of the legs. 

(c) If in inscribed AABC the bisector of ZA intersects BC in D and the circle in E, then 
BDXAC = ADX EC. 



7 A3. In Fig. 7-60 

(a) LetAE 

(b) Let AS 



In Fig. 7-61 , diameter CD ± chord AB 

(e) Let OD = 10, OE = 8. Find AS. 

(f) LetAB = 24,0£ = 5.FindO£>. 

(c) LetAE = 6,ED = 4, CD = 13.Find£B. (g) Let OD = 25, EC = 18.FindAB. 

(d) Let£D = 5,EB = 2(A£), CD = 15. FindAE. (h) LetAB = S,OD = 5. Find EC. 



(7.29) 



10, EB = 6, CE= 12. Find ED. 
15, EB = S,ED = 4. Find CE. 




Fig. 7-60 













ay 


Fig. 7-61 



7.44. A point is 12 in from the center of a circle whose radius is 15 in. Find the lengths of the longest and shortest 
chords that can be drawn through this point. (^Hint: The longest chord is a diameter, and the shortest chord is 
perpendicular to this diameter.) (7 .29) 



7.45. In Fig. 7-62, AB is a tangent 

(a) Let AC = 16, AD = 4. Find AB. 

(b) Let CD = 5, AD = 4. Find AB. 

(c) LetAB = 6,AD = 3. Find AC. 

(d) Let AC = 20, AB = 10. Find AD. 

(e) LetAB = 12, AD = 9. Find CD. 



In Fig. 7-63, CD is a diameter; AB is a tangent 

(f) Let AD = 6, OD = 9. Find AB. 

(g) Let AD = 2, AB = 8. Find CD. 

(h) LetAD = 5,AB = 10. Find OD. 

(i) LetAB = 12, AC = 18. Find OD. 
(j) Let OD = 5, AB = 12. Find AD. 



(7.29) 




Fig. 7-62 




7.46. In Fig. 7-64 

(a) LetAB = 14, AD = 4,AE= 1. Find AC. 

(b) Let AC = 8, AS = 6, AD = 3. Find BD. 

(c) Let BD = 5, AD = 7,A£; = 4. Find AC. 

(d) LetAD = DB, EC = 14, AS = 4. Find AD. 



In Fig. 7-65, CS is a diameter (7.31) 

(e) Let 0C= 3, AS = 6, AD = 8. Find AB. 

(f) Let BD = 7, AD = 5, AS = 2. Find OC. 

(g) Let OC = 11, AB = 15, AD = 5. Find AS. 

(h) Let OC = 5, AS = 6, BD = 4. Find AD. 
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Fig. 7-64 

7.47. CD is the altitude to hypotenuse AB in Fig. 7-66. 

(a) If p = 2 and q = 6, find a and h. 

(b) lfp = 4 and a = 6, find c and h. 




Fig. 7-65 

(c) If ;7 = 16 and h = 8, find q and b. 

(d) If = 12 and q = 6, find p and h. 




7.48. In a right triangle whose arms have lengths a and b, find the length of the hypotenuse c when 

(a) fl = 15,i> = 20 (c) a = 5,fc = 4 {Q)a = l,b = l 

(b) fl = 15,Z) = 36 (d) fl = 5,fe = 5\/3 



(7.32) 



(7.33) 



7.49. In the right triangle in Fig. 7-67, find the length of each missing arm when 

(a) fl = 12,c = 20 (c) b=\5,c=Yl (e) a = 5 V2, c = 10 

(b) b = 6,c = S (d) fl = 2, c = 4 (f) a = Vs, c = 2 V2 




(7.33) 



7.50. Find the lengths of the arms of a right triangle whose hjfpotenuse has length c if these arms have a ratio of (a) 3 :4 
and c = 15; (b) 5:12 and c = 26; (c) 8:15 and c = 170; (d) 1 :2 and c = 10. (7.34) 



7.51. In a rectangle, find the length of the diagonal if its sides have lengths (a) 9 and 40; (b) 5 and 10. 



(7.33) 



7.52. In a rectangle, find the length of one side if the diagonal has length 15 and the other side has length (a) 9; (b) 5; 
(c) 10. (7.33) 

7.53. Of triangles having sides with lengths as follows, which are right triangles? 

(a) 33,55,44 (c) 4,7^,8^ (e) 5 in, 1 ft, 1 ft 1 in (g) 11 mi, 60 mi, 61 mi 

(b) 120,130,50 (d) 25,7,24 (f) 1 yd, 1 yd 1 ft, 1 yd 2 ft (h) 5 cm, 5 cm, 7 cm 



7.54. Is a triangle a right triangle if its sides have the ratio of(a)3:4:5;(b)2:3:4? 



7.55. Find the length of the altitude of an isosceles triangle if each of its two congruent sides has length 10 and its base 
has length (a) 12; (b) 16; (c) 18; (d) 10. (7.35) 
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7.56. In a rhombus, find the length of a side if the diagonals have lengths (a) 18 and 24; (b) 4 and 8; (c) 6 and 6V3. 

(7.36) 

7.57. In a rhombus, find the length of a diagonal if a side and the other diagonal have lengths, respectively, (a) 10 and 
12; (b) 17 and 16; (c) 4 and 4; (d) 10 and 10 V3. (7.36) 



7.58. In isosceles trapezoid ABCD in Fig. 7-68 

(a) Find a if = 32,^'= 20, and /j = 8. (c) Find if a = 15, fo' = 10, and = 12. 

(b) Find/iif/j = 24,fo' = 14,anda = 13. (d) Fmd^)' if a = 6,^ = 21,and/i = 3V3. 



(7.37) 




B _ V C 



h 

Fig. 7-68 




7.59. In a trapezoid ABCD in Fig. 7-69 

(a) Find <iif a = 11, = 3, and c = 15. (c) Find <iif o = 5,p = 13, and c = 14. 

(b) Find aifd=20,b= 12, and c = 36. (d) Find p if a = 20, c = 28, and d = 17. 



(7.37) 




7.60. The radius of a circle is 15. Find (a) the distance from its center to a chord whose length is 18; (b) the length of a 
chord whose distance from its center is 9. (7 .38) 

7.61. In a circle, a chord whose length is 16 is at a distance of 6 from the center. Find the length of a chord whose 
distance from the center is 8 . (7 .3 8) 

7.62. Two externally tangent circles have radii of 25 and 9. Find the length of a common external tangent. (7.38) 

7.63. In a 30°-60°-90° triangle, find the lengths of (a) the legs if the hypotenuse has length 20; (b) the other leg and 
hjfpotenuse if the leg opposite 30° has length 7; (c) the other leg and hypotenuse if the leg opposite 60° has length 
5V^. (7.39) 



7.64. In an equilateral triangle, find the length of the altitude if the side has length (a) 22; (b) 2a. Find the side if the 
altitude has length (c) 24 V3; (d) 24. (7.39) 



7.65. 



In a rhombus which has an angle measuring 60°, find the lengths of (a) the diagonals if a side has length 25; 
(b) the side and larger diagonal if the smaller diagonal has length 35. (7.39) 
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7.66. In an isosceles trapezoid which has base angles measuring 60°, find the lengths of (a) the lower base and altitude 
if the upper base has length 12 and the legs have length 16; (b) the upper base and altitude if the lower base has 
length 45 and the legs have length 28 . (7 .39) 

7.67. In an isosceles right triangle, find the length of each leg if the hjfpotenuse has length (a) 34; (b) 2a. Find the length 
of the hypotenuse if each leg has length (c) 34; (d) 15 Vi. (7.40) 

7.68. In a square, find the length of (a) the side if the diagonal has length 40; (b) the diagonal if the side has length 40. 

(7.40) 

7.69. In an isosceles trapezoid which has base angles of measure 45°, find the lengths of (a) the lower base and each leg 
if the altitude has length 13 and the upper base has length 19; (b) the upper base and each leg if the altitude has length 
27 and the lower base has length 65; (c) each leg and the lower base if the upper base has length 25 and the altitude 
has length 15. (7.40) 



7.70. 



A parallelogram has an angle measuring 45°. Find the distances between its pairs of opposite sides if its sides 
have lengths 10 and 12. (7.40) 



CHAPTER 8 



Trigonometry 



8.1 Trigonometric Ratios 



Trigonometry means "measurement of triangles." Consider its parts: tri means "three," gon means "angle," 
and metry means "measure." Thus, in trigonometry we study the measurement of triangles. 
The following ratios relate the sides and acute angles of a right triangle: 

1 . Tangent ratio: The tangent (abbreviated "tan") of an acute angle equals the length of the leg opposite 
the angle divided by the length of the leg adjacent to the angle. 

2. Sine ratio: The sine (abbreviated "sin") of an acute angle equals the length of the leg opposite the angle 
divided by the length of the hypotenuse. 

3. Cosine ratio: The cosine (abbreviated "cos") of an acute angle equals the length of the leg adjacent to 
the angle divided by the length of the hypotenuse. 

Thus in right triangle ABC of Fig. 8-1 , 




tanA 



sin A = 



cos A = 



length of leg opposite A 
length of leg adjacent to A 

length of leg opposite A _ 
length of hypotenuse 

length of leg adjacent to A 



a 
b 



tanB = 



sinB — 



length of hypotenuse ^ 
If A and B are the acute angles of a right triangle, then 



cosB = 



length of leg opposite B 
length of leg adjacent to B 

length of leg opposite B _ 
length of hypotenuse 

length of leg adjacent to B 
length of hypotenuse 



b 
a 



a 
c 



sin A = cos B 



cos A = sin 



tan A 



tanB 



tanfi = 



tan A 



A scientific calculator can compute the sine, cosine, and tangent of an angle with the "SIN," "COS," and 
"TAN" buttons, respectively. Make sure the calculator is set to degrees (DEG). For those without a calcula- 
tor, a table of sines, cosines, and tangents is in the back of this book. 
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SOLVED PROBLEMS 



8.1 Using the table of sines, cosines, and tangents 

The following values were taken from a table of sines, cosines, and tangents. State, in equation form, 
what the values on the first three lines mean. Then use the table at the back of this book to complete 
the last line. 





Angle 


Sine 


Cosine 


Tangent 


(a) 


1° 


0.0175 


0.9998 


0.0175 


(b) 


30° 


0.5000 


0.8660 


0.5774 


(c) 


60° 


0.8660 


0.5000 


1.7321 


(d) 


? 


? 


0.3420 


? 



Solutions 

(a) sin 1° = 0.0175; cos 1° = 0.9998; tan 1° = 0.0175 

(b) sin 30° = 0.5000; cos 30° = 0.8660; tan 30° = 0.5774 

(c) sin 60° = 0.8660; cos 60° = 0.5000; tan 60° = 1.7321 

(d) In the table of trigonometric functions, the cosine value 0.3420 is on the 70° line; hence, the angle meas- 
ures 70°. Then, from the table, sin 70° = 0.9397 and tan 70° = 2.7475. 



8.2 Finding angle measures to the nearest degree 

Find the measure of x to the nearest degree if (a) sin x = 0.9235; (b) cosx = |^ or 0.8400; 
(c) tanx = V5 / 10 or 0.2236. Use the table of trigonometric functions. 



Solutions 

(a) sin 68° = 0.9272 - 
sin x = 0.9235 - 
sin 67° = 0.9205 - 

(b) cos 32° = 0.8480 - 
cos X = 0.8400 ■ 
cos 33° = 0.8387 - 

(c) tan 13° = 0.2309 - 
tan ;c = 0.2236 - 
tan 12° = 0.2126- 



Differences 

0.0037 
0.0030 

^0.0080 
^0.0013 

0.0073 
^0.0110 



Since sin x is nearer to sin 67°, mZx = 67° to the nearest degree. 



Since cos x is nearer to cos 33°, mZx = 33° to the nearest degree. 



Since tan x is nearer to tan 13°, mAx = 13° to the nearest degree. 



With a calculator, the above answers can be found with the inverse sine (sin inverse cosine (cos and in- 
verse tangent (tan-'). These usually require first pressing the "2nd" or "INV" button and then "SIN," "COS," 
or "TAN." 



8.3 Finding trigonometric ratios 

For each right triangle in Fig. 8-2, find the trigonometric ratios of each acute angle. 
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Solutions 



Formulas 


(a)a = 3,fe = 4,c = 5 


(b)a = 6,fe = 8,c= 10 


(c)a = 5,Z7= 12,c= 13 


tanA = Y 
b 

tanB = 1 


tanA = ^ 
4 

tanS = 2 


tanA = g = 4 
tans = ^ = 3 


tanA = ^ 
tanfi = 


sinA = ^ 
sinS = ^ 


SinA = ^ 
sinS = ^ 


6 3 

= To = 5 

. „ 8 4 
^^"^ = 10 = 5 


SinA = ^ 
sinS = 


cosA = ^ 
cosB = ^ 


. 4 
cosA = ^ 

cosfi = ^ 


A 8 4 
cosA = 10 = 5 

„ 6 3 
cosS = yo = 5 


cosA = y^ 
costf = ^2 



8.4 Finding measures of angies by trigonometric ratios 

Find the measure of angle A, to the nearest degree, in each part of Fig. 8-3 . 




(fl) (b) (c) 

Fig. 8-3 

Solutions 

- 0.6000. Since sin 37° = 0.6018 is the nearest-degree sine value, m/-A = 37°. 
0.4167. Since tan 23° = 0.4245 is the nearest-degree tangent value, mZA = 23°. 
= 0.8824. Since cos 28° = 0.8829 is the nearest-degree cosine value, otA4 = 28°. 

8.5 Trigonometric ratios of 30° and 60° 

Show that 

(a) tan 30° = 0.577 (c) cos 30° = 0.866 (e) sin 60° = 0.866 

(b) sin 30° = 0.500 (d) tan 60° = 1.732 (f) cos 60° = 0.500 



(a) sinA = ypo " 

(b) tanA = ^ = 

, , , 1500 

(c) cosA = ^ 
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Solutions 

The trigonometric ratios for 30° and 60° may be obtained by using a 30°-60°-90° triangle (Fig. 8-4); in sucti a 
triangle, the ratio of the sides is a:i):c = l:V3:2.Thus: 



(a) tan 30° 



1 _ 1 Vs _V3 
V3 Vs Vs 3 



0.577 



(b) sin 30° = ^ = 0.500 



(d) tan 60° 

(e) sin 60° 



(c) cos 30° 



0.866 



V3 
1 

Vs 

2 

1 



1.732 
0.866 



(f) cos 60° = I = 0.500 



8.6 Finding lengths of sides by trigonometric ratios 

In each triangle of Fig. 8-5, solve for x and y to the nearest integer. 





150 




Solutions 

(a) Since tan 40° = 
Since cos 40° 

(b) Since tan 50° ■■ 
Since sin 40° = 

(c) Since sin 40° = 
Since cos 40° 



X 

150 

150 

3' 

X 

150 
150 

y ' 

X 

150' 

y 

' 150 



X = 150 tan 40° = 150(0.8391) = 126. 

= 150 ^ 150 
cos 40° 0.766 

X = 150 tan 50° = 150(1.1918) = 179. 

= 150 ^ 150 ^ „ 
^ sin 40° 0.6428 

X = 150 sin 40° = 150 (0.6428) = 96. 
, y = 150 cos 40° = 150(0.776) = 115. 



8.7 Solving trigonometry problems 

(a) An aviator flew 70 mi east from A to C. From C, he flew 100 mi north to B. Find the measure of 
the angle of the turn (to the nearest degree) that must be made at B to return to A. 

(b) A road is to be constructed so that it will rise 105 ft for each 1000 ft of horizontal distance. Find 
the measure of the angle of rise to the nearest degree, and the length of road to the nearest foot 
for each 1000 ft of horizontal distance. 
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Solutions 

(a) The required angle is AEBA in Fig. 8-6(a). In rt. AABC, tan B 

m/LEBA = 180° -35° = 145°. 

(b) Weneedto findmzlA andxin Fig. 8-6(b). Since tanA = = 

1000 1000 ,„„,.^ 1000 
= ^ = 0:9945 = 100^^^- 



70 
100 



0.7000; hence, mAB = 35° and 



0.1050, m^lA = 6°. Then cos 6° = 




100 mi 



70 mi 



(a) 




Fig. 8-6 



1000 ft 



8.2 Angles of Elevation and Depression 

Here are some definitions that are involved in observed-angle problems: 

The line of sight is the line from the eye of the observer to the object sighted. 

A horizontal line is a line that is parallel to the surface of water. 

An angle of elevation {or depression) is an angle formed by a horizontal line and a line of sight above (or 
below) the horizontal line and in the same vertical plane. 

Thus in Fig. 8-7, the observer is sighting an airplane above the horizontal, and the angle formed by the hor- 
izontal and the line of sight is an angle of elevation. In sighting the car, the angle her line of sight makes with 
the horizontal is an angle of depression. 



Observer 
Located 
Here 



Fig. 8-7 



SOLVED PROBLEMS 



8.8 Using an angle of elevation 

(a) Sighting to the top of a building, Henry found the angle of elevation to measure 21°. The ground 
is level. The transit is 5 ft above the ground and 200 ft from the building. Find the height of the 
building to the nearest foot. 

(b) If the angle of elevation of the sun at a certain time measures 42°, find to the nearest foot the height 
of a tree whose shadow is 25 ft long. 
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Solutions 

(a) If X is the height of the part of the building above the transit [Fig. 8-8(a)] , then tan 21° = and 
X = 200 tan 21° = 200(0.3839) = 77 ft. 

Thus, the height of the building is = x + 5 = 77 + 5 = 82 ft. 

(b) If h is the height of the tree [Fig. 8-8(b)], then we have tan 42° = and A = 25 tan 42° = 25(0.9004) = 
23 ft. ^ 




25 

(«) (6) 
Fig. 8-8 



8.9 Using both an angle of elevation and an angle of depression 

Standing at the top of a lighthouse 200 ft high, a lighthouse keeper sighted both an airplane and a ship 
directly beneath the plane. The angle of elevation of the plane measured 25°; the angle of depression 
of the ship measured 32°. Find (a) the distance d of the boat from the foot of the lighthouse, to the 
nearest 10 ft; (b) the height of the plane above the water, to the nearest 10 ft. 

Solutions 

(a) See Fig. 8-9. In AIII, tan 58° = ^andd = 200 tan 58° = 200(1 .6003) = 320 ft. 

(b) In AI, tan 25° = :^mdx = 320(0.4663) = 150 ft. Since the height of the tower is 200 ft, the height of 
the airplane is 200 -H 150 = 350 ft. 




Fig. 8-9 



8.10 Using two angles of depression 

An observer on the top of a hill 250 ft above the level of a lake sighted two boats directly in line. Find, 
to the nearest foot, the distance between the boats if the angles of depression noted by the observer 
measured 11° and 16°. 
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Solutions 

In AAB'Cof Fig. 8-10, wZB'AC = 90° - 11° = 79. Then CB' = 250 tan 79°. 

In AABC, mABAC = 90° - 16° = 74°. Then CB = 250 tan 74°. 

Hence, BB' = CB' - CB = 250(tan 79° - tan 74°) = 250(5.1446 - 3.4874) = 414 ft. 



260 




Fig. 8-10 



8.1. Using the table of trigonometric functions at the end of the book, find 

(a) sin 25°, sin 48°, sin 59°, and sin 89° 

(b) cos 15°, cos 52°, cos 74°, and cos 88° 

(c) tan 4°, tan 34°, tan 55°, and tan 87° 

(d) which trigonometric ratios increase as the measure of the angle increases from 0° to 90° 

(e) which trigonometric ratio decreases as the measure of the angle increases from 0° to 90° 

(f) which trigonometric ratio has values greater than 1 



(8.1) 



8.2. Using the table at the end of the book, find the angle for which 

(a) sin X = 0.3420 (c) sin B = 0.9455 (e) cos y = 0.7071 

(b) sin A = 0.4848 (d) cos A' = 0.9336 (f) cos Q = 0.3584 



(g) tan W = 0.3443 

(h) tan B' = 2.3559 



8.3. Using the table at the end of the book, find the measure of x to the nearest degree if 



(a) sin jc = 0.4400 (e) cos x = 0.7650 (i) tan x = 5.5745 

(b) siax = 0.7280 (f) cos x = 0.2675 (j) sinx = ^ 

V2 

(c) sinx = 0.9365 (g) tan x = 0.1245 (k) sinx = 

13 



(d) cos X = 0.9900 (h) tan x = 0.5200 (l)cosx 



8.4. In each right triangle of Fig .8-11, find sin A , cos A , and tan A . 



25 



(m) cosx 



(n) cosx 



(o) tanx 



(p) tanx 



V3 



10 






(8.1) 



(8.2) 



(8.3) 
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8.6. Find mAB to the nearest degree if (a) b = 61 and c = 100; (b) a = 14 and c = 50; (c) a = 22 and b = 55; 
(d) a = 3 and & = Vs in Fig. 8-13. (8.4) 





8.7. Making use of a square with a side of 1 (Fig. 8-14), show that (a) the diagonal c = \/2; (b) tan 45° = 1; 
(c) sin 45° = cos 45° = 0 .707 . (8 .5) 



8.8. To the nearest degree, find the measure of each acute angle of any right triangle whose sides are in the ratio of 
(a) 5:12:13; (b) 8:15:17; (c) 7:24:25; (d) 11:60:61. (8.4) 




8.10. A ladder leans against the side of a building and makes an angle measuring 70° with the ground. The foot of the 
ladder is 30 ft from the building. Find, to the nearest foot, (a) how high up on the building the ladder reaches; 
(b) the length of the ladder. (8 .6) 

8.11. To find the distance across a swamp, a surveyor took measurements as shown in Fig. 8-16. AC is at right angles 
to BC. If = 24° and AC = 350 ft, find the distance BC across the swamp . (8 .6) 




Fig. 8-16 



Fig. 8-17 
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8.12. Aplane rises from take-off and flies at a fixed angle measuring 9° with the horizontal ground (Fig. 8-17). When 
it has gained 400 ft in altitude, find, to the nearest 10 ft, (a) the horizontal distance flown; (b) the distance the 
plane has actually flown. (8.6) 

8.13. The base angle of an isosceles triangle measures 28°, and each leg has length 45 in (Fig. 8-18). Find, to the 
nearest inch, (a) the length of the altitude drawn to the base; (b) the length of the base. (8.6) 



45/ 




T 










r 








7 


J 



Fig. 8-18 



8.14. In a triangle, an angle measuring 50° is included between sides of length 12 and 18. Find the length of the 
altitude to the side of length 12, to the nearest integer. (8.6) 

8.15. Find the lengths of the sides of a rectangle to the nearest inch if a diagonal of length 24 in makes an angle 
measuring 42° with a side. (8.6) 

8.16. A rhombus has an angle measuring 76° and a long diagonal of length 40 ft. Find the length of the short diagonal 
to the nearest foot. (8 .6) 



8.17. Find the length of the altitude to the base of an isosceles triangle to the nearest yard if its base has length 40 yd 
and its vertex angle measures 106°. (8.6) 

8.18. A road is inclined uniformly at an angle measuring 6° with the horizontal (Fig. 8-19).Afteracaris driven 10,000 ft 
along this road, find, to the nearest 10 ft, the (a) increase in the altitude of the car and driver; (b) horizontal 
distance that has been driven. (8.7) 




/7 

Fig. 8-19 



8.19. An airplane travels 15,000ftthroughtheairatauniformangleof climb, thereby gaining 1900 ft in altitude. Find 
its angle of climb. (8.7) 

8.20. Sighting to the top of a monument. William found the angle of elevation to measure 16° (Fig. 8-20). The ground 
is level, and the transit is 5 ft above the ground. If the monument is 86 ft high, find, to the nearest foot, the 
distance from William to the foot of the monument. (8 .8) 









81 






r 






5 



Fig. 8-20 



8.21. Find to the nearest degree the measure of the angle of elevation of the sun when a tree 60 ft high casts a shadow 
of (a) 10 ft; (b) 60 ft. 



CHAPTER 8 Trigonometry 



8.22. At a certain time of day, the angle of elevation of the sun measures 34°. Find, to the nearest foot, the length of 
the shadow cast by (a) a 15-ft vertical pole; (b) a building 70 ft high. (8 .8) 

8.23. Alight at C is projected vertically to a cloudatfi. An observer at A, 1000 ft horizontally from C, notes the angle 
of elevation of B. Find the height of the cloud, to the nearest foot, if m/LA = 37°. (8.8) 

8.24. A lighthouse built at sea level is 180 ft high (Fig. 8-21). From its top, the angle of depression of a buoy measures 
24°. Find, to the nearest foot, the distance from the buoy to the foot of the lighthouse. (8.8) 




Fig. 8-21 



8.25. An observer, on top of a hill 300 ft above the level of a lake, sighted two ships directly in Une. Find, to the 
nearest foot, the distance between the boats if the angles of depression noted by the observer measured (a) 20° 
and 15°; (b) 35° and 24°; (c) 9° and 6°. (8.10) 

8.26. In Fig. 8-22, mAA = 43°, m^BDC = 54°, mAC = 90°, and DC = 170 ft. (a) Find the length of BC. (b) Using 
the result of (a), find the length of AS. (8.10) 




□ 



A D 

Fig. 8-22 



B 



Q 



B C 

Fig. 8-23 



8.27. In Fig. 8-23, m^B = 90°, mAACB = 58°, mZD = 23°, and BC = 60 ft. (a) Find the length of AS. (b) Using 
the result of part (a), find the length of CD. 



8.28. Tangents PA and PB are drawn to a circle from external point P. m/-APB = 40°, and PA = 25. Find to the 
nearest tenth the radius of the circle. 




Areas 



9.1 Area of a Rectangle and of a Square 

A square unit is the surface enclosed by a square whose side is 1 unit (Fig. 9-1). 

The area of a closed plane figure, such as a polygon, is the number of square units contained in its sur- 
face. Since a rectangle 5 units long and 4 units wide can be divided into 20 unit squares, its area is 20 square 
units (Fig. 9-2). 

The area of a rectangle equals the product of the length of its base and the length of its altitude (Fig. 9-3). 
Thus if = 8 in and h — 'i 'm, then A — 24 in^. 

The area of a square equals the square of the length of a side (Fig. 9-4). Thus if i = 6, then A = s^ = 36. 

It follows that the area of a square also equals one-half the square of the length of a diagonal. Since 
A = ^^and^ = d/^/T^A = \d^. 

Note that we sometimes use the letter A for both a vertex of a figure and its area. You should have no 
trouble determining which is meant. 

The reader should feel free to use a calculator for the work in this chapter. 
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Fig. 9-1 
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Fig. 9-2 



Rectangle: A = bh 
Fig. 9-3 



Square: A = 
A = 

Fig. 9-4 



A = ld^ 



SOLVED PROBLEMS 



9.1 Area of a rectangle 

(a) Find the area of a rectangle if the base has length 15 and the perimeter is 50. 

(b) Find the area of a rectangle if the altitude has length 10 and the diagonal has length 26. 

(c) Find the lengths of the base and altitude of a rectangle if its area is 70 and its perimeter is 34. 

Solutions 

See Fig. 9-5. 

(a) Here p = 50 and = 15. Since p = 2b + 2h, we have 50 = 2(15) + 2hsoh = 10. 
Hence, A = bh = 15(10) = 150. 

(b) Here d = 26andh= 10. In right ZsACD, £ = b^ + h\ so 26^ = b^ + 10^ or b = 24. 
Hence, A = bh = 24(10) = 240. 
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Fig. 9-5 



(c) Here A = 70 and /? = 34. Since p = 2b + 2h, we have 34 = 2{b + h) or h = 17- b. 

Since A = bh, we have 70 = b^n- b), so b^- + 70 = 0 and = 7 or 10. Then since h=\l-b, 
we obtain h= 10 or 7 . 
Ans. 10 and 7, or 7 and 10. 

9.2 Area of a Square 

(a) Find the area of a square whose perimeter is 30. 

(b) Find the area of a square if the radius of the circumscribed circle is 10. 

(c) Find the side and the perimeter of a square whose area is 20. 

(d) Find the number of square inches in a square foot. 

Solutions 

(a) Since p = 4* = 30 in Fig. 9-6(a), s = l{. Then A = 5^ = = 56^. 

(b) Since r = 10 in Fig. 9-6(b), d = 2r = 20. Then A = = ^(20)^ = 200. 

(c) In Fig. 9-6(a),A = = 20; hence, s = 2 Vs. Then perimeter = 4s = 8 Vs. 

(d) A = s^. Since 1ft = 12 in, 1 ft^ = 1ft X 1ft = 12 in X 12 in = 144 in^ 




9.2 Area of a Parallelogram 

The area of a parallelogram equals the product of the length of a side and the length of the altitude to that 
side. (A proof of this theorem is given in Chapter 16.) Thus in ejABCD (Fig. 9-7), if = 10 and h — 2.7, 
then A = 10(2.7) = 27. 




Parallelogram: A = bh 
Fig. 9-7 
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SOLVED PROBLEMS 



9.3 Area of a parallelogram 

(a) Find the area of a parallelogram if the area is represented by the length of a side by ;c + 4, 
and the length of the altitude to that side by x—3. 

(b) In a parallelogram, find the length of the altitude if the area is 54 and the ratio of the altitude to 
the base is 2:3. 

Solutions 

See Fig. 9-7. 

(a) A = b=x + 4,h = x-3. Since A = bh, x^-A = {x + 4)(x-3) ovje—A = x^ + x-\lwdx= 8. 
Hence, A = = 64 -4 = 60. 

(b) Let h = 2x, b = 3x. Then A = bh or 54 = (3x){2x) = 6x^, so9 = x^ and x = 3. 
Hence, h = 2x = 2(3) = 6. 



9.3 Area of a Triangle 

The area of a triangle equals one-half the product of the length of a side and the length of the altitude to that 
side. (A proof of this theorem is given in Chapter 16.) 



a/ 


h >v 


/ r 




b 



Triangle: A = \bh 
Fig. 9-8 



SOLVED PROBLEMS 



9.4 Area of a triangle 

Find the area of the triangle in Fig. 9-9. 




Solution 

Here, = 15 and A = 4. Thus, A 



\bh = \{\5){4) = 30. 



9.5 Formulas for the area of an equilateral triangle 

Derive the formula for the area of an equilateral triangle (a) whose side has length s; (b) whose alti- 
tude has length h. 
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is is 

Equilateral Triangle: 
A = l/v5 
A = \h^V3 

Fig. 9-10 



Solutions 

See Fig. 9-10. 

(a) Here A = \bh, where b = s and = .s^— (js)^ or h = jsA/s. 
Then A = ^bh = iKisVs) = i^^Vs. 

(b) Here A = jbh, where b = s and h = jiA/s or i = 
Then A = kbh = yh=k^)-h 

9.6 Area of an equilateral triangle 

In Fig .9-11, find the area of (a) an equilateral triangle whose perimeter is 24; (b) a rhombus in which 
the shorter diagonal has length 12 and an angle measures 60°; (c) a regular hexagon with a side of 
length 6. 




Fig. 9-11 

Solutions 

(a) Since p = 3s = 24,s = 8. Then A = \s^V3 = ^(64) Vs = 16 Vs. 

(b) Since m/LA = 60°, ZsADB is equilateral and s = d = 12. The area of the rhombus is twice the area of 
AABD.HenceA = 2(^*2^3) = 2(^)(144)V3 = 72 Vs. 

(c) A side s of the inscribed hexagon subtends a central angle of measure 5(360°) = 60°. Then, since OA = OB 
= radius R of the circumscribed circle, m/LOAB = m/LOBA = 60°. Thus A AOB is equilateral. 

Area of hexagon = 6(area of AAOS) = 6(^*2 Vs) = 6(?)(36V3) = 54 Vs. 

9.4 Area of a Trapezoid 



The area of a trapezoid equals one-half the product of the length of its altitude and the sum of the lengths of 
its bases. (A proof of this theorem is given in Chapter 16.) Thus if h — 20, b = 27, and b'— 23 in 
Fig. 9-12, then A = |(20)(27 + 23) = 500. 
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The area of a trapezoid equals the product of the lengths of its altitude and median. Since 
A = \h{b + b') and m = \{b + b'),A = hm. 



b' 




b 

Trapezoid: A = \h{b + b') 



A = hm 
Fig. 9-12 



SOLVED PROBLEMS 



9.7 Area of a trapezoid 

(a) Find the area of a trapezoid if the bases have lengths 7.3 and 2.7, and the altitude has length 3.8. 

(b) Find the area of an isosceles trapezoid if the bases have lengths 22 and 10, and the legs have 
length 10. 

(c) Find the bases of an isosceles trapezoid if the area is 52 Vs, the altitude has length 4V3, and 
each leg has length 8. 

Solutions 

See Fig. 9-13. 



A 



/ 


h 


\ 


E F 
U 6 'A 



Fig. 9-13 

(a) Here b= 7.3, b'= 2.7, h = 3.8. Then A = lh(,b + b') = \ (3.8 -I- 2.7) = 19. 

(b) HereZ) = 22, V= 10, AB = 10. Also £F = b'= 10andA£ = |(22-10) = 6. 

In AB£A, V- = 10^-6^ = 64 so = 8. Then A = \h(b + b') = |(8)(22 + 10) = 128. 

(c) AE = V'(AB)2 - = V'64 - 48 = 4. Also FD = AE = 4, and b' = b-(AE + FD) = Then 
A = kh{b + b') = {h{2b-i) or 52V3 = \iA\/?,){2b - 8), from which 26 = 2fc-8 or b = 17. Then 
b'= b-S = 17-8 = 9. 

9.5 Area of a Rhombus 

The area of a rhombus equals one-half the product of the lengths of its diagonals. 

Since each diagonal is the perpendicular bisector of the other, the area of triangle I in Fig. 9-14 
is l{\d){\d') = \dd' . Thus the rhombus, which consists of four triangles congruent to Zil, has an area of 
A{\dd') or \dd'. 
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Rhombus: A = jdd' 
Fig. 9-14 




9.8 Area of a rhombus 

(a) Find the area of a rhombus if one diagonal has length 30 and a side has length 17. 

(b) Find the length of a diagonal of a rhombus if the other diagonal has length 8 and the area of the 
rhombus is 52. 

Solutions 

See Fig. 9-15. 



(a) In right AAEB, = (^d)^ + (^'f or IV = (jt/)^ + 15^. Then y=Smdd = 16. Now 
A = {dd' = ^(16)(30) = 240. 

(b) We have i^' = 8 and A = 52. Then A = ^dd' or 52 = ^(cO(8) and = 13 . 

9.6 Polygons of the Same Size or Shape 

Figure 9-16 shows what we mean when we say that two polygons are of equal area, or are similar, or are 
congruent. 




B 



C 



A 



D 



Fig. 9-15 



Equal Polygons 



Similar Polygons 



Congruent Polygons 



4 



4 



8 
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Polygons of Ihc 
same size have Ihe 



Similar polygons have Ihe 
same shape. 



Congruent polygons have 
the same size and the 
same shape. 



same area. 



Fig. 9-16 
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PRINCIPLE 1: Parallelograms have equal areas if they have congruent bases and congruent altitudes. 
Thus, the two parallelograms shown in Fig. 9-17 are equal. 




Fig. 9-17 Fig. 9-18 



PRINCIPLE 2: Triangles have equal areas if they have congruent bases and congruent altitudes. 

Thus in Fig. 9-18, the area of ACAB equals the area of ACAD. 

PRINCIPLE 3: A median divides a triangle into two triangles with equal areas. 

Thus in Fig. 9-19, where EM is a median, the area of AAMB equals the area of ABMC since they have congruent bases 
(AM = MC) and common altitude BD. 



^ M D C 

Fig. 9-19 

PRINCIPLE 4: Triangles are equal in area if they have a common base and their vertices lie on a line par- 
allel to the base. 

Thus in Fig. 9-20, the area of AABC is equal to the area of AADC. 



B ^ D 




Fig. 9-20 



SOLVED PROBLEMS 



9.9 Proving an equal-areas problem 

Given: Trapezoid ABCD (BC \\ AD) 

Diagonals AC and BD 
To Prove: Area(AA£:B) = area(AD£0 
Plan: Use Principle 4 to obtain area(AASZ)) 
Then use the Subtraction Postulate. 
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PROOF: 



Statements 


Reasons 


1. BC\\AD 

2. AreaiAABD) = area(ZViCD) 

3. Area(AAED) = Mea(AAED) 

4. Area(AAEB) = arQa(ADEC) 


1 . Given 

2. Triangles have equal area if they have a common base 
and their vertices lie on a line parallel to the base. 

3. Identity Postulate 

4. Subtraction Postulate 



9.10 Proving an equal-areas problem stated in words 

Prove that if M is the midpoint of diagonal AC in quadrilateral ABCD, and BM and DM are drawn, then the 
area of quadrilateral ABMD equals the area of quadrilateral CBMD. 

Solution 

Given: Quadrilateral AfiCD 

M is midpoint of diagonal AC. 
To Prove: Area of quadrilateral ABMD 

equals area of quadrilateral CBMD. 
Plan: Use Principle 3 to obtain two pairs of 
triangles which are equal in area. 
Then use the Addition Postulate. 



PROOF: 



Statements 


Reasons 


1 . M is the midpoint of AC. 


1 . Given 


2. BM is a median of AACB. 


2. A line from a vertex of a triangle to the midpoint 


DM is a median of ZsACD. 


of the opposite side is a median. 


3.Area(AAMS) = area(AfiMC), 


3. A median divides a triangle into two triangles 


Area(AAM£)) = area(ADMC). 


of equal area. 


4. Area of quadrilateral ABMD equals 


4. If equals are added to equals, the results are equal. 


area of quadrilateral CBMD. 





9.7 Comparing Areas of Similar Polygons 

The areas of similar polygons are to each other as the squares of any two corresponding segments. 

Thus if AABC~ AA'B'C and the area of AABC is 25 times the area of ZiA '5' C, then the ratio of the 
lengths of any two corresponding sides, medians, altitudes, radii of inscribed or circumscribed circles, 
and such is 5:1. 



SOLVED PROBLEMS 



9.11 Ratio of areas and segments of similar triangles 

Find the ratio of the areas of two similar triangles (a) if the ratio of the lengths of two corresponding sides is 
3:5; (b) if their perimeters are 12 and 7. Find the ratio of the lengths of a pair of (c) corresponding sides if 
the ratio of the areas is 4:9; (d ) corresponding medians if the areas are 250 and 10. 
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Solutions 



9_ 
25 



A' = 9°' 7 



(b) 



144 
49 



(d) r _A-?^„r^-'i 
^ ^ UV "A' - 10 m' - 5 



9.12 Proportions derived from simiiar poiygons 

(a) The areas of two similar polygons are 80 and 5 . If a side of the smaller polygon has length 2, find 
the length of the corresponding side of the larger polygon. 

(b) The corresponding diagonals of two similar polygons have lengths 4 and 5. If the area of the larger 
polygon is 75, find the area of the smaller polygon. 



Solutions 



80 
5 



1 Then ^ = 4 and i = 8 . 
2 



.SliPPI FMFNTtRY PRflRI FM.S. 

9.1. Find the area of a rectangle 

(a) If the base has length 11 in and the altitude has length 9 in 

(b) If the base has length 2 ft and the altitude has length 1 ft 6 in 

(c) If the base has length 25 and the perimeter is 90 

(d) If the base has length 15 and the diagonal has length 17 

(e) If the diagonal has length 12 and the angle between the diagonal and the base measures 60° 

(f) If the diagonal has length 20 and the angle between the diagonal and the base measures 30° 

(g) If the diagonal has length 25 and the lengths of the sides are in the ratio of 3:4 

(h) If the perimeter is 50 and the lengths of the sides are in the ratio of 2:3 



(9.1) 



9.2. Find the area of a rectangle inscribed in a circle 

(a) If the radius of the circle is 5 and the base has length 6 

(b) If the radius of the circle is 15 and the altitude has length 24 

(c) If the radius and the altitude both have length 5 

(d) If the diameter has length 26 and the base and altitude are in the ratio of 5:12 



(9.1) 



9.3. 



Find the base and altitude of a rectangle 

(a) If its area is 28 and the base has a length of 3 more than the altitude 

(b) If its area is 72 and the base is twice the altitude 



(9.1) 
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(c) If its area is 54 and the ratio of the base to the altitude is 3:2 

(d) If its area is 12 and the perimeter is 16 

(e) If its area is 70 and the base and altitude are represented by 2x and x + 2 

(f) If its area is 160 and the base and altitude are represented by 3x— 4 and x 

9.4. Find the area of (a) a square yard in square inches; (b) a square meter in square decimeters (1 m = 10 dm). (9.2) 

9.5. Find the area of a square if (a) a side has length 15; (b) a side has length 3^; (c) a side has length 1 .8; (d) a side 
has length 8a; (e) the perimeter is 44; (f) the perimeter is 10; (g) the perimeter is I2b; (h) the diagonal has length 
8; (i) the diagonal has length 9; (j) the diagonal has length 8 V2. (9.2) 

9.6. Find the area of a square if (a) the radius of the circumscribed circle is 8; (b) the diameter of the circumscribed 
circle is 12; (c) the diameter of the circumscribed circle is 10 V2; (d) the radius of the inscribed circle is 
(e) the diameter of the inscribed circle is 20. (9.2) 

9.7. If a floor is 20 m long and 80 m wide, how many tiles are needed to cover it if (a) each tile is 1 m^; (b) each tile 
is a square 2 m on a side; (c) each tile is a square 4 m on a side. (9.2) 

9.8. If the area of a square is 81, find the length of (a) its side; (b) its perimeter; (c) its diagonal; (d) the radius of the 
inscribed circle; (e) the radius of the circumscribed circle. (9.2) 

9.9. (a) Find the length of the side of a square whose area is 6^. (9.2) 

(b) Find the perimeter of a square whose area is 169. 

(c) Find the length of the diagonal of a square whose area is 50. 

(d) Find the length of the diagonal of a square whose area is 25. 

(e) Find the radius of the inscribed circle of a square whose area is 144. 

(f ) Find the radius of the circumscribed circle of a square whose area is 32. 

9.10. Find the area of a parallelogram if the base and altitude have lengths, respectively, of (a) 3 ft and 5| ft; (b) 4 ft 
and 1 ft 6 in; (c) 20 and 3.5; (d) 1 .8 m and 0.9 m. (9.3) 

9.11. Find the area of a parallelogram if the base and altitude have lengths, respectively, of (a) 3x and x; (b) x + 3 
and x; (c) jc-5 and x + 5; (d) 4x + 1 and 3x + 2. (9.3) 

9.12. Find the area of a parallelogram if 

(a) The area is represented by x^, the base hy x + 3, and the altitude by x— 2 

(b) The area is represented by x^— 10, the base by x, and the altitude by x— 2 

(c) The area is represented by 2x^—34, the base by x + 3, and the altitude by x— 3 

9.13. In a parallelogram, find (9.3) 

(a) The base if the area is 40 and the altitude has length 15 

(b) The length of the altitude if the area is 22 and the base has length 1 .1 
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(c) The length of the base if the area is 27 and the base is three times the altitude 

(d) The length of the altitude if the area is 21 and the base has length four more than the altitude 

(e) The base if the area is 90 and the ratio of the base to the altitude is 5:2 

(f) The length of the altitude to a side of length 20 if the altitude to a side of length 15 is 16 

(g) The length of the base if the area is 48, the base is represented by x + 3, and the altitude is represented 

hyx+l 

(h) The length of the base if the area is represented by + 17, the base by 2x— 3, and the altitude by x + 1 

9.14. Find the area of a triangle if the lengths of the base and altitude are, respectively, (a) 6 in and 3| in; (b) 1 yd and 
2 ft; (c) 8 and x-7; (d) 5x and 4x; (e) 4x and jc + 9; (f ) x + 4 and x-4; (g) 2x-6 and x + 3. (9.4) 

9.15. Find the area of (9.4) 

(a) A triangle if two sides have lengths 13 and 15 and the altitude to the third side has length 12 

(b) A triangle whose sides have lengths 10,10, and 16 

(c) A triangle whose sides have lengths 5,12, and 13 

(d) An isosceles triangle whose base has length 30 and whose legs each have length 17 

(e) An isosceles triangle whose base has length 20 and whose vertex angle measures 68° 

(f ) An isosceles triangle whose base has length 30 and whose base angle measures 62° 

(g) A triangle inscribed in a circle of radius 4 if one side is a diameter and another side makes an angle measuring 

30° with the diameter 

(h) A triangle cut off by a line parallel to the base of a triangle if the base and altitude of the larger triangle have 



(a) Its base has length 10 and the triangle is equal in area to a parallelogram whose base and altitude have lengths 
15 and 8. 

(b) Its base has length 8 and the triangle is equal in area to a square whose diagonal has length 4. 

(c) Its base has length 12 and the triangle is equal in area to another triangle whose sides have lengths 6, 



(a) A side if the area is 40 and the altitude to that side has length 10 

(b) An altitude if the area is 25 and the side to which the altitude is drawn has length 5 

(c) A side if the area is 24 and the side has length 2 more than its altitude 

(d) A side if the area is 108 and the side and its altitude are in the ratio 3:2 

(e) The altitude to a side of length 20, if the sides of the triangle have lengths 12,16, and 20 

(f) The altitude to a side of length 12 if another side and its altitude have lengths 10 and 15 

(g) A side represented by 4x if the altitude to that side is represented by x + 7 and the area is 60 

(h) A side if the area is represented by x^ — 55 , the side by 2x — 2, and its altitude by x — 5 



lengths 10 and 5, respectively, and the line parallel to the base is 6 



9.16. Find the altitude of a triangle if 



(9.4) 



8, and 10. 



9.17. In a triangle, find the length of 



(9.4) 
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9.18. Find the area of an equilateral triangle if (a) a side has length 10; (b) the perimeter is 36; (c) an altitude has length 
6; (d) an altitude has length 5V^; (e) a side has length 2b; (f) the perimeter is 12x; (g) an altitude has 
length 3r. (9.6) 

9.19. Find the area of a rhombus having an angle of 60° if (a) a side has length 2; (b) the shorter diagonal has length 7; 
(c) the longer diagonal has length 12; (d) the longer diagonal has length 6 V3. (9.6) 

9.20. Find the area of a regular hexagon if (a) a side is 4; (b) the radius of the circumscribed circle is 6; (c) the diameter 
of the circumscribed circle is 20. (9.6) 



9.21. Find the side of an equilateral triangle whose area equals 

(a) The sum of the areas of two equilateral triangles whose sides have lengths 9 and 12 

(b) The difference of the areas of two equilateral triangles whose sides have lengths 17 and 15 

(c) The area of a trapezoid whose bases have lengths 6 and 2 and whose altitude has length 9 V3 

(d) Twice the area of a right triangle having a hjfpotenuse of length 5 and an acute angle of measure 30° 



(9.6) 



9.22. Find the area of trapezoid ABCD in Fig. 9-21 , if: 

(a) b = 25,b'= IS.and/i = 7 

(b) m=Wmdh = 6.9 

(c) AB = 30, mZA = 30°, & = 24, and fo' = 6 

(d) AB = 12, mZA = 45°, = 13, and fc' = 7 

(e) AB = 10, mAA = 70°, and b + b'= 20 



(9.7) 





Fig. 9-21 



Fig. 9-22 



9.23. Find the area of isosceles trapezoid ABCD in Fig. 9-22, if 

(a) b'= 17, / = 10, and ft = 6 (d) b = 20, / = 8, and mAA = 60° 

(b) b = 22,b'= 12,and/= 13 (e) = 40, fe'= 20, and mA4 = 28° 

(c) b = 16, b'= 10, and mZA = 45° 



(9.7) 



9.24. (a) Find the length of the altitude of a trapezoid if the bases have lengths 13 and 7 and the area is 40. 



(9.7) 



(b) Find the length of the altitude of a trapezoid if the sum of the lengths of the bases is twice the length of the 

altitude and the area is 49. 

(c) Find the sum of the lengths of the bases and the median of a trapezoid if the area is 63 and the altitude has 
length 7. 
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(d) Find the lengths of the bases of a trapezoid if the upper base has length 3 less than the lower base, the altitude 

has length 4, and the area is 30. 

(e) Find the lengths of the bases of a trapezoid if the lower base has length twice that of the upper base, the 
altitude has length 6, and the area is 45. 

9.25. In an isosceles trapezoid (9.7) 

(a) Find the lengths of the bases if each leg has length 5 , the altitude has length 3 , and the area is 39 . 

(b) Find the lengths of the bases if the altitude has length 5, each base angle measures 45°, and the area 
is 90. 

(c) Find the lengths of the bases if the area is 42 V3, the altitude has length 3V3, and each base angle measures 
60°. 

(d) Find the length of each leg if the bases have lengths 24 and 32 and the area is 84. 

(e) Find the length of each leg if the area is 300, the median has length 25, and the lower base has length 30. 

9.26. Find the area of a rhombus if (9.8) 

(a) The diagonals have lengths 8 and 9. 

(b) The diagonals have lengths 11 and 7. 

(c) The diagonals have lengths 4 and 6V3. 

(d) The diagonals have lengths 3x and Sx. 

(e) One diagonal has length 10 and a side has length 13. 

(f) The perimeter is 40 and a diagonal has length 12. 

(g) The side has length 6 and an angle measures 30°. 

(h) The perimeter is 28 and an angle measures 45°. 

(i) The perimeter is 32 and the length of the short diagonal equals a side in length, 
(j) A side has length 14 and an angle measures 120°. 

9.27. Find the area of a rhombus to the nearest integer if (a) the side has length 30 and an angle measures 55°; (b) the 
perimeter is 20 and an angle measures 33°; (c) the side has length 10 and an angle measures 130°. (9.8) 

9.28. In a rhombus, find the length of (9.8) 

(a) A diagonal if the other diagonal has length 7 and the area is 35 (9.8) 

(b) The diagonals if their ratio is 4:3 and the area is 54 

(c) The diagonals if the longer is twice the shorter and the area is 100 

(d) The side if the area is 24 and one diagonal has length 6 

(e) The side if the area is 6 and one diagonal has length 4 more than the other 



9.29. Arhombus is equal to a trapezoid whose lower base has length 26 and whose other three sides have length 10. Find 
the length of the altitude of the rhombus if its perimeter is 36. (9.8) 
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9.30. Provide the proofs requested in Fig. 9-23. 



(9.9) 




(a) Given: AABC 

DB = jAfi 
EC = lAC 
To Prove: Arca(ADFB) 
= arca(AF£C) 

C 




{b) Given: Trapc/.oid ABCD 
AB and CD extended 
meet at E. 
To Prove: Area(A£C/t) 
= area(A£SD) 



9.31. Provide the proofs requested in Fig. 9-24. 



(9.9) 




C (a) Given: cjABCD 

£ is midpoint of CD. 
To Prove: 

Arc-d{nABCD) = 
area(trape/oid BFGA) 




Fig. 9-24 



(b) Given: a ABCD 

BE and CFIAF. 
To Prove: 

BCFE is a rectangle and 
equal in area to CJABCD. 



9.32. Prove each of the following: (9.10) 

(a) A median divides a triangle into two triangles having equal areas. 

(b) Triangles are equal in area if they have a common base and their vertices lie in a line parallel to the base. 

(c) In a triangle, if lines are drawn from a vertex to the trisection points of the opposite sides, the area of the 
triangle is trisected. 

(d) In trapezoid ABCD, base AD is twice base BC. If M is the midpoint of AD, then ABCM and BCDM are 
parallelograms which are equal in area. 

9.33. (a) In AABC, £ is a point on BM, the median to AC. Prove that area(AB£A) = area(AB£'C). 

(b) In AABC, g is a point on BC, M is the midpoint of AB, and P is the midpoint of AC. Prove that area(ABgM) 
+ area(APgC) = area(quadrilateral APQM)- 

(c) In quadrilateral ABCD, diagonal AC bisects diagonal BD. Prove that area(AABC) = area (AACD). 

(d) Prove that the diagonals of a parallelogram divide the parallelogram into four triangles which are equal 
in area. (9.10) 

9.34. Find the ratio of the areas of two similar triangles if the ratio of two corresponding sides is (a) 1:7; (b) 7:2; 
(c)l:V3;(d)a:5o;(e)9:jc;(f)3:Vx; {g)s:sV2. (9.11) 



9.35. Find the ratio of the areas of two similar triangles 

(a) If the ratio of the lengths of two corresponding medians is 7: 10 

(b) If the length of an altitude of the first is two-thirds of a corresponding altitude of the second 

(c) If two corresponding angle bisectors have lengths 10 and 12 

(d) If the length of each side of the first is one-third the length of each corresponding side of the second 

(e) If the radii of their circumscribed circles are 7| and 5 

(f) If their perimeters are 30 and 30 V2 



(9.11) 
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9.36. Find the ratio of any two corresponding sides of two similar triangles if tlie ratio of their areas is (a) 100: 1 ; (b) 1 :49; 
(c) 400:81; (d) 25:121; (e) 4:/; (f) 9x^:1; (g) 3:4; (h) 1:2; (i) :^:5; (j) x:16. (9.11) 

9.37. In two similar triangles, find the ratio of the lengths of (9.11) 

(a) Corresponding sides if the areas are 72 and 50 

(b) Corresponding medians if the ratio of the areas is 9:49 

(c) Corresponding altitudes if the areas are 18 and 6 

(d) The perimeters if the areas are 50 and 40 

(e) Radii of the inscribed circles if the ratio of the areas is 1 :3 

9.38. The areas of two similar triangles are in the ratio of 25:16. Find (9.11) 

(a) The length of a side of the larger if the corresponding side of the smaller has length 80 

(b) The length of a median of the larger if the corresponding median of the smaller has length 10 

(c) The length of an angle bisector of the smaller if the corresponding angle bisector of the larger has length 15 

(d) The perimeter of the smaller if the perimeter of the larger is 125 

(e) The circumference of the inscribed circle of the larger if the circumference of the inscribed circle of the 

smaller is 84 

(f ) The diameter of the circumscribed circle of the smaller if the diameter of the circumscribed circle of the larger 
is 22.5 

(g) The length of an altitude of the larger if the corresponding altitude of the smaller has length 16 V3 

9.39. (a) The areas of two similar triangles are 36 and 25. If a median of the smaller triangle has length 10, find the 

length of the corresponding median of the larger. (9.12) 

(b) Corresponding altitudes of two similar triangles have lengths 3 and 4. If the area of the larger triangle is 112, 
find the area of the smaller. 

(c) Two similar polygons have perimeters of 32 and 24. If the area of the smaller is 27, find the area of the larger. 

(d) The areas of two similar pentagons are 88 and 22. If a diagonal of the larger has length 5, find the length of 
the corresponding diagonal of the smaller. 

(e) In two similar polygons, the ratio of the lengths of two corresponding sides is V3 : 1 . If the area of the smaller 
is 15 , find the area of the larger. 




Regular Polygons and the Circle 



10.1 Regular Polygons 



A regular polygon is an equilateral and equiangular polygon. 

The center of a regular polygon is the common center of its inscribed and circumscribed circles. 

A radius of a regular polygon is a segment joining its center to any vertex. A radius of a regular polygon 
is also a radius of the circumscribed circle. (Here, as for circles, we may use the word radius to mean the num- 
ber that is "the length of the radius.") 

A central angle of a regular polygon is an angle included between two radii drawn to successive vertices. 

An apothem of a regular polygon is a segment from its center perpendicular to one of its sides . An apothem 
is also a radius of the inscribed circle. 

Thus for the regular pentagon shown in Fig . 10- 1 , AB = BC = CD = DE = EA and niAA = mAB = mAC 
= mAD = m/-E. Also, its center is O, OA and OB are its radii; AAOB is a central angle; and OG and OF 
are apothems. 




Fig. 10-1 

lO.lA Regular-Polygon Principles 

PRINCIPLE 1: If a regular polygon ofn sides has a side of length s, the perimeter is p = ns. 
PRINCIPLE 2: A circle may be circumscribed about any regular polygon. 
PRINCIPLE 3: A circle may be inscribed in any regular polygon. 

PRINCIPLE 4: The center of the circumscribed circle of a regular polygon is also the center of its inscribed 
circle. 

PRINCIPLE 5: An equilateral polygon inscribed in a circle is a regular polygon. 
PRINCIPLE 6: Radii of a regular polygon are congruent. 
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PRINCIPLE 7: A radius of a regular polygon bisects the angle to which it is drawn. 

Thus in Fig. 10-1, OB bisects AABC. 
PRINCIPLE 8: Apothems of a regular polygon are congruent. 

PRINCIPLE 9: An apothem of a regular polygon bisects the side to which it is drawn. 

Thus in Fig. 10- 1 , OF bisects CD, and OG bisects ED. 
PRINCIPLE 10: For a regular polygon ofn sides: 

1 . Each central angle c measures . 

(n - 2)180° 

2. Each interior angle i measures . 

3. Each exterior angle e measures . 



Thus for the regular pentagon ABCDE of Fig. 10-2, 

360° 360° 



mAAOB = mAABS 



72° 



mAABC - 



(n - 2) 180° _ (5-2) 180° 



108° 



and 



m^ABC + m^ABS = 180° 

Sv 




SOLVED PROBLEMS 



10.1 Finding measures of lines and angies in a reguiar poiygon 

(a) Find the length of a side j of a regular pentagon if the perimeter p is 35. 

(b) Find the length of the apothem a of a regular pentagon if the radius of the inscribed circle is 21 . 

(c) In a regular polygon of five sides, find the measures of the central angle c, the exterior angle e, 
and the interior angle /. 

(d) If an interior angle of a regular polygon measures 108°, find the measures of the exterior angle 
and the central angle and the number of sides. 




Fig. 10-3 
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Solutions 

(a) p = 35. Since p = 5s, we have 35 = 5* and s = 7. 

(b) Since an apothem r is a radius of the inscribed circle, it has length 21 . 

(c) n = 5. Then mZc = = ^y- = 72°; mZe = = 72°; mAi = 180° - mAe = 108°. 

(d) mZi = 108°. Then mZc = 180° -mZj = 72°. Since mZc = ^f^,n = 5. (See Fig. 10-3.) 

10.2 Proving a regular-polygon problem stated in words 

Prove that a vertex angle of a regular pentagon is trisected by diagonals drawn from that vertex. 

Solution 

Given: Regular pentagon ABCDE 

Diagonals AC and AD 

To Prove: AC and AD trisect /LA. 

Plan: Circumscribe a circle and show that angles 
BAC, CAD, and DAE are congruent. 

PROOF: 



Statements 


Reasons 


1. 


ABCDE is a regular pentagon. 


1. 


Given 


2. 


Circumscribe a circle dtoovX ABCDE. 


2. 


A circle may be circumscribed about any regular 








polygon 


3. 


BC= CD = DE 


3. 


A regular polygon is equilateral. 


4. 


BC = CD =DE 


4. 


In a circle, equal chords have equal arcs. 


5. 


ABAC = ACAD = ADAE 


5. 


In a circle, inscribed angles having congruent 








arcs are congruent. 


6. 


AA is trisected. 


6. 


To divide into three congruent parts is to trisect. 




10.2 Relationships of Segments in Regular Polygons of 3, 4, and 6 Sides 

In the regular hexagon, square, and equilateral triangle, special right triangles are formed when the apothem 
r and a radius R terminating in the same side are drawn. In the case of the square we obtain a 45°-45°-90° 
triangle, while in the other two cases we obtain a 30°-60°-90° triangle. The formulas in Fig. 10-4 relate the 
lengths of the sides and radii of these regular polygons. 




Regular Hexagon Square Equilateral Triangle 

s = R _ s = rVI _ s = rV2, h = r + R 

r = |/JV3 r = |i = \R\/2 r = \h,R = lh,r = {R 

Fig. 10-4 
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SOLVED PROBLEMS 



10.3 Applying line relationships in a regular hexagon 

In a regular hexagon, (a) find the lengths of the side and apothem if the radius is 12; (b) find the radius 
and length of the apothem if the side has length 8. 



Solutions 

(a) SmceR= l2,s = R= 12andr = ^rV3 = eVs. 

(b) Since s = S,R = s = S aadr = IrV3 = 4 V3. 



10.4 Applying line relationships in a square 

In a square, (a) find the lengths of the side and apothem if the radius is 16; (b) find the radius and 
the length of the apothem if a side has length 10. 

Solutions 

(a) Since R=l6,s = rVi = 16 V2 and r = ls = 8 V^. 

(b) Since s = W,r = h = 5 andR = = \s\/l = 5 V2. 

V2 



10.5 Applying line relationships in an equilateral triangle 

In an equilateral triangle, (a) find the lengths of the radius, apothem, and side if the altitude has 
length 6; (b) find the lengths of the side, apothem, and altitude if the radius is 9. 



Sol\jtt\ons 

(a) Since = 6, we have r = \h = 2\R=\h = 4; and * = V3 = 4 VS. 

(b) Since R = 9,s = i?V3 = 9V3; r = \R = 4|; and = | = 13^ 



10.3 Area of a Regular Polygon 

The area of a regular polygon equals one-half the product of its perimeter and the length of its apothem. 

As shown in Fig. 10-5, by drawing radii we can divide a regular polygon of n sides and perimeter p — ns 
into n triangles, each of area \rs. Hence, the area of the regular polygon is n(\rs) = ^nsr = ^r. 




Fig. 10-5 
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SOLVED PROBLEMS 



10.6 Finding tlie area of a regular polygon 

(a) Find the area of a regular hexagon if the length of the apothem is 5 \/3. 

(b) Find the area of a regular pentagon to the nearest integer if the length of the apothem is 20. 

Solutions 

(a) In a regular hexagon, r = ^ VS. Since r = 5 V3, 5 = 10 and p = 6(10) = 60. 
Then A = |pr = |(60) (5 VS) = 150 VS. 

(b) In Fig. 10-6, m^AOE = 36075 = 72° and m^AOF = \m AAOE = 36°. Then tan 36° = ^s/lO = s/40 
or i = 40 tan 36°. 

Now A = = \nsr = ^(5) (40 tan 36°) (20) = 1453. 




Fig. 10-6 



10.4 Ratios of Segments and Areas of Regular Polygons 

PRINCIPLE 1: Regular polygons having the same number of sides are similar. 

PRINCIPLE 2: Corresponding segments of regular polygons having the same number of sides are in pro- 
portion. "Segments" here includes sides, perimeters, radii or circumferences of circum- 
scribed or inscribed circles, and such. 

PRINCIPLE 3: Areas of regular polygons having the same number of sides are to each other as the squares 
of the lengths of any two corresponding segments. 



SOLVED PROBLEMS 



10.7 Ratios of lines and areas of regular polygons 

(a) In two regular polygons having the same number of sides, find the ratio of the lengths of the 
apothems if the perimeters are in the ratio 5:3. 

(b) In two regular polygons having the same number of sides, find the length of a side of the smaller 
if the lengths of the apothems are 20 and 50 and a side of the larger has length 32.5 . 

(c) In two regular polygons having the same number of sides, find the ratio of the areas if the lengths 
of the sides are in the ratio 1:5. 

(d) In two regular polygons having the same number of sides, find the area of the smaller if the sides 
have lengths 4 and 12 and the area of the larger is 10,260. 
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Solutions 

(a) By Principle 2, r: r'=/7:p'= 5:3. 

(b) By Principle 2, 5 : j'= r: r'; thus, i : 32.5 = 20:50 and5= 13. 



25- 



(c) By Principle 3, |, = [ff = {^J 

(d) By Principle 3,^ = (^)^Then = (^)^ and A = 1140. 



10.5 Circumference and Area of a Circle 

77 (pi) is the ratio of the circumference C of any circle to its diameter d; that is, tt = C/d. Hence, 

C = ird or C = lirr 

Approximate values for tt are 3.1416 or 3.14 or y. Unless you are told otherwise, we shall use 3.14 for tt 
in solving problems. 

A circle may be regarded as a regular polygon having an infinite number of sides. If a square is 
inscribed in a circle, and the number of sides is continually doubled (to form an octagon, a 16-gon, and 
so on) , the perimeters of the resulting polygons will get closer and closer to the circumference of the 
circle (Fig. 10-7). 




Circle: C = l-rrr 
Fig. 10-7 



Thus to find the area of a circle, the formula A = \pr can be used with C substituted for p; doing so, 
we get 

A = \Cr = \(2'irr)(r) = irr^ 

All circles are similar figures, since they have the same shape. Because they are similar figures, (1) cor- 
responding segments of circles are in proportion and (2) the areas of two circles are to each other as the 
squares of their radii or circumferences. 



SOLVED PROBLEMS 



10.8 Finding the circumference and area of a circie 

In a circle, (a) find the circumference and area if the radius is 6; (b) find the radius and area if the 
circumference is I877; (c) find the radius and circumference if the area is 14477. (Answer both in 
terms of tt and to the nearest integer.) 
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Solutions 

(a) r = 6. Then C = Inr = \2tt = 38 and A = ttt^ = 3677- = 36(3.14) = 113. 

(b) C = 1877. Since C = lirr, we have 1877 = lirr and r = 9. Then A = Trr^ = 8177 = 254. 

(c) A = 14477. Since A = 77?^, we have 14477 = 77?^ and r = 12. Then C = 277r = 2477 = 75. 



10.9 Circumference and area of circumscribed and inscribed circies 

Find the circumference and area of the circumscribed circle and inscribed circle (a) of a regular 
hexagon whose side has length 8; (b) of an equilateral triangle whose altitude has length 9 Vs. 
(See Fig. 10-8.) 



Solutions 

(a) Here R = s = 8. Then C = IttR = 1677 and A = ttR^ = 6477. 

Also r = \rV3 = 4 Vs. Then C = 277r = 877 Vs and A = nr^ = 4877. 

(b) Here/? = f/i = 6^. Then C = 2irR = I277V3 andA = ttR^ = IO877. 
Also r = lh = 3 Vs. Then C = lirr = 677 Vs and A = Trr^ = 2777. 




10.10 Ratios of segments and areas in circies 

(a) If the circumferences of two circles are in the ratio 2:3, find the ratio of the diameters and the 
ratio of the areas. 

(b) If the areas of two circles are in the ratio 1:25, find the ratio of the diameters and the ratio of 
the circumferences. 



Solutions 

, , d c 2 . A fcy fiy 4 

„. A MV 1 (dy A d 1 C d 1 

(b) Smce^ = y , - = y and ^ = 5. Also,^ = 7 = 5- 



10.6 Length of an Arc; Area of a Sector and a Segment 



A sector of a circle is a part of a circle bounded by two radii and their intercepted arc. Thus in Fig. 10-9, the 
shaded section of circle O is sector OAB. 



C H APTE R 10 Regular Polygons and the Circle 



A segment of a circle is a part of a circle bounded by a chord and its arc. A minor segment of a circle is 
the smaller of the two segments thus formed. Thus in Fig. 10-10, the shaded section of circle Q is minor seg- 
ment ACS. 





Fig. 10-9 



Fig. 10-10 



PMNCIPLEl: 
PRINCIPLE 2: 

PRINCIPLES: 
PRINCIPLE 4: 

PRINCIPLE 5: 



In a circle of radius r, the length I of an arc of measure n° equals ^^Zn of the circumference 

n TTnr 3uu 

of the circle, orl= ^rp^ lirr = tst^- 
360 180 

In a circle of radius r, the area K of a sector of measure n° equals of the area of the 
circle, orK= Trr^. 

Area of a sector ofn° 



Area of the circle 



length of an arc of measure n° fi 
circumference of the circle 360 



The area of a minor segment of a circle equals the area of its sector less the area of the tri- 
angle formed by its radii and chord. 

If a regular polygon is inscribed in a circle, each segment cut off by the polygon has area 
equal to the difference between the area of the circle and the area of the polygon divided 
by the number of sides. 



SOLVED PROBLEMS 



10.11 Length of an arc 

(a) Find the length of a 36° arc in a circle whose circumference is 4577. 

(b) Find the radius of a circle if a 40° arc has a length of 477. 

Solutions 

n 36 9 

(a) Here n°= 36° and C = lirr = 45t7. Then I = -z^t, lirr = 4577 = 7r77. 

JOU JOU z 

n 40 

(b) Here / = 477 and n°= 40°. Then / = 277r yields 477 = 277r, and r = 18. 

10.12 Area of a sector 

(a) Find the area A" of a 300° sector of a circle whose radius is 12. 

(b) Find the measure of the central angle of a sector whose area is 677 if the area of the circle is 977. 

(c) Find the radius of a circle if an arc of length 277 has a sector of area IO77. 
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Solutions 

(a) n°= 300° and r = 12. Then K 
Area of sector 



360' 



300 
360 



144-77 = 120-77. 



(b) 
(c) 



so 1^ = and n = 240. Thus, the central angle measures 240°. 



Area of circle 

Length of arc area of sector 2t7 10i7 . 

7;^^ J = — , so ;s — = — ^ and r = 10. 

Circumference area of circle Ittt irr^ 



10.13 Area of a segment of a circle 

(a) Find the area of a segment if its central angle measures 60° and the radius of the circle is 12. 

(b) Find the area of a segment if its central angle measures 90° and the radius of the circle is 8. 

(c) Find each segment formed by an inscribed equilateral triangle if the radius of the circle is 8. 

Solutions 

See Fig. 10-11. 



(a) n°= 60° and r = 12. Then area of sector OAB 



" 9 60 , . . 



360 360 

Also, area of equilateral A0A5 = Vs = |(144)V3 = 36V3, 
Hence, area of segment AO? = 24i7 — 36\/3. 



2477. 



360 



90 
360 



6477 = I677. 



(b) n°= 90° and r = 8 . Then area of sector OAB 
Also, area of rt. AOAB = ^bh = |(8)(8) = 32. 
Hence, area of segment AC5 = 1677 — 32. 

(c) R = 8. Since s = rV^ = 8 Vs, the area of AAfiCis \s^V3 = 48 V3. 
Also, area of circle O = ttR? = 6477. 

Hence, area of segment BDC = |(6477 - 48 V3). 






10.14 Area of a segment formed by an inscribed regular polygon 

Find the area of each segment formed by an inscribed regular polygon of 12 sides (dodecagon) if 
the radius of the circle is 12. (See Fig. 10-12.) 




Fig. 10-12 
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Solution 

Area of sector OAB = irr^ = ^|yl447r = llw. 

To find the area AOAB, we draw altitude AD to base OB. Since mlAOB = 30°, ft = AD = |r = 6. 
Then the area of AOAB is |M = ^(12) (6) = 36. 
Hence, the area of segment ACB is 12i7- — 36. 



10.7 Areas of Combination Figures 

The areas of combination figures like that in Fig. 10-13 may be found by determining individual areas and 
then adding or substracting as required. Thus, the shaded area in the figure equals the sum of the aeas of the 
square and the semicircle: A — + 5(1677-) = 64 + Stt. 




Fig. 10-13 



SOLVED PROBLEMS 



10.15 Finding areas of combination figures 

Find the shaded areaineachpart of Fig. 10-14. In (a), circles A, B, and Care tangent externally and 
each has radius 3. In (b), each arc is part of a circle of radius 9. 




(a) (b) 

Fig. 10-14 



Solutions 

(a) Areaof AA5C = ^s^Vi = ^(62) Vs = 9 Vs. Area of sector I = ^^i^r^) = |^ (9^) = 
Shaded area = 9V3 + 3(f-7r) = 9V3 + f-zr. 

(b) Area of square = 18^ = 324. Area of sector I = g^o C'""^^) ~ ^^^^-^ ~ ^"""-^ 
Shaded area = 324 - 4(^77) = 324 - 8I77. 
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10.1. In a regular polygon, find (10.1) 

(a) The perimeter if the length of a side is 8 and the number of sides is 25 

(b) The perimeter if the length of a side is 2.45 and the number of sides is 10 

(c) The perimeter if the length of a side is 4| and the number of sides is 24 

(d) The number of sides if the perimeter is 325 and the length of a side is 25 

(e) The number of sides if the perimeter is 27 and the length of a side is 

(f) The length of a side if the number of sides is 30 and the perimeter is 100 

(g) The length of a side if the perimeter is 67.5 and the number of sides is 15 

10.2. In a regular polygon , find (10.1) 

(a) The length of the apothem if the diameter of an inscribed circle is 25 

(b) The length of the apothem if the radius of the inscribed circle is 23.47 

(c) The radius of the inscribed circle if the length of the apothem is 7V3 

(d) The radius of the regular polygon if the diameter of the circumscribed circle is 37 

(e) The radius of the circumscribed circle if the radius of the regular polygon is 

10.3. In a regular polygon of 15 sides, find the measure of (a) the central angle; (b) the exterior angle; (c) the interior 
angle. (10.1) 

10.4. If an exterior angle of a regular polygon measures 40°, find (a) the measure of the central angle; (b) the number 
of sides; (c) the measure of the interior angle. (10.1) 

10.5. If an interior angle of a regular polygon measures 165°, find (a) the measure of the exterior angle; (b) the measure 
of the central angle; (c) the number of sides. (10.1) 



10.6. If a central angle of a regular polygon measures 5°, find (a) the measure of the exterior angle; (b) the number of 



sides; (c) the measure of the interior angle. 

10.7. Name the regular polygon whose 

(a) Central angle measures 45° 

(b) Central angle measures 60° 

(c) Exterior angle measures 120° 



(d) Exterior angle measures 36° 

(e) Interior angle is congruent to its central angle 

(f) Interior angle measures 150° 



(10.1) 
(10.1) 



10.8. Prove each of the following: 

(a) The diagonals of a regular pentagon are congruent. 

(b) A diagonal of a regular pentagon forms an isosceles trapezoid with three of its sides. 

(c) If two diagonals of a regular pentagon intersect, the longer segment of each diagonal is 
congruent to a side of the regular pentagon. 



(10.2) 



10.9. In a regular hexagon, find 

(a) The length of a side if its radius is 9 

(b) The perimeter if its radius is 5 



(10.3) 
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c) The length of the apothem if its radius is 12 

d) Its radius if the length of a side is 6 

e) The length of the apothem if the length of a side is 26 

f) Its radius if the length of the apothem is 3V3 

g) The length of a side if the length of the apothem is 30 

h) The perimeter if the length of the apothem is 

n a square , find ( 1 0 .4) 

a) The length of a side if the radius is 18 

b) The length of the apothem if the radius is 14 

c) The perimeter if the radius is 5V2 

d) The radius if the length of a side is 16 

e) The length of a side if the length of the apothem is 1 .7 

f) The perimeter if the length of the apothem is 3| 

g) The radius if the perimeter is 40 

h) The length of the apothem if the perimeter is 16^ 

n an equilateral triangle, find (10.5) 

a) The length of a side if its radius is 30 

b) The length of the apothem if its radius is 28 

c) The length of an altitude if its radius is 18 

d) The perimeter if its radius is 2V3 

e) Its radius if the length of a side is 24 

f) The length of the apothem if the length of a side is 24 

g) The length of its altitude if the length of a side is 96 

h) Its radius if the length of the apothem is 21 

i) The length of a side if the length of the apothem is 
(j) The length of the altitude if the length of the apothem is 3| 
k) The length of the altitude if the perimeter is 15 
1) The length of the apothem if the perimeter is 54 

a) Find the area of a regular pentagon to the nearest integer if the length of the apothem is 15. (10.6) 

b) Find the area of a regular decagon to the nearest integer if the length of a side is 20. 

10.13. Find the area of a regular hexagon, in radical form, if (a) the length of a side is 6; (b) its radius is 8; (c) the length 
of the apothem is 10 Vs. (10.6) 

10.14. Find the area of a square if (a) the length of the apothem is 12; (b) its radius is 9\/2; (c) its perimeter is 40. 

(10.6) 
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10.15. Find the area of an equilateral triangle, in radical form, if (10.6) 

(a) The length of the apothem is 2V3. (d) The length of the altitude is I2V3. 

(b) Its radius is 6. (e) The perimeter is 6V3. 

(c) The length of the altitude is 4. (f) The length of the apothem is 4. 

10.16. If the area of a regular hexagon is 150 , find (a) the length of a side; (b) its radius; (c) the length of the apothem. 

(10.6) 

10.17. If the area of an equilateral triangle is 81 , find (a) the length of a side; (b) the length of the altitude; (c) its 
radius; (d) the length of the apothem. (10.6) 

10.18. Find the ratio of the perimeters of two regular polygons having the same number of sides if (10.7) 

(a) The ratio of the sides is 1:8. 

(b) The ratio of their radii is 4:9. 

(c) Their radii are 18 and 20. 

(d) Their apothems have lengths 16 and 22. 

(e) The length of the larger side is triple that of the smaller. 

(f) The length of the smaller apothem is two-fifths that of the larger. 

(g) The lengths of the apothems are 20^ and 15. 

(h) The circumference of the larger circumscribed circle is 2| times that of the smaller. 

10.19. Find the ratio of the perimeters of two equilateral triangles if (a) the sides have lengths 20 and 8; (b) their radii 
are 12 and 60; (c) their apothems have lengths 2\/3and6V3; (d) the circumferences of their inscribed circles 
are 120 and 160; (e) their altitudes have lengths 5x and x. (10.7) 

10.20. Find the ratio of the lengths of the sides of two regular polygons having the same number of sides if the ratio of 
their areas is (a) 25:1; (b) 16:49; (c) x^:4; (d) 2:1; (e) 3:/; (f) ;c:18. (10.7) 

10.21. Find the ratio of the areas of two regular hexagons if (a) their sides have lengths 14 and 28; (b) their apothems have 
lengths 3 and 15; (c) their radii are 6V3and VS; (b) their perimeters are 75 and 250; (e) the circumferences of the 
circumscribed circles are 28 and 20. (10.7) 

10.22. Find the circumference of a circle in terms of tt if (a) the radius is 6; (b) the diameter is 14; (c) the area is 25t7; 
(d) the area is 377. (10.8) 

10.23. Find the area of a circle in terms of tt if (a) the radius is 3; (b) the diameter is 10; (c) the circumference is 16t7; 
(d) the circumference is tt; (e) the circumference is 677 V2. (10.8) 

10.24. In a circle, (a) find the circumference and area if the radius is 5; (b) find the radius and area if the circumference 
is 1677; (c) find the radius and circumference if the area is I677. (10.8) 

10.25. In a regular hexagon, find the circumference of the circumscribed circle if (a) the length of the apothem is 3V3; 
(b) the perimeter is 12; (c) the length of a side is 3|. Also find the circumference of its inscribed circle if (d) the length 
of the apothem is 13; (e) the length of a side is 8; (f) the perimeter is 6V3. (10.9) 
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10.26. For a square, find the area in terms of tt of the 



(10.9) 



Circumscribed circle if the length of the apothem is 7 



:b) 



Circumscribed circle if the perimeter is 24 



:c) 



Circumscribed circle if the length of a side is 8 



:d) 



Inscribed circle if the length of the apothem is 5 
Inscribed circle if the length of a side is 12 V2 



;e) 



:f) 



Inscribed circle if the perimeter is 80 



10.27. 



Find the circumference and area of the (1) circumscribed circle and (2) inscribed circle of 



(10.9) 



a) 



A regular hexagon if the length of a side is 4 

A regular hexagon if the length of the apothem is 4 \/3 



;b) 



(c) An equilateral triangle if the length of the altitude is 9 

(d) An equilateral triangle if the length of the apothem is 4 

(e) A square if the length of a side is 20 

(f) A square if the length of the apothem is 3 

10.28. Find the radius of a pipe having the same capacity as two pipes whose radii are (a) 6 ft and 8 ft; (b) 8 ft and 15 ft; 
(c) 3 ft and 6 ft. (Hint. Find the areas of their circular cross-sections.) (10.10) 

10.29. In a circle, find the length of a 90° arc if (10.11) 

(a) The radius is 4. 

(b) The diameter is 40. 

(c) The circumference is 32. 

(d) The circumference is 44ir. 

(e) An inscribed hexagon has a side of length 12. 

(f) An inscribed equilateral triangle has an altitude of length 30 . 

10.30. Find the length of (10.11) 

(a) A 90° arc if the radius of the circle is 6 

(b) A 180° arc if the circumference is 25 

(c) A 30° arc if the circumference is 6077 

(d) A 40° arc if the diameter is 18 

(e) An arc intercepted by the side of a regular hexagon inscribed in a circle of radius 3 

(f) An arc intercepted by a chord of length 12 in a circle of radius 12. 

10.31. In a circle, find the area of a 60° sector if (10.12) 

(a) The radius is 6. (e) The area of the circle is 27 . 

(b) The diameter is 2. (f) The area of a 240° sector is 52. 

(c) The circumference is IOtt. (g) An inscribed hexagon has a side of length 12. 

(d) The area of the circle is 15077. (h) An inscribed hexagon has an area of 24 Vs. 
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10.32. Find the area of a (10.12) 

(a) 60° sector if the radius of the circle is 6 (c) 15° sector if the area of the circle is 7277 

(b) 240° sector if the area of the circle is 30 (d) 90° sector if its arc length is Att 

10.33. Find the measure of a central angle of an arc whose length is (10.12) 

(a) 3 m if the circumference is 9 m (d) 677- if the circumference is I2n 

(b) 2 ft if the circumference is 1 yd (e) Three-eighths of the circumference 

(c) 25 if the circumference is 250 (f) Equal to the radius 

10.34. Find the measure of a central angle of a sector whose area is (10.12) 

(a) 10 if the area of the circle is 50 (d) 5t7 if the area of the circle is 127r 

(b) 15 cm^ if the area of the circle is 20 cm^ (e) Eight-ninths of the area of the circle 

(c) 1 ft^ if the area of the circle is 1 yd^ 

10.35. Find the measure of a central angle of (10.11 and 10.12) 

(a) An arc whose length is 57r if the area of its sector is 257r 

(b) An arc whose length is 12i7- if the area of its sector is 4877 

(c) A sector whose area is 277 if the length of its arc is n 

(d) A sector whose area is 1077 if the length of its arc is 277 

10.36. Find the radius of a circle if a (10.11 and 10.12) 

(a) 120° arc has a length of 877 (d) 30° sector has an area of 377 

(b) 40° arc has a length of 277 (e) 36° sector has an area of 2^77 

(c) 270° arc has a length of 1577 (f) 120° sector has an area of 677 

10.37. Find the radius of a circle if a sector of area (10.12) 

(a) 1277 has an arc of length 677 

(b) IO77 has an arc of length 277 

(c) 25 cm^ has an arc of length 5 cm 

(d) 162 has an arc of length 36 

10.38. Find the area of a segment if its central angle is 60° and the radius of the circle is (a) 6; (b) 12; (c) 3; (d) r; 

(e) 2r. (10.13) 

10.39. Find the area of a segment of a circle if (10.13) 

(a) The radius of the circle is 4 and the central angle measures 90°. 

(b) The radius of the circle is 30 and the central angle measures 60°. 

(c) The radius of the circle and the chord of the segment each have length 12. 

(d) The central angle is 90° and the length of the arc is 477. 

(e) Its chord of length 20 units is 10 units from the center of the circle. 

10.40. Find the area of a segment of a circle if the radius of the circle is 8 and the central angle measures (a) 120°; 
(b) 135°; (c) 150°. (10.13) 
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10.41. If the radius of a circle is 4, find the area of each segment formed by an inscribed (a) equilateral triangle; 
(b) regular hexagon; (c) square. (10.13 and 10.14) 

10.42. Find the area of each segment of a circle if the segments are formed by an inscribed (10.13) 

(a) Equilateral triangle and the radius of the circle is 6 

(b) Regular hexagon and the radius of the circle is 3 

(c) Square and the radius of the circle is 6 




Or) W 

Fig. 10-15 

10.43. Find the shaded area in each part of Fig. 10-15. Each heavy dot represents the center of an arc or a circle. 

(10.15) 

10.44. Find the shaded area in each part of Fig. 10-16. Each dot represents the center of an arc or circle. (10.15) 




(a) (h) (c) 

Fig. 10-16 
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Locus 



11.1 Determining a Locus 



Locus, in Latin, means location. The plural is loci. A locus of points is the set of points, and only those points, 
that satisfy given conditions. 

Thus, the locus of points that are 1 in from a given point P is the set of points 1 in from P. These points 
lie on a circle with its center at P and a radius of 1 in, and hence this circle is the required locus (Fig. 11-1). 
Note that we show loci as long-short dashed figures. 




Fig. 11-1 



To determine a locus, (1) state what is given and the condition to be satisfied; (2) find several points 
satisfying the condition which indicate the shape of the locus; then (3) connect the points and describe the 
locus fully. 

All geometric constructions require the use of straightedges and compasses. Hence if a locus is to be con- 
structed, such drawing instruments can be used. 



II.IA Fundamental Locus Theorems 

PRINCIPLE 1: The locus of points equidistant from two given points is the perpendicular bisector of the line 
segment joining the two points (Fig. 11-2). 

I 

I 

■ ill - 

i 

Fig. 11-2 



PRINCIPLE 2: The locus of points equidistant from two given parallel lines is a line parallel to the two 
lines and midway between them (Fig. 11-3). 

PRINCIPLES: The locus of points equidistant from the sides of a given angle is the bisector of the angle 
(Fig. 11-4). 
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PRINCIPLE 4: The locus of points equidistant from two given intersecting lines is the bisectors of the an- 
gles formed by the lines (Fig. 11-5). 




Fig. 11-5 Fig. 11-6 



PRINCIPLE 5: The locus of points equidistant from two concentric circles is the circle concentric with the 
given circles and midway between them (Fig. 11-6). 

PRINCIPLE 6: The locus of points at a given distance from a given point is a circle whose center is the 
given point and whose radius is the given distance (Fig. 11-7). 




Fig. 11-7 Fig. 11-8 



PRINCIPLE 7: The locus of points at a given distance from a given line is a pair of lines, parallel to the 
given line and at the given distance from the given line (Fig. 11-8). 

PRINCIPLE 8: The locus of points at a given distance from a given circle whose radius is greater than that 
distance is a pair of concentric circles, one on either side of the given circle and at the given 
distance from it (Fig. 11-9). 

PRINCIPLE 9: The locus of points at a given distance from a given circle whose radius is less than the dis- 
tance is a circle, outside the given circle and concentric with it (Fig. 11-10). (If r = J, the 
locus also includes the center of the given circle.) 

Fig. 11-10 




Fig. 11-9 
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SOLVED PROBLEMS 



11.1 Determining loci 

Determine the locus of (a) a runner moving equidistant from the sides of a straight track; (b) a plane 
flying equidistant from two separated aircraft batteries; (c) a satellite 100 mi above the earth; (d) the 
furthermost point reached by a gun with a range of 10 mi. 

Solutions 

See Fig. 11-11. 

(a) The locus is a line parallel to the two given lines and midway between them. 

(b) The locus is the perpendicular bisector of the line joining the two points. 

(c) The locus is a circle concentric with the earth and of radius 100 mi greater than that of the earth. 

(d) The locus is a circle of radius 10 mi with its center at the gun. 




(a) (*) (c) (rf) 

Fig. 11-11 

11.2 Determining the iocus of the center of a circie 

Determine the locus of the center of a circular disk (a) moving so that it touches each of two parallel lines; 
(b) moving tangentially to two concentric circles; (c) moving so that its rim passes through a fixed point; 
(d) rolling along a large fixed circular hoop. 

Solutions 

See Fig. 11-12. 




(c) W 
Fig. 11-12 
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(a) The locus is a line parallel to the two given lines and midway between them. 

(b) The locus is a circle concentric with the given circles and midway between them. 

(c) The locus is a circle whose center is the given point and whose radius is the radius of the circular disk. 

(d) The locus is a circle outside the given circle and concentric to it. 

11.3 Constructing loci 

Construct (a) the locus of points equidistant from two given points; (b) the locus of points equidis- 
tant from two given parallel lines; (c) the locus of points at a given distance from a given circle whose 
radius is less than that distance. 

Solutions 

See Fig. 11-13. 



A* 




Fig. 11-13 



11.2 Locating Points by Means of intersecting Loci 

A point or points which satisfy two conditions may be found by drawing the locus for each condition. The 
required points are the points of intersection of the two loci. 
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11.4 Locating points tliat satisfy two conditions 

On a map locate buried treasure that is 3 ft from a tree (T) and equidistant from two points (A and B) 
in Fig. 11-14. 




Fig. 11-14 
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Solution 

The required loci are (1) tlie perpendicular bisector of AB and (2) a circle with its center at T and radius 3 ft. 
As shown, these meet in and P^, which are the locations of the treasure. 

Note: The diagram shows the two loci intersecting at P^ and P^. However, there are three possible kinds of so- 
lutions, depending on the location of Twith respect to A and B: 

1. The solution has two points if the loci intersect. 

2. The solution has one point if the perpendicular bisector is tangent to the circle. 

3. The solution has no points if the perpendicular bisector does not meet the circle. 



11.3 Proving a Locus 

To prove that a locus satisfies a given condition, it is necessary to prove the locus theorem and its converse 
or its inverse. Thus to prove that a circle A of radius 2 in is the locus of points 2 in from A, it is necessary to 
prove either that 

1 . Any point on circle A is 2 in from A. 

2. Any point 2 in from A is on circle A (converse of statement 1). 
or that 

1 . Any point on circle A is 2 in from A. 

2. Any point not on circle A is not 2 in from A (inverse of statement 1). 

These statements are easily proved using the principle that a point is outside, on, or inside a circle accord- 
ing as its distance from the center is greater than, equal to, or less than the radius of the circle. 
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11.5 Proving a locus tlieorem 

Prove that the locus of points equidistant from two given points is the perpendicular bisector of the 
segment joining the two points. 

Solution 

First prove that any point on the locus satisfies the condition 

Given: Points A and B. CD is the ± bisector of AS. 
To Prove: Any point P on CD is equidistant 

from A and B; that is, M = PB. 
Plan: Prove APEA s APEB to obtain PA = PB. 

PROOF: 



Statements 


Reasons 


1. 


CD is the ± bisector of AB. 


1. 


Given 


2. 


APEA = APEB 


2. 


Perpendiculars form right angles; all right angles are 








congruent. 


3. 


AE = EB 


3. 


To bisect is to divide into congruent parts. 


4. 


PE=PE 


4. 


Reflexive property 


5. 


APEA = APEB 


5. 


SAS 


6. 


PA = PB 


6. 


Corresponding parts of = triangles are = . 
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Then prove that any point satisfying the condition is on the locus 

Given: Any point Q which is equidistant 
from points A and B (QA = QB). 
To Prove: Q is on the perpendicular bisector of AB. 
Plan: Draw QG perpendicular to AB and prove 
by congruent triangles that QG bisects AB. 

PROOF: 



Statements 


Reasons 


1. 


DrawQG ± AB. 


1. 


Through an external point, a line can be drawn per- 








pendicular to a given line. 


2. 


QA = QB 


2. 


Given 


3. 


^QGA and ^QGB are rt. Zs; 


3. 


Perpendiculars form right angles; As with a 




AQGA and AQGfi are rt. As. 




Tt.A are rt. As. 


4. 


QG=QG 


4. 


Reflexive property 


5. 


AQGA= AQGB 


5. 


Hy-leg 


6. 


AG=GB 


6. 


Corresponding parts of = triangles are =. 


7. 


QG bisectsAfi . 


7. 


To bisect is to divide into two congruent parts 


8. 


QG is _L bisector of AB. 


8. 


A line perpendicular to a segment and bisecting it 








is its perpendicular bisector. 





11.1. Determine the locus of (11.1) 

(a) The midpoints of the radii of a given circle 

(b) The midpoints of chords of a given circle parallel to a given line 

(c) The midpoints of chords of fixed length in a given circle 

(d) The vertex of the right angle of a triangle having a given hypotenuse 

(e) The vertex of an isosceles triangle having a given base 

(f) The center of a circle which passes through two given points 

(g) The center of a circle tangent to a given line at a given point on that line 

(h) The center of a circle tangent to the sides of a given angle 

11.2. Determine the locus of (11.1) 

(a) A boat moving so that it is equidistant from the parallel banks of a stream 

(b) A swimmer maintaining the same distance from two floats 

(c) A police helicopter in pursuit of a car which has just passed the junction of two straight roads and which 
may be on either one of them 

(d) A treasure buried at the same distance from two intersecting straight roads 



11.3. Determine the locus of (a) a planet moving at a fixed distance from its sun; (b) a boat moving at a fixed distance 
from the coast of a circular island; (c) plants laid at a distance of 20 ft from a straight row of other plants; (d) the 
outer extremity of a clock hand . (11.1) 
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11.4. Excluding points lying outside rectangle ASCZ) in Fig. 11-15, find the locus of points which are 

(a) Equidistant fi-om AD and BC (e) 5 units fi-om BC 

(b) Equidistant from AB and CD (f) 10 units from AB 

(c) Equidistant from A and B (g) 20 units from CD 

(d) Equidistant from B and C (h) 10 units from B 



(11.1) 



10 



G 



10 



A 10 H 10 
Fig. 11-15 



D 




11.5. Find the locus of points in rhombus ABCD in Fig. 11-16, which are equidistant from (a) AB and AD; (b) AB and 
BC; (c) A and C; (d) BmdD; (e) each of the four sides . (11.1) 

11.6. In Fig. 11-17, find the locus of points which are on or inside circle C and (11.1 and 11.2) 

(a) 5 units from O (e) 10 units from circle A 

(b) 15 units from O (f) 5 units from circle B 

(c) Equidistant from circles A and C (g) The center of a circle tangent to circles A and C 

(d) 10 units from circle C 




Fig. 11-17 

11.7. Determine the locus of the center of (a) a coin rolling around and touching a smaller coin; (b) a coin rolling 
around and touching a larger coin; (c) a wheel moving between two parallel bars and touching both of them; 
(d) a wheel moving along a straight metal bar and touching it. (11-2) 



11.8. Find the locus of points that are in rectangle A5CD of Fig. 11-18 and the center of a circle 

(a) Tangent to AD and 5C (d) Of radius 10, tangent to iJC 

(b) Tangent to Ae and CD (e) Of radius 20, tangent to AD 

(c) Tangent to AD and £F (f) Tangent to 5C at G 



(11.2) 
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10 



E 



10 



16 



16 



16 H 16 

Fig. 11-18 
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10 
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11.9. Locate each of the following: 



(11.4) 



(a) Treasure that is buried 5 ft from a straight fence and equidistant from two given points where the fence 
meets the ground 

(b) Points that are 3 ft from a circle whose radius is 2 ft and are equidistant from two lines which are parallel 

to each other and tangent to the circle 

(c) A point equidistant from the three vertices of a given triangle 

(d) A point equidistant from two given points and equidistant from two given parallels 

(e) Points equidistant from two given intersecting lines and 5 ft from their intersection 

(f) A point that is equidistant from the sides of an angle and ^ in from their intersection 

11.10. Locate the point or points which satisfy the following conditions with respect to AASC in Fig. 11-19: (11.4) 

(a) Equidistant from its sides 

(b) Equidistant from its vertices 

(c) Equidistant from A and B and from AB and BC 

(d) Equidistant from BC and AC and 5 units from C 

(e) 5 units from B and 10 units from A 





Fig. 11-19 

11.11. Excluding points lying outside square ABCD in Fig. 11-20, how many points are there that are 

(a) Equidistant from its vertices 

(b) Equidistant from its sides 

(c) 5 units from E and on one of the diagonals 

(d) 5 units from E and equidistant from AD and BC 

(e) 5 units from FG and equidistant from AB and CD 

(f) 20 units from A and 10 units from B 



(11.4) 



11.12. Prove that the locus of points equidistant from the sides of an angle is the bisector of the angle. (11.5) 
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12.1 Graphs 

A number line is a line on which distances from a point are marked off in equal units, positively in one 
direction and negatively in the other. The origin is the zero point from which distances are measured. 
Figure 12-1 shows a horizontal number line. 



.9 

O 

n 1 1 1 1 1 1 1 1 1 r 

-5^-3 -2 -1 0 1 2 3 4 5 
Horizontal Number Line 

Fig. 12-1 



The graph shown in Fig. 12-2 is formed by combining two number lines at right angles to each other so 
that their zero points coincide. The horizontal number line is called the x-axis, and the vertical number line 
is the y-axis. The point where the two lines cross each other is, again, called the origin. 

A point is located on a graph by its coordinates, which are its distances from the axes. The abscissa or 
x-coordinate of a point is its distance from the y-axis. The ordinate or y-coordinate of a point is its distance 
from the x-axis. 

When the coordinates of a point are stated, the x-coordinate precedes the y-coordinate. Thus, the coordi- 
nates of point P in Fig. 12-2 are written (4, 3); those for Q are (—4, —3). Note the parentheses. 

The quadrants of a graph are the four parts cut off by the axes. These are numbered I, n, in, and IV in a 
counterclockwise direction, as shown in Fig. 12-2. 



-3 1 



Q(-*r-rj* 



m 



4, 



+3 



1 +2 +3 +4 45 



IV 



Fig. 12-2 



SOLVED PROBLEMS 



12.1 Locating points on a grapli 

Give the coordinates of the following points in Fig. 12-3: 
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Fig. 12-3 



(a) B (c) O (e) (g) P (i) R 

(b) M (d) L (f) G (h) 2 (j) 5 

So/tyt/ons 

(a) (2,2) (c) (0,0) (e)(-li-li) (g) (0,3) (i)(0,-li) 

(b) (-3,3) (d)(-4,-3) (f)(li-2^) (h) (-2,0) (j) (^0) 

12.2 Coordinates of points in the four quadrants 

What are the signs of the coordinates of (a) a point in quadrant I; (b) a point in quadrant II; (c) a point 
in quadrant III; (d) a point in quadrant IV? Show which coordinate has a sign and which zero value 
for a point between quadrants (e) IV and I; (f) I and 11; (g) n and HI; (h) HI and IV. 

Solutions 

(a) (+,+) (c)(-,-) (e) (+,0) (g) (-,0) 

(b) (-,+) (d)(+,-) (f)(0,+) (h)(0,-) 



12.3 Grapliing a quadrilaterai 

If the vertices of a rectangle have the coordinates A(3, 1), B(—5, I), C(— 5, -3), and Z)(3— 3), find 
its perimeter and area. 



Solution 

The base and height of the rectangle are 8 and 4 (see Fig. 12-4). Hence, the perimeter is 2b + 2h = 2(8) -I- 
2(4) = 24, and the area is bh = (8)(4) = 32. 



C(l,5) 




Fig. 12-4 Fig. 12-5 
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12.4 Graphing a triangle 

If the vertices of a triangle have the coordinates a(4|,— 2), b(—2|,— 2) and C(l, 5),find its area. 

Solution 

The length of the base is BA = 7 (see Fig. 12-5). The height is CD = 7. Then A = Ibh = |(7)(7) = 24^ 



12.2 Midpoint of a Segment 

The coordinates (x^, yj of the midpoint M of the line segment joining P{x^ , y^) to Qix^, jj) are 

Xm = k^i + X2) and y„ = ^(ji + jj) 

In Fig. 12-6, segment y^ is the median of trapezoid CPQD, whose bases are y^ and y^. Since the length of 

a median is one-half the sum of the bases, y„ = jCji + yz)- Similarly, segment is the median of trapezoid 
ABQP, whose bases are x^ and x^; hence, x^ = ^(xj + Xj). 
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12.5 Applying the midpoint formula 

If Mis the midpoint of PQ, find the coordinates of (a) Mif the coordinates of P and Q are P(3, 4) and 
2(5, 8); (b) Q if the coordinates of P and M are P(l , 5) and M(3, 4). 

Solutions 

(a) = + X,) = i(3 + 5) = 4; ^„ = ^(j, + y^) = j(4 + 8) = 6. 

(b) x„ = |(xi + X2), so 3 = 1(1 + X2) and Xj = 5;>'„ = J(y^ + y^), so 4 = |(5 + y^) and = 3. 

12.6 Determining if segments bisect each other 

The vertices of a quadrilateral are A(0, 0), B(0, 3), C(4, 3), and D(4, 0). 

(a) Show that ABCD is a rectangle. 

(b) Show that the midpoint of AC is also the midpoint of BD. 

(c) Do the diagonals bisect each other? Why? 
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Solutions 

(a) From Fig. 12-7, A5 = CD = 3 and BC = AD = 4; hence, ABCD is a parallelogram. 
Since /LEAD is a riglit angle, AS CD is a rectangle. 
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Fig. 12-7 



(b) The coordinates of the midpoint of AC are X = ^(0 + 4) = 2,y = ^(0 + 3) = \\. 
The coordinates of the midpoint of BD &r& x = \(Q + A) = 2,y = |(3 + 0) = l|. 
Hence, (2, l|) is the midpoint of both AC and SD. 

(c) Yes, since the midpoints of both diagonals are the same point. 



12.3 Distance Between Two Points 

PRINCIPLE 1: The distance between two points having the same ordinate (or y-value) is the absolute value 
of the difference of their abscissas. (Hence, the distance between two points must be positive.) 

Thus, the distance between the point P(6, 1) and 2(9, 1) is 9 — 6 = 3. 

PRINCIPLE 2: The distance between two points having the same abscissa {or x-value) is the absolute value 
of the difference of their ordinates. 

Thus, the distance between the points P(2, 1) and 2(2, 4) is 4 — 1 =3. 

PRINCIPLE 3: The distance d between the points {x^,y^ and Pp^.^, is 

d = V(X2 - x,y + (3^2 - y,y or d= V(A^)^T7A)02 

The difference — x^ is denoted by the symbol z\x; the difference y^ — y^ is denoted by A_y. Delta (A) is the 
fourth letter of the Greek alphabet, corresponding to our d. The difference ^ and Ay may be positive or negative. 



SOLVED PROBLEMS 



12.7 Providing and using the distance formuia 

(a) Prove the distance formula (Principle 3) algebraically. 

(b) Use it to find the distance between A(2, 5) and B{6, 8). 

Solutions 

(a) See Fig. 12-8. By Principle l,Pj5' = x^ — x^ = Ax. By Principle 2,P^S = ~ }'i = Ay. Also, in right tri- 
angle P^SP^, 

(PiP^y = (P^sy + (P^sy 

or fifz = (X2 - Xi)2 + CVz - yi^ 

and d = V(x2 - + tVz - yO^ 
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Fig. 12-8 

(b) The distance from A(2, 5) to 5(6, 8) is found as follows: 

ix,y) 

8(6,8)^X2 = 6,y2 = 8 

A(2,5)^xi = 2,y, = 5 

= - xiy + (y2- y^y 
(P = (6 -2)2 + (S - 5)2 = 42 + 32 = 25 and d = 5 

12.8 Finding the distance between two points 

Find the distance between the points (a) (-3, 5) and (1, 5); (b) (3,-2) and (3,4); (c) (3, 4) and 
(6, 8); (-3, 2) and (9,-3). 

Solutions 

(a) Since both points have the same ordinate (or jy- value), d = x^ — x^ = 1 — (—3) = 4 

(b) Since both points have the same abscissa (or x-value), d = y^ — y^ = 4 — (—2) = 6 

(c) d = V(X2 - xi)2 + (y2 - yi)2 = V{6 - 3)2 + (8 - 4)2 = V32 + 42 = 5 

(d) d = V(X2 - xi)2 + (y2 - )'i)2 = V[9 - (-3)]2 + (-3 - 2)2 = V122 + (-5)2 = 13 

12.9 Applying the distance formuia to a triangie 

(a) Find the lengths of the sides of a triangle whose vertices are A(l, 1), 5(1, 4), and C(5, 1). 

(b) Show that the triangle whose vertices are G(2, 10), H{3, 2), and /(6, 4) is a right triangle. 

Solutions 

See Fig. 12-9. 




(a) W 

Fig. 12-9 
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(a) AC = 5 - 1 = 4 and AS = 4 - 1 = 3; BC = V(5 - + (1 - 4)2 = V42 + ( -3)^ = 5. 

(b) (G7)^ = (6 - 2)2 + (4 - 10)2 = 52; (H/)2 = (6 - 3)2 + (4 - 2)2 = 13; (Gfl)2 = (2 - 3)2 + (10 - 2)2 
= 65. Since (GJ)^ + (HJ)^ = {GH)\ AGHJis a right triangle. 

12.10 Applying the distance formula to a parallelogram 

The coordinates of the vertices of a quadrilateral are A(2, 2),B(3, 5), C(6, 7), and D(5,4). Show that 
ABCD is a parallelogram. 

Solution 

See Fig. 12-10, where we have 

AB = V(3 - 2)2 + (5 - 2)2 = Vp + 32 = VK) 

CD = Vce - 5)2 + (7 - 4)2 = + 32 = VU) 

BC = V(6 - 3)2 + (7 - 5)2 = V'32 + 22 = Vl3 

AD = V(5 - 2)2 + (4 - 2)2 = V32 + 22 = VTs 

Thus, AB s CD and BC s AD. Since opposite sides are congruent, ABCD is a parallelogram. 
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Fig. 12-10 



12.11 Applying the distance formula to a circle 

A circle is tangent to the jc-axis and has its center at (6,4). Where is the point (9, 7) with respect to 
the circle? 

Solution 

Since the circle is tangent to the x-axis, Ag in Fig. 12-11 is a radius. By Principle 2, Ag = 4. 

By Principle 3 , BQ = V(9 - 6)2 + (7 - 4)2 = V32 -I- 32 = VTs . Since VTs is greater than 4, Bg is 
greater than a radius so B is outside the circle. 
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Fig. 12-11 
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±2A Slope of a Line 



PRINCIPLE 1: If a line passes through the points (x^, and P-^x^, y^, then 

Slope ofP.P^ = 3^-^ = ^ 

PRINCIPLE 2: The line whose equation is y — mx + b has slope m. 

PRINCIPLE 3: The slope of a line equals the tangent of its inclination. 

The inclination i of a line is the angle above the x-axis that is included between the line and the positive 
direction of the jc-axis (see Fig. 12-12). In the figure, 



y2 — y\ ^y 
Slope of /^iPj = jcT^ ^ Ax 



= m = tan J 



The slope is independent of the order in which the end points are selected. Thus, 
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Fig. 12-12 



12AA Positive and Negative Slopes 

PRINCIPLE 4: If a line slants upward from left to right, its inclination i is an acute angle and its slope is pos- 
itive (Fig. 12-13). 
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PRINCIPLE 5: If a line slants downward from left to right, its inclination is an obtuse angle and its slope 
is negative (Fig. 12-14). 

PRINCIPLE 6: If a line is parallel to the x-axis, its inclination is 0° and its slope is 0 (Fig. 12-15). 
PRINCIPLE 7: If a line is perpendicular to the x-axis, its inclination is 90° and it has no slope (Fig. 12-16). 
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Fig. 12-16 



12-4B Slopes of Parallel and Perpendicular Lines 

PRINCIPLE 8: Parallel lines have the same slope. 

In Fig. 12-17, / II /'; hence, corresponding angles / and i' are equal, and tan i = tan i' orm — m', where m 
and m' are the slopes of I and /' . 

PRINCIPLE 9: Lines having the same slope are parallel to each other. (This is the converse of Principle 8.) 




Fig. 12-17 Fig. 12-18 



PRINCIPLE 10: Perpendicular lines have slopes that are negative reciprocals of each other. (Negative 
reciprocals are numbers, such as 5 and — ^, whose product is —1.) 

Thus in Fig. 12-18, if / ± /',thenOT = — l/rn'ormm' = —1, where m and w' are the slopes of / and /'. 

PRINCIPLE 11: Lines whose slopes are negative reciprocals of each other are perpendicular. (This is the 
converse of Principle 10.) 



12.4C Collinear Points 

Collinear points are points which lie on the same straight line. Thus, A, B, and C are collinear points here: 



Q c B A p 
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PRINCIPLE 12: The slope of a straight line is constant all along the line. 

Thus if PQ above is a straight line, the slope of the segment from A to B equals the slope of the segment from 
etc Q. 

PRINCIPLE 13: If the slope of a segment between a first point and a second equals the slope of the segment 
between either point and a third, then the points are collinear. 



SOLVED PROBLEMS 



12.12 Slope and inclination of a line 

(a) Find the slope of the line through (—2, — 1) and (4, 3). 

(b) Find the slope of the line whose equation is — 4x = 15. 

(c) Find the inclination of the line whose equation isy = x + A. 

Solutions 

yi ~ yi 3 — (—1) 4 2 

(a) By principle 1, m = 3,^^ = 4^7^ = 6 = 3 

(b) We may rewrite 3^ — 4jc = 15 as y = |jc + 5, from which m = \. 

(c) Since y = jc + 4, we have m = I; thus, tan j = 1 and i = 45°. 

12.13 Slopes of parallel or perpendicular lines 

Find the slope of CD if (a) AB \\ CD and the slope of AS is 5; (b) AB ± CD and the slope of 
AB is I. 

Solutions 

(a) By Principle 8, slope of CD = slope of AB = |. 

(b) By Principle 10, slope of CD = = 'J/i = 

12.14 Applying principles 9 and 11 to triangles and quadrilaterals 

Complete each of the following statements: 

<->■ <->■ ■e-> ^ J 

(a) In quadrilateral ABCD, if the slopes of AB, BC, CD, and DA are 2, —2, 2, and —2, respectively, 
the quadrilateral is a . 

(b) In triangle LMP, if the slopes of LM and MP are 5 and —5, then LMP is a • triangle. 
Solutions 

(a) Since the slopes of the opposite sides are equal, ABCD is a parallelogram. In addition, the slopes of 
adjacent sides are negative reciprocals; hence, those sides are _L and ASCD is a rectangle. 

(b) Since the slopes of LM and MP are negative reciprocals, LM ± MP and the triangle is a right 
triangle. 

12.15 Applying principle 12 

(a) AB has a slope of 2 and points A, B, and C are collinear. What are the slopes of AC and BC? 

(b) Find y if G(l, 4), if(3, 2), and /(9, 3^) are collinear. 
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Solutions 

(a) By Principle 12, AC and BC have a slope of 2. 

« <-> }'~42 — 4 y — A —2 

(b) By Principle 12, slope of GJ = slope of GH. Hence ^ _ = 3 — V ^° ''^^^ — 8 — ~ ~ ~^ 

y=-A. 



12.5 Locus in Analytic Geometry 

A locus of points is the set of points, and only those points, satisfying a given condition. In geometry, a line 
or curve (or set of lines or curves) on a graph is the locus of analytic points that satisfy the equation of the 
line or curve. 

Think of the locus as the path of a point moving according to a given condition or as the set of points sat- 
isfying a given condition. 

PRINCIPLE 1: The locus of points whose abscissa is a constant k is a line parallel to the y-axis; its equa- 
tion is X = k. (See Fig. 12-19.) 

PRINCIPLE 2: The locus of points whose ordinate is a constant k is a line parallel to the x-axis; its equa- 
tion is y = k. (See Fig. 12-19.) 




PRINCIPLE 3: The locus of points whose ordinate equals the product of a constant m and its abscissa is a 
straight line passing through the origin; its equation is y = mx. 

The constant m is the slope of the line. (See Fig. 12-20.) 

PRINCIPLE 4: The locus of points whose ordinate and abscissa are related by either of the equations 

y ~ y\ 

y — mx + b or ^ — ^ = m 
where m and b are constants, is a line (Fig. 12-21). 

y ~ yi 

In the equation y = mx -\- b,misthe slope and b is the y-intercept. The equation ^ _ ^ = m tells us that 
the line passes through the fixed point (Xj , y^) and has a slope of w. ' 
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PRINCIPLE 5: The locus of points such that the sum of the squares of the coordinates is a constant is a cir- 
cle whose center is the origin. 

The constant is the square of the radius, and the equation of the circle is 
(see Fig. 12-22). Note that for any point P{x, y) on the circle, x'- + = r^. 



SOLVED PROBLEMS 



12.16 Applying principles 1 and 2 

Graph and give the equation of the locus of points (a) whose ordinate is —2; (b) that are 3 units from 
the y-axis; (c) that are equidistant from the points (3, 0) and (5,0). 

Solutions 

(a) From Principle 2, the equation is y = —2; see Fig. 12- 23(a). 

(b) From Principle 1, the equation is x = 3 and x = —3; see Fig. 12-23(b). 

(c) The equation is jc = 4; see Fig. 12- 23(c). 
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Fig. 12-23 
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12.17 Applying principles 3 and 4 

1 3 y ~ 1 3 

Graph and describe the locus whose equation is (a) 3^ = ja: + 1; (b) y = 2^; (c) ^ _ ^ = ^. 

Solutions 

(a) The locus is a line whose >'-intercept is 1 and whose slope equals \. See Fig. 12-24(a). 

(b) The locus is a line which passes through the origin and has slope |. See Fig. 12-24(b). 

(c) The locus is a line which passes through the point (1,1) and has slope |. See Fig. 12-24(c). 
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Fig. 12-24 
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12.18 Applying principle 5 

Graph and give the equation of the locus of points (a) 2 units from the origin; (b) 2 units from the 
locus of + = 9. 

Solutions 

(a) The locus is a circle whose equation is + = 4. See Fig. 12-25(a). 

(b) The locus is a pair of circles, each 2 units from the circle with center at O and radius 3. Their equations 
are + / = 25 and + / = 1 . See Fig. 12-25(b). 
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Fig. 12-25 



12.6 Areas in Analytic Geometry 



12.6A Area of a Triangle 

If one side of a triangle is parallel to either coordinate axis, the length of that side and the length of the alti- 
tude to that side can be found readily. Then the formula A = \bh can be used. 
If no side of a triangle is parallel to either axis, then either 

1. The triangle can be enclosed in a rectangle whose sides are parallel to the axes (Fig. 12-26), or 

2. Trapezoids whose bases are parallel to the y-axis can be formed by dropping perpendiculars to the 
jc-axis (Fig. 12-27). 
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Fig. 12-26 Fig. 12-27 

The area of the triangle can then be found from the areas of the figures so formed: 

1. In Fig. 12-26, area (AABQ = area(rectangle ADEF) - [area(AABD) -I- area (ABCE) + area (AACF)]. 

2. In Fig. 12-27, area (AABC) = area(trapezoid AB£D) -I- area(trapezoid BEFQ - area (trapezoid DFCA). 

12.6B Area of a Quadrilateral 

The trapezoid method described above can be extended to finding the area of a quadrilateral if its vertices 
are given. 
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SOLVED PROBLEMS 



12.19 Area of a triangle having a side parallel to an axis 

Find the area of the triangle whose vertices are A(l , 2), B(7, 2), and C(5, 4). 

Solution 

From the graph of the triangle (Fig. 12-28), we see that ^ = 7 — 1=6 and /j = 4 — 2 = 2. Then 
A = lbh = i(6)(2) = 6. 
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Fig. 12-28 

12.20 Area of a triangle having no side parallel to an axis 

Find the area of AABC whose vertices are A(2, 4), B(5, 8) and C(8, 2) (a) using the rectangle method; 
(b) using the trapezoid method. 

Solutions 

See Fig. 12-29. 
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Fig. 12-29 



(a) Area of rectangle DEFC = bfi = 6(6) = 36. Then: 
Areaof ADAC = ^bh = ^(2)(6) = 6. 
Areaof AASE = ^bh = |(3)(4) = 6. 



Areaof ABCF 



^bh 



S(3)(6) 



So area(AABO = aiea(DEFQ - area(ADAC + ZsABE + Z\BCF) = 36 - (6 + 6 + 9) = 15. 
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(b) Area of trapezoid = ^hib + b') = ^(3)(4 + 8) = 18. 

Area of trapezoid BC/// = i(3)(2 + 8) = 15. 
Area of trapezoid ACiG = ^(6)(2 + 4) = 18. 

Then area(AABO = area(ABHG) + area(BC7/f) - area(AC7G) = 18 + 15 - 18 = 15. 



12.7 Proving Theorems with Anaiytic Geometry 

Many theorems of plane geometry can be proved with analytic geometry. The procedure for proving a the- 
orem has two major steps, as follows: 

1. Place each figure in a convenient position on a graph. For a triangle, rectangle, or parallelogram, place 
one vertex at the origin and one side of the figure on the jc-axis. Indicate the coordinates of each vertex 
(Fig. 12-30). 
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Fig. 12-30 
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2. Apply the principles of analytic geometry. For example, prove that lines are parallel by showing that 
their slopes are equal; or that lines are perpendicular by showing that their slopes are negative recipro- 
cals of each other. Use the midpoint formula when the midpoint of a segment is involved, and use the 
distance formula to obtain the lengths of segments. 



SOLVED PROBLEM 



12.21 Proving a theorem with anaiytic geometry 

Using analytic geometry, prove that the diagonals of a parallelogram bisect each other. 

Solution 

Given: EJABCD, diagonals ~AC and BD. 
To Prove: AC and BD bisect each other. 
Plan: Use the midpoint formula to obtain the 

coordinates of the midpoints of the diagonals 

Place O ABCD with vertex A at the origin and side AD along the x-axis (Fig. 12-31). Then the vertices have 

the coordinates A(0, 0), B{a, h), C(a + c, h), and D(c, 0). 

fa + c b\ 

By the midpoint formula, the midpoint of AC has the coordinates — ^ — , ^j, and the midpoint of BD has 

fa+c b\ 

the coordinates I — 2 — > 2 )• Then the diagonals bisect each other, since the midpoints of both diagonals are the 
same point. 
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Fig. 12-31 



12.1. State the coordinates of each lettered point in Fig. 12-32. 



(12.1) 











E 


-4 


y 






c 


































F 








D 








B 




































G 










A 




X 






\ 




2 




0 






I 


\ 








H 






























-2- 




• 






<L 










I 






J 






















=4 















Fig. 12-32 



12.2. Plot each of the following points: 



(12.2) 



A(-2-3) C(0, -1) £(3,-4) G(0, 3) 
B(-3,2) D(-3,0) F(\\,2\) ff(3|,0) 

12.3. Plot the following points: A(2, 3), B(-3, 3), C(-3, -2), D(2, -2). Then find the perimeter and area of square 
ABCD. 

12.4. Plot the following points: A(4, 3), B(- 1,3), C(-3, -3), D(2, -3). Then find the area of parallelogram ABCD 
and triangle BCD. (12.3, 12.4) 



12.5. Find the midpoint of the segment joining 

(a) (0, 0) and (8, 6) (e) (-20, -5) and (0, 0) 

(b) (0,0) and (5, 7) (f) (0, 4) and (0, 16) 

(c) (0,0) and (-8, 12) (g) (8, 0) and (0, -2) 

(d) (14, 10) and (0, 0) (h) (-10, 0) and (0, -5) 



(12.5) 



(i) (3, 4) and (7, 6) 

(j) (-2, -8) and (-4, -12) 

(k) (7, 9) and (3, 3) 

(1) (2, -l)and(-2, -5) 



12.6. Find the midpoints of the sides of a triangle whose vertices are 

(a) (0, 0), (8, 0), (0, 6) (c) (12, 0), (0, -4), (0,0) (e) (4, 0), (0, -6), (-4, 10) 

(b) (-6,0), (0,0), (0,10) (d) (3, 5), (5, 7), (3, 11) (f) (-1, -2), (0, 2), (1, -1) 



(12.5) 
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12.7. Find the midpoints of the sides of the quadrilateral whose successive vertices are (12.5) 

(a) (0,0), (0,4), (2, 10), (6,0) (c) (-2, 0), (0,4), (6, 2), (0, -10) 

(b) (-3, 5), (-1,9), (7, 3), (5,-1) (d) (-3, -7), (-1,5), (9,0), (5, -8) 

12.8. Find the midpoints of the diagonals of the quadrilateral whose successive vertices are (12.5) 

(a) (0, 0), (0, 5), (4, 12), (8, 1) (c) (0, -5), (0, 1), (4, 9), (4, 3) 

(b) (-4,-l),(-2,3),(6,l),(2,-8) 



12.9. Find the center of a circle if the end points of a diameter are (12.5) 

(a) (0,0) and (-4, 6) (c) (-3, 1) and (0, -5) (e) (a, b) and (3a, 5b) 

(b) (-1,0) and (-5, -12) (d) (0, 0) and (2a, 2fc) (f) (a, 2/?) and (a, 2c) 

12.10. If M is the midpoint of AB, find the coordinates of (12.5) 

(a) M if the coordinates of A and B are A(2, 5) and 5(6, 1 1) 

(b) A if the coordinates of M and 5 are M(l , 3) and B(3, 6) 

(c) B if the coordinates of A and M are A(— 2, 1) and M(2, — 1) 

12.11. The trisection points of AD are B and C. Find the coordinates of (12.5) 

(a) B if the coordinates of A and C are A( 1 , 2) and C(3 , 5) 

(b) D if the coordinates of B and C are B(0, 5) and C(li 4) 

(c) A if the coordinates of S and C are fi(0, 6) and C(2, 3) 



12.12. A(0, 0), B(0, 5), C(6, 5), and D(6, 0) are the vertices of quadrilateral ABCD. (12.6) 

(a) Prove that ABCD is a rectangle. 

(b) Show that the midpoints of AC and BD have the same coordinates. 

(c) Do the diagonals bisect each other? Why? 

12.13. Theverticesof AABCareA(0,0),B(0,4),andC(6,0). (12.6) 

(a) If AD is the median to BC, find the coordinates of D and the midpoint of AD. 

(b) If CE is the median to AB, find the coordinates of E and the midpoint of CE. 

(c) Do the medians, AD and CE, bisect each other? Why? 



12.14. Find the distance between each of the following pairs of points: (12.8) 

(a) (0,0) and (0,5) (d) (-6, -1) and (-6, 11) (g) (-3, -4|) and (-3,4|) 

(b) (4,0) and (-2,0) (e) (5, 3) and (5, 8.4) (h) (a, b) and (2a, b) 

(c) (0,-3) and (0,7) (f) (-1.5,7) and (6, 7) 
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12.15. Find the distances separating pairs of the following coUinear points: (12.8) 

(a) (5, -2), (5,1), (5, 4) (c) (-4, 2), (-3, 2), (0,2) 

(b) (0, -6), (0, -2), (0, 12) (d) (0, b), (a, b), (3a, b) 

12.16. Find the distance between each of the following pairs of points: (12.8) 

(a) (0,0) and (5, 12) (e) (-3, -6), and (3, 2) (i) (3, 4) and (4, 7) 

(b) (-3, -4) and (0,0) (f) (2, 3) and (-10, 12) G) (-1, -1) and (1, 3) 

(c) (0,-6) and (9,6) (g) (2, 2) and (5, 5) (k) (-3, 0) and (0, V7) 

(d) (4,1) and (7, 5) (h) (0, 5) and (-5,0) (1) (a, 0) and (0, a) 

12.17. Show that the triangles having the following vertices are isosceles triangles: (12.9) 

(a) A(3,5),B(6,9),andC(2,6) (c) G(5, -5), //(-2, -2), and 7(8, 2) 

(b) Z)(2,0),£(6,0),andF(4,4) (d) /s:(7,0),L(3,4),andM(2, -1) 

12.18. Which of the triangles having the following vertices are right triangles? (12.9) 

(a) A(7,0),B(6,3),andC(12,5) (c) G(l, -l),ff(5,0),and7(3,8) 

(b) D(2,0),£;(5,2),andF(l,8) (d) ^(-4,0),L(-2,4),andM(4, -1) 

12.19. The vertices of AABC are A(-2, 2), B(4, 4), and C(8, 2). Find the length of the median to (a) AB; (b) AC; 

(c) BC. (12.9) 

12.20. (a) The vertices of quadrilateral ABCD are A(0, 0), B{3, 2), C(7, 7), and D(4, 5). Show that ABCD is a 

parallelogram. (12.10) 

(b) The vertices of quadrilateral DEFG are £)(3 , 5) , £( 1 , 1 ) , F(5 , 3) , and G(7 , 7) . Show that DEFG is a 
rhombus. 

(c) The vertices of quadrilateral HJKL are //(0, 0), 7(4, 4),KiO, 8), and L(-4, 4). Show that HJKL is a square. 

12.21. Find the radius of a circle that has its center at (12.11) 

(a) (0, 0) and passes through (—6, 8) (d) (2, 0) and passes through (7, — 12) 

(b) (0, 0) and passes through (3, —4) (e) (4, 3) and is tangent to the y-axis 

(c) (0, 0) and passes through (—5, 5) (f) (—1,7) and is tangent to the line x = —4 

12.22. A circle has its center at the origin and a radius of 10. State whether each of the following points is 
on, inside, or outside of this circle: (a) (6,8); (b) (-6,8); (c) (0, 11); (d) (-10,0); (e) (7,7); (f) (-9,4); 
(g)(9,Vl9). (12.11) 

12.23. Find the slope of the line through each of the following pairs of points: (12.12) 

(a) (0,0) and (5, 9) (e) (-2, -3) and (7, 15) (i) (3, -9) and (0, 0) 

(b) (0,0) and (9, 5) (f) (-2, -3) and (2, 1) (j) (0, -2) and (8, 10) 

(c) (0, 0) and (6, 15) (g) (3, -4) and (5, 6) (k) (-1, -5) and (1, -7) 

(d) (2, 3) and (6, 15) (h) (0, 0) and (-4, 8) (1) (-3, -4) and (-1, -2) 
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12.24. Find the slope of the Une whose equation is 

(a) y = 3x — 4 (e) y = 5x 

(b) y = 4x - 3 (f) y = 5 

(c) y = -lx + 5 (g) 2y = 6x- 10 

(d) y = S-7x (h) 2y = lOx - 6 



(12.12) 



(i) 3y = -12x + 6 
Q) 3y=n-2x 
(k) y + jc = 21 
(1) 2jc = 12 - y 



(m) y = x - 3 
(n) |y = 2jc — 6 
(o) = 7 - jc 
(p)y + 2x= I 



12.25. Find the inclination, to the nearest degree, of each of the following lines: 

(a) y = 3x-l (c) 2y = 5x + 10 (e) 5y = 5x - 3 

(b) y = |x - 1 (d) y = fx + 5 (f) y = -3 



(12.12) 



12.26. Find the slope of a line whose inclination is (a) 5°; (b) 17°; (c) 20°; (d) 35°; (e) 45°; (f) 73°; (g) 85°. (12.12) 

12.27. Find the inclination, to the nearest degree, of a line whose slope is (a) 0; (b) 0.4663; (c) 1, (d) 1.4281; (e) |; 
if)h(S)h (h)l|; (i)2i (12.12) 

12.28. In hexagon ABCDEF of Fig. 12-33, CD\\AF. Which sides or diagonals have (a) positive slope; (b) negative 
slope; (c) zero slope; (d) no slope? 




Fig. 12-33 

12.29. Find the slope of a line that is parallel to a line whose slope is (a) 0; (b) has no slope; (c) 5; (d) —5; (e) 0.5; 
(f) -0.0005. (12.13) 



12.30. Find the slope of a line that is parallel to the line whose equation is 

(a) y = 0 (c) x = l (e) y = 5x-2 (g) 3y - 6jt: = 12 

(b) X = 0 (d) y = 7 (f) x + y = 5 



(12.13) 



12.31. Find the slope of a line that is parallel to a line which passes through (a) (0, 0) and (2, 3); (b) (2, — 1) and (5, 6); 
(c) (3, 4) and (5, 2); (d) (1, 2) and (0, -4). (12.13) 



12.32. Find the slope of a line that is perpendicular to a line whose slope is 

(a) i (c) 3 (e) 0.1 (g) - | 

(b) 1 (d) 2i (f) -1 (h) - 3^ 



(12.13) 



(i) 0 

(j) has no slope 



12.33. Find the slope of a line that is perpendicular to a line which passes through (a) (0, 0) and (0, 5); (b) (0, 0) and 
(2, 1); (c) (0, 0) and (3, -1); (d) (1, 1) and (3, 3). (12.13) 
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12.34. In rectangle DEFG, the slope of DE is |. What is the slope of (a) EF; (b) FG; (c) DG? (12.14) 

12.35. In OA5CD the slope ofAB is land the slope of BC is - |. What is the slope of (a) AZ5; (b) CZ5; (c) the altitude 
of AD; (d) the altitude to CD? (12.14) 



12.36. The vertices of AABC are A(0 , 5) , S(3 , 7) , and C(5 , - 1 ) . What is the slope of the altitude to (a) AB; (b) BC; 
(c)AC? (12.14) 



12.37. Which of the following sets of points are collinear: (a) (2, 1), (4, 4), (8, 10); (b) (- 1, 1), (2, 4), (6, 8); (c) (1 , - 1), 
(3,4), (5, 8)? (12.15) 



12.38. What values of k will make the following trios of points collinear (a) A(0, 1), 5(2, 7), C(6, k); (b) D( - 1 , 5), 
E(3,k),F(5, 11); (c) G(0, jfc), //(1, 1),7(3, -1)? (12.15) 

12.39. State the equation of the line or pair of lines which is the locus of points (12.16) 

(a) Whose abscissa is —5 (f) 3 units from the line x = 2 

(b) Whose ordinate is 3| (g) 6 units above the line y = —2 

(c) 3 units from the x-axis (h) 1 unit to the right of the y-axis 

(d) 5 units below the x-axis (i) Equidistant from the lines x = 5 and x = 13 

(e) 4 units from the j'-axis 

12.40. State the equation of the locus of the center of a circle that (12.18) 

(a) Is tangent to the X-axis at (6, 0) (d) Passes through the origin and (10,0) 

(b) Is tangent to the y-axis at (0, 5) (e) Passes through (3, 7) and (9, 7) 

(c) Is tangent to the lines x = 4 and x = 8 (f) Passes through (3, —2) and (3, 8) 

12.41. State the equation of the line or pair of lines which is the locus of points (12.16) 

(a) Whose coordinates are equal (e) The sum of whose coordinates is 12 

(b) Whose ordinate is 5 more than the abscissa (f) The difference of whose coordinates is 2 

(c) Whose abscissa is 4 less than the ordinate (g) Equidistant from the x-axis and y-axis 

(d) Whose ordinate exceeds the abscissa by 10 (h) Equidistant from x + y = 3 and x + y = 7 

12.42. Describe the locus of each of the following equations: (12.17) 

(a) y = 2x + 5 (c) = | (e) x + y = 7 

(b) = 4 (d) y = ix (f) = X 



12.43. 



State the equation of a line which passes through the origin and has a slope of (a) 4; (b) —2; (c) |; 
(d)-i;(e)0. (12.17) 
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12.44. State the equation of a line which has a y- intercept of (12.17) 

(a) 5 and a slope of 4 (d) 8 and is parallel to y = 3;c — 2 

(b) 2 and a slope of —3 (e) —3 and is parallel toy = 7 — 4jc 

(c) — 1 and a slope of | (f) 0 and is parallel to y — 2x = 8 

12.45. State the equation of a line which has a slope of 2 and passes through (a) (1, 4); (b) (—2, 3); (c) (—4, 0); 

(d) (0, -7). (12.17) 

12.46. State the equation of a line (12.17) 

(a) Which passes through the origin and has a slope of 4 

(b) Which passes through (0, 3) and has a slope of | 

(c) Which passes through (1,2) and has a slope of 3 

(d) Which passes through (—1,-2) and has a slope of | 

(e) Which passes through the origin and is parallel to a line that has a slope of 2 

12.47. (a) Describe the locus of the equation + / = 49. (12.18) 

(b) State the equation of the locus of points 4 units from the origin. 

(c) State the equations of the locus of points 3 units from the locus of + = 25. 

12.48. State the equation of the locus of point 5 units from (a) the origin; (b) the circle + y^ = 16; (c) the circle 
j^ + y^ = 49. (12.18) 

12.49. What is the radius of the circle whose equation is (a) + y^ = 9; (b) x^ + y^ = y; (c) 9x^ + 9y^ = 36; 

(d) x2 + / = 3? (12.18) 

12.50. What is the equation of a circle whose center is the origin and whose radius is (a) 4; (b) 11; (c) 3; (d) Ij; (e) 

(f) |V3? (12.18) 

12.51. Find the area of AABC, whose vertices are A(0, 0) and (12.19) 

(a) 5(0, 5) and C(4, 5) (c) 5(0, 8) and C(-5, 8) (e) 5(6, 2) and C(7, 0) 

(b) 6(0, 5) and C(4, 2) (d) 5(0, 8) and C(-5, 12) (f) 5(6, -5) and C(10, 0) 

12.52. Find the area of a (12.19) 

(a) Triangle whose vertices are A(0, 0), 5(3, 4), and C(8, 0) 

(b) Triangle whose vertices are D(l , 1), £(5, 6), and F(l , 7) 

(c) Rectangle three of whose vertices are H(2 , 2) , J(2 , 6) , and K(l , 2) 

(d) Parallelogram three of whose vertices are L(3 , 1 ) , M(9 , 1 ) , and P(5 , 5) 



12.53. Find the area of ADEF, whose vertices are D(0, 0) and (a) £(6, 4) and F(8, 2); (b) £(3, 2) and F(6, -4); 
(c)£(-2,3) andF(10,7). (12.20) 
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12.54. Find the area of a triangle whose vertices are (a) (0, 0), (2, 3), and (4, 1); (b) (1, 1), (7, 3), and (3,6); (c) (-1,2), 
(0,-2), and (3,1). (12.20) 

12.55. The vertices of AABC are A(2, 1), B(8, 9), and C(5, 7). (a) Find the area of AABC. (b) Find the length of AS. 
(c) Find the length of the altitude to AB. (12.20) 

12.56. Find the area of a quadrilateral whose vertices are (a) (3, 3), (10, 4), (8, 7), and (5,6); (b) (0, 4), (5, 8), (10, 6), 
and (14, 0); (c) (0,1), (2,4), (8, 10), and (12, 2). 

12.57. Find the area of the quadrilateral formed by the lines (12.19) 

(a) X = 0,x = 5,y = 0,and3' = 6 (d) x =0,x = 6,y = 0,and)' = x + I 

(b) X = 0,x = 7,y = —2, and y = 5 (e) y = 0,y = 4,y = x, and y = x +4 

(c) X = —3,x = 5,y = 3,and)' = — 8 (f) y = 0,y = 6,y = 2x,and)' = 2jc + 6 

12.58. Prove each of the following with analjftic geometry: (12.21) 

(a) Aline segment joining the midpoints of two sides of a triangle is parallel to the third side. 

(b) The diagonals of a rhombus are perpendicular to each other. 

(c) The median to the base of an isosceles triangle is perpendicular to the base. 

(d) The length of a line segment joining the midpoints of two sides of a triangle equals one-half the length of 

the third side. 

(e) If the midpoints of the sides of a rectangle taken in succession are joined, the quadrilateral formed is a 
rhombus. 

(f) In a right triangle, the length of the median to the hypotenuse is one-half the length of the hypotenuse. 



CHAPTER 




Inequalities and 
Indirect Reasoning 

13.1 Inequalities 

An inequality is a statement that quantities are not equal. If two quantities are unequal, the first is either 
greater than or less than the other. The inequality symbols are: 7^, meaning unequal to; >, meaning greater 
than; and <, meaning less than. Thus, 4 ^ 3 is read "four is unequal to three"; 7 > 2 is read "seven is 
greater than two"; and 1 < 5 is read "one is less than five." 

Two inequalities may be of the same order or of opposite order. In inequalities of the same order, the same 
inequality symbol is used; in inequalities of the opposite order, opposite inequality symbols are used. Thus, 
5 > 3 and 10 > 7 are inequalities of the same order; 5 > 3 and 7 < 10 are inequalities of opposite order. 

Inequalities of the same order may be combined, as follows. The inequalities x<y and y <z may be com- 
bined into X < y < z, which states that y is greater than x and less than z. The inequalities a> b and b > c 
may be combined into a> b> c, which states b is less than a and greater than c. 

13. lA Inequality Axioms 

Axioms are statements that are accepted as true without proof and are used in the same way as theorems. 

AXIOM 1: A quantity may be substituted for its equal in any inequality. 

Thus \ix > V and y = 10, then x > 10. 

AXIOM 2: If the first of three quantities is greater than the second, and the second is greater than the third, 
then the first is greater than the third. 

Thus \fx> y and y > z, then x > z. 

AXIOM 3: The whole is greater than any of its parts. 

Thus, A5 > AM and mZ5AD > m^BACin Fig. 13-1. 




Fig. 13-1 

13. IB Inequality Axioms of Operation 

AXIOM 4: If equals are added to unequals, the sums are unequal in the same order. 

Since 5 > 4 and 4 = 4, we know that 5 + 4 > 4 + 4 (or 9 > 8). If x - 4 < 5, then - 4 + 4 < 5 + 4 or x < 9. 
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AXIOM 5: Ifunequals are added to unequals of the same order, the sums are unequal in the same order. 

Since 5 > 3and4 > 1, we have 5 + 4 > 3 + 1 (or 9 > 4). If 2a: - 4 < 5 andx + 4 < 8, then 2a: -4 + .v: + 4<5 + 8 
or 3.x < 13. 

AXIOM 6: If equals are subtracted from unequals, the differences are unequal in the same order 

Since 10 > 5 and 3 = 3, we have 10 - 3 > 5 - 3 (or 7 > 2). If a + 6 < 9 and 6 = 6,then.\: + 6- 6<9-6orA<3. 

AXIOM 7: If unequals are subtracted from equals, the differences are unequal in the opposite order. 

Since 10 = 10 and 5 > 3, we have 10 - 5 < 10 - 3 (or 5 < 7). If a + >: = 12 and y > 5, then x + y- y<\2~5 
or X <1 . 

AXIOMS: If unequals are multiplied by the same positive number, the products are unequal in the same 
order. 

Thus if \x < 5, then iC^x) < 4(5) or a < 20. 

AXIOM 9: Ifunequals are multiplied by the same negative number, the results are unequal in the opposite 
order. 

Thus if ^.t < 5, then {-l)(^x) > (-2)(5) or -x > - 10 or x < 10. 

AXIOM 10: Ifunequals are divided by the same positive number, the results are unequal in the same order 
Ax 20 

Thus if 4a: > 20, then ^ > ^ or a > 5. 

AXIOM 11: If unequals are divided by the same negative number, the results are unequal in the opposite 
order. 

— 7v- 42 

Thus if —7a < 42, then _^ > or a > —6. 

13. IC Inequality Postulate 

POSTULATE 1: The length of a line segment is the shortest distance between two points. 

13. ID Triangle Inequality Theorems 

PRINCIPLE 1: The sum of the lengths of two sides of a triangle is greater than the length of the third side. 

(Corollary: The length of the longest side of a triangle is less than the sum of the lengths of 
the other two sides and greater than their difference) 

Thus in Fig. 13-2, BC + CA> AB and AS > BC - AC. 

ZyjB 
^ D 

Fig. 13-2 

PRINCIPLE 2: In a triangle, the measure of an exterior angle is larger than the measure of either nonad- 
jacent interior angle. 

Thus in Fig. 13-2, m/LBCD > mABAC and mABCD > mAABC. 

PRINCIPLES: If the lengths of two sides of a triangle are unequal, the measures of the angles opposite 
these sides are unequal, the larger angle being opposite the longer side. (Corollary: The 
largest angle of a triangle is opposite the longest side) 

Thus in Fig. 13-2, if 5C > AC, then m LA > m /LB. 
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PRINCIPLE 4: If the measures of two angles of a triangle are unequal, the lengths of the sides opposite 
these angles are unequal, the longer side being opposite the larger angle. (Corollary: The 
longest side of a triangle is opposite the largest angle) 

Thus in Fig. 13-2, if m^A > m^B, then BC > AC. 

PRINCIPLES: The perpendicular from a point to a line is the shortest segment from the point to the 
line. 

Thus in Fig. 13-3, if PC ±AB anATD is any other line from P to AS, then PC < PD. 




Fig. 13-3 Fig. 13-4 



PRINCIPLE 6: If two sides of a triangle are congruent to two sides of another triangle, the triangle having 
the greater included angle has the greater third side. 

Thus in Fig. 13-4, if 5C = B'C',AC = A'C, and mZC > mZC, then AB > A'B'. 

PRINCIPLE 7: If two sides of a triangle are congruent to two sides of another triangle, the triangle having 
the greater third side has the greater angle opposite this side. 

Thus in Fig. 13-4, if BC = 5' C, AC = A'C, and AB > A'B', then mZO mZC. 

13. IE Circle Inequality Theorems 

PRINCIPLE 8: In the same or equal circles, the greater central angle has the greater arc. 

Thus in Fig. 13-5, if mZAOB > m^COD, then mAB > mCD. 

PRINCIPLE 9: In the same or equal circles, the greater arc has the greater central angle. (This is the con- 
verse of Principle 8 .) 

Thus in Fig. 13-5, if mAB > mCD, then mAAOB > m^COD. 




Fig. 13-5 Fig. 13-6 

PRINCIPLE 10: In the same or equal circles, the greater chord has the greater minor arc. 

Thus in Fig. 13-6, if AB > CD, then mAB > mCD. 

PRINCIPLE 11: In the same or equal circles, the greater minor arc has the greater chord. (This is the con- 
verse of Principle 10.) 

Thus in Fig. 13-6, if mAB > mCD, then AB > CD. 

PRINCIPLE 12: In the same or equal circles, the greater chord is at a smaller distance from the center 

Thus in Fig. 13-7, if AB > CD, then OE < OF. 
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Fig. 13-7 

PRINCIPLE 13: In the same or equal circles, the chord at the smaller distance from the center is the greater 
chord. (This is the converse of Principle 12.) 

Thus in Fig. 13-7, if 0£ < OF, then AB > CD. 



SOLVED PROBLEMS 



13.1 Selecting inequality symbols 

Determine which inequality symbol, > or <, makes each of the following true: 

(a) 5_Z_3 (c) -5_?_3 (e) Ifx = 3,thenx2_?_x. 

(b) 6_?_9 (d) -5_?_-3 (f) Ifx> 10,then 10_?_x. 

Solutions 

(a) > (b) < (c) < (d) < (e) > (f) < 

13.2 Applying inequality axioms 

Complete each of the following statements: 

(a) If fl > ^> and ^7 > 8, then a -J— 8. 

(b) If X > y and V = 15, thenx^Z_ 15. 

(c) If c < 20 and d < 5, then c + d -J— 25. 

(d) If X > y and y> 6, then x ? y ? 6. 

(e) If X > y, then \x ?_ \y. 

(f) If e < \f, then Ae _J_f. 

(g) If -y < z then y ? - z. 

(h) If -4x > p, then x ? - Ip. 

(i) If Paul and Jack have equal amounts of money and Paul spends more than Jack, then Paul will 
have ? than Jack. 

(j) If Anne is now older than Helen, then 10 years ago, Anne was ? than Helen. 
Solutions 

(a) > (c) < (e) > (g) > (i) less 

(b) > (d) >,> (f) < (h) < G) older 

13.3 Applying triangle inequality theorems (Fig. 13-8) 

(a) Determine the integer values that the length of side a of the triangle can have if the other two sides 
have lengths 3 and 7. 
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(b) Determine which is the longest side of the triangle if two angles have measures 59° and 60°. 

(c) Determine which is the longest side of parallelogram ABCD if E is the midpoint of the diagonals 
and m^AEB > mAAED. 

A 




(a) (b) (c) 

Fig. 13-8 



Solutions 

(a) Since a must be less than 3 + 7 = 10 and greater than 7 — 3 = 4, a can have the integer values of 5,6,7, 8, 9. 

(b) Since niAB = 59° and mAC = 60°, mAA = 180° - (59° + 60°) = 61°. Then the longest side is opposite 
the largest angle, AA, so the longest side is BC. 

(c) In CJABCD, AE = CE and DE = EB. Since m AAEB > mAAED,AB > AD or AB (= DQ is the longest 
side (Principle 6). 

.4 Applying circle inequality theorems 

In Fig. 13-9, compare 

(a) OD and OF if ZC is the largest angle of AABC 

(b) AC and BC if mAC > mBC 

(c) mBC and mAC if OF > OE 

(d) m^AOB and m^BOC if mAB > mBC 



A 




Fig. 13-9 

Solutions 

(a) Since AC is the largest angle of the triangle, Afi is the longest side, or AB > BC; hence, 
OD < OF hy Principle 12. 

(b) Since mAC > mBC, AC > BC, the greater arc having the greater chord. 

(c) Since OF > 0£, BC < AC by Principle 13;hence, mBC < mAC by Principle 10. 

(d) Since mAB > mBC, mAAOB > mABOC, the greater arc having the greater central angle. 
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13.5 Proving an inequality problem 

Prove that in AABC, if M is the midpoint of AC and BM > AM, then mZA + mZC > m/LB. 

Given: AABC, M is midpoint of AC. jg 



BM>AM 
To Prove: mAA + m^C > niAB 
Plan: Prove mAA > m/Ll and mZC > mZ2 
and then add unequals. 




A M C 

PROOF: 



Statements 


Reasons 


1. 


M is the midpoint of AC. 


1. 


Given 


2. 


AM = MC 


2. 


A midpoint divides a line into two congruent parts. 


3. 


BM>AM 


3. 


Given 


4. 


BM>MC 


4. 


A quantity may be substituted for its equal in any 








inequality. Definition of congruent segments. 


5. 


lnAAMB,mAA > Zl. 


5. 


In a triangle, the larger angle lies opposite the 




InABMCmAO A2. 




longer side. 


6. 


m^A + m^O m^B 


6. 


If unequals are added to unequals , the sums are 








unequal in the same order. 



13.2 Indirect Reasoning 

We often arrive at a correct conclusion by indirect reasoning. In this form of reasoning, the correct conclu- 
sion is reached by eliminating all possible conclusions except one. The remaining possibility must be the cor- 
rect one. Suppose we are given the years 1492, 1809, and 1960 and are assured that one of these years is the 
year in which a president of the United States was born. By eliminating 1492 and I960 as impossibilities, 
we know by indirect reasoning that 1809 is the correct answer. (Had we known that 1809 was the year in 
which Lincoln was bom, the reasoning would have been direct.) 

In proving a theorem by indirect reasoning, a possible conclusion may be eliminated if we assume it is true 
and that assumption results in a contradiction of some given or known fact. 



SOLVED PROBLEMS 



13.6 Applying indirect reasoning in life situations 

Explain how indirect reasoning is used in each of the following situations: 

(a) A detective determines the murderer of a slain person. 

(b) A librarian determines which volume of a set of books is in use. 

Solutions 

(a) The detective, using a list of all those who could have been a murderer in the case, eliminates all except 
one. He or she concludes that the remaining one is the murderer. 

(b) The librarian finds all the books of the set except one by looking on the shelf and checking the records. 
He or she concludes that the missing one is the one in use. 
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13.7 Proving an inequality tlieorem by tlie indirect metliod 

Prove that in the same or equal circles, unequal chords are unequally distant from the center. 

Given: Circle O, ABt^ CD A, 
OE ± AB, OF ±CD 

To Prove: OE ^ OF 

Plan: Assume the other possible conclusion, 
OE = OF, and arrive at a contradiction. 

PROOF: 




Statements 


Reasons 


1. 


Either OE = OF or OE OF. 


1. 


Two quantities are either equal or unequal. 


2. 


Assume OE = OF. 


2. 


This is one of the possible conclusions. 


3. 


If OE = OF, then A5 = CD. 


3. 


In the same or equal circles, chords equally 








distant from the center are equal. 


4. 


ButAfi 7^ CD. 


4. 


Given 


5. 


The assumption OE = OF is not valid. 


5. 


It leads to a contradiction. 


6. 


Hence, OE OF. 


6. 


This is the only remaining possibility. 



SUPPLEMENTARY PROBLEMS 



13.1. Determine which inequality symbol, > or <, makes each of the following true: 



(13.1) 



(a) If3;> 15, then 15^ 

(b) \ix = 2,then3x - 1 _ 

(c) If X = 2 and v = 3 , then xy . 



- y- 

J?_4. 



(d) If a = 4 and = J, then a/b _ 



15. 



(e) If a = 5 , then a- _ 



(f) lib 



, then b^ _ 



_4fl. 
.b. 



13.2. Complete each of the following statements: 
(a) U y > X and x = z, then y ? z. 



(c) If a < and b < 15, then a . 



15. 



(b) If a + b > c and b = d, then a + d . 



(d) \f z> y,y > X, and x = 10, then z - 



AO. 



13.3. Complete each of the following statements about Fig. 13-10: 

(a) BCJI—BD (c) AADC JI—AABC 

(b) m/RAD ? m/RAC (d) U m/ A = m/ C, the.n AR ? RD 



(13.2) 



(13.2) 




Fig. 13-10 



13.4. Complete each of the following statements: 



(13.2) 



(a) If Mary and Ann earn the same weekly wage and Mary is to receive a larger increase than Ann, then 
Mary will earn 2 Ann earns. 

(b) If Bemice, who is the same weight as Helen, loses more weight than Helen, then Bemice will weigh ? Helen 
weighs. 



13.5. Complete each of the following statements: 

(a) If a > 3,then4fl^Z_ 12. 

(b) If.x - 3 > 15,thenx^Z_18. 



(13.2) 



(d) If/> 8,then/+ 7^ 

(e) If X = y, then .f + 5 . 



(c) lf3x < 18, then jc. 



.6. 



. 15. 

J_y + 6. 
(f) Ifg = /!,theng - 10^Z_/i - 9. 
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13.6. Which of the following sets of numbers can be the lengths of the sides of a triangle? 
(a) 3,4,8 (b) 5,7,12 (c) 3,4,6 (d) 2,7,8 (e) 50,50,5 



(13.3) 



13.7. What integer values can the length of the third side of a triangle have if the two sides have lengths (a) 2 and 6; 
(b) 3 and 8; (c) 4 and 7; (d) 4 and 6; (e) 4 and 5; (f) 7 and 7 ? (13.3) 

13.8. In Fig . 13-11, arrange , in descending order of size , (a) the angles of AABC; (b) the sides of ADEF; (c) the angles 
1,2, and 3. (13.3) 






13.9. (a) In quadrilateral ABCD of Fig. 13-12, compare mZBAC and mZACD if A5 = CD and BO AD. 
(b) In AASCofFig. 13-13, compare AB and 5C if SM is the median to AC and m^AMB > m^BMC. 

13.10. Arrange, in descending order of magnitude, 

(a) The sides of AA5Cin Fig. 13-14 

(b) The central angles AOB, BOC, and AOC in Fig. 13-14 

(c) The sides of trapezoid ABCD in Fig. 13-15 

(d) The distances of the sides of ADEF from the center in Fig. 13-16 



(13.3) 
(13.4) 




Fig. 13-14 



Fig. 13-16 
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13.11. Provide the proofs requested in Fig. 13-17. 



(13.5) 



(fl) Given: Parallelogram ABCD (6) Given: Rhombus FGHJ 
AOBD inLOmLF 
To Prove: mLBDA >mLCAl) To Prove: Ft. > Ol. 



((■) Given: AD bisects /.A 

CD bisects ^C,AB>BC 
To Prove: AD>CD 




[d) Given: AE\\BC 

m^DAE>m^EAC 
To Prove: AOAB 





(e) Given: Quad. ABCD 

AB > BC. AD > CD 
To Prove: ml.C>m/-A 





(/) Given: AB = AC 
To Prove: BD > CD 




Fig. 13-17 

13.12. Explain how indirect reasoning is used in each of the following situations: (13.6) 

(a) A person determines which of his ties has been borrowed by his roommate. 

(b) A girl determines that the electric motor in her train set is not defective even though her toy trains do not run. 

(c) A teacher finds which of his students did not do their assigned homework. 

(d) A mechanic finds the reason why the battery in a car does not work. 

(e) A person accused of a crime proves her innocence by means of an alibi. 



13.13. Prove each of the following: (13.7) 

(a) The base angles of an isosceles triangle cannot be right angles. 

(b) A scalene triangle cannot have two congruent angles. 

(c) The median to the base of a scalene triangle cannot be perpendicular to the base. 

(d) If the diagonals of a parallelogram are not congruent, then it is not a rectangle. 

(e) If a diagonal of a parallelogram does not bisect a vertex angle, then the parallelogram is not a rhombus. 

(f) If two angles of a triangle are unequal, the sides opposite are unequal, the longer side being opposite the 
larger angle. 



CHAPTER 14 



Improvement of Reasoning 



14.1 Definitions 



"Was Lincoln an educated man?" is a question that cannot be properly answered unless we agree upon the 
meaning of "an educated man." Understanding cannot exist and progress cannot be made in any discussion 
or problem unless the terms involved are properly defined or, by agreement, are to be undefined. 

14.1A Requirements of a Good Definition 

PRINCIPLE 1: All terms in a definition must have been previously defined {or be those that, by agreement, 
are left undefined) . 

Thus, if we are to define a regular polygon as an equilateral and equiangular polygon, it is necessary that 
equilateral, equiangular, and polygon be previously defined. 

PRINCIPLE 2: The term being defined should be placed in the next larger set or class to which it belongs. 

Thus, the terms polygon, quadrilateral, parallelogram, and rectangle should 
be defined in that order. Once the term polygon has been defined, the term 
quadrilateral is then defined as a kind of polygon. Then the term parallelo- 
gram is defined as a kind of quadrilateral and, lastly, the term rectangle is de- 
fined as a kind of parallelogram. 

Proper sequence in definition can be understood by using a circle to 
represent a set of objects. In Fig. 14-1, the set of rectangles is in the next 
larger set of parallelograms. In turn, the set of parallelograms is in the next larger 
set of quadrilaterals, and, finally, the set of quadrilaterals is in the next 
larger set of polygons. 



PRINCIPLES: The term being defined should be distinguished from all 
other members of its class. 




Fig. 14-1 



Thus, the definition of a triangle as a polygon with three sides is a good one since it shows how the trian- 
gle differs from all other polygons. 

PRINCIPLE 4: The distinguishing characteristics of a defined term should be as few as possible. 

Thus, a right triangle should be defined as a triangle having a right angle, and not as a triangle having a 
right angle and two acute angles. 



SOLVED PROBLEMS 



14.1 Observing proper sequence in definition 

In which order should the terms in each of the following sets be defined: (a) Englishman, European, 
Londoner; (b) quadrilateral, square, rectangle, parallelogram. 
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Solutions 

(a) European, Englishman, Londoner 

(b) Quadrilateral, parallelogram, rectangle, square 

14.2 Correcting faulty definitions 

Correct the following definition: A trapezoid is a quadrilateral having two parallel sides. 

Solution 

The given definition is incomplete. The correct definition is "a trapezoid is a quadrilateral having only two 
parallel sides." This definition distinguishes a trapezoid from a parallelogram. 



14.2 Deductive Reasoning in Geometry 



The kinds of terms and statements discussed in this section comprise the deductive structure of geometry, 
which can be visualized as in Fig. 14-2. 



Theorems 
(Proved Statements) 



Assumptions 

(Axioms and 
Postulates) 



DeAned Terms 



Undefined Terms 



DEDUCTIVE STRUCTURE OF GEOMETRY 
Fig. 14-2 

14.2A Undefined and Defined Terms 

Point, line, and surface are the terms in geometry which are, by agreement, not defined. These undefined 
terms begin the process of definition in geometry and underlie the definitions of all other geometric 
terms. 

Thus, we can define a triangle in terms of a polygon, a polygon in terms of a geometric figure, and a geo- 
metric figure as a figure composed of line segments , or parts of lines . However, the process of definition can- 
not be continued further because the term "line" is undefined. 



14.2B Assumptions 

Postulates and axioms are the statements which are not proved in geometry. They are called assumptions 
because we willingly accept them as true. These assumptions enable us to begin the process of proof in the 
same way that undefined terms enable us to begin the process of definition. 

Thus, when we draw a line segment between two points, we justify this by using as a reason the postulate 
"two points determine one and only one straight line." This reason is an assumption since we assume it to be 
true without requiring further justification. 



14.2C Tlieorems 

Theorems are the statements which are proved in geometry. By using definitions and assumptions as 
reasons, we deduce or prove the basic theorems. As we use each new theorem to prove still more theorems, 
the process of deduction grows. However, if a new theorem is used to prove a previous one, the logical 
sequence is violated. 

For example, the theorem "the sum of the measures of the angles of a triangle equals 180°" is used to 
prove that "the sum of the measures of the angles of a pentagon is 540°." This, in turn, enables us to prove 
that "each angle of a regular pentagon measures 108°." However, it would be violating logical sequence if 
we tried to use the last theorem to prove either of the first two. 
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14.3 Converse, Inverse, and Contrapositive of a Statement 



DEFINITION 1: The converse of a statement is the statement that is formed by interchanging the 
hypothesis and conclusion. 

Thus, the converse of the statement "lions are wild animals" is "wild animals are lions." Note that the converse is not 
necessarily true. 

DEFINITION 2: The negative of a statement is the denial of the statement. 

Thus, the negative of the statement "a burglar is a criminal" is "a burglar is not a criminal." 

DEFINITION 3: The inverse of a statement is formed by denying both the hypothesis and the conclusion. 

Thus, the inverse of the statement "a burglar is a criminal" is "a person who is not a burglar is not a criminal." Note 
that the inverse is not necessarily true. 

DEFINITION 4: The contrapositive of a statement is formed by interchanging the negative of the hy- 
pothesis with the negative of the conclusion. Hence, the contrapositive is the converse 
of the inverse and the inverse of the converse. 

Thus, the contrapositive of the statement "if you live in New York City, then you will live in New York State" is "if 
you do not live in New York State, then you do not live in New York City." Note that both statements are true. 



14.3A Converse, Inverse, and Contrapositive Principles 

PRINCIPLE 1: A statement is considered false if one false instance of the statement exists. 

PRINCIPLE 2: The converse of a definition is true. 

Thus, the definition "a quadrilateral is a four-sided polygon" and its converse "a four-sided polygon is a quadrilateral" 
are both true. 

PRINCIPLE 3: The converse of a true statement other than a definition is not necessarily true. 

The statement "vertical angles are congruent angles" is true, but its converse, "congruent angles are vertical angles" 
is not necessarily true. 

PRINCIPLE 4: The inverse of a true statement is not necessarily true. 

The statement "a square is a quadrilateral" is true, but its inverse, "a non-square is not a quadrilateral," is not neces- 
sarily true. 

PRINCIPLE 5: The contrapositive of a true statement is true, and the contrapositive of a false statement is 

false. 

The statement "a triangle is a square" is false, and its contrapositive, "a non-square is not a triangle," is also false. 
The statement "right angles are congruent angles" is true, and its contrapositive, "angles that are not congruent are not 
right angles," is also true. 



14.3B Logically Equivalent Statements 

Logically equivalent statements are pairs of related statements that are either both true or both false. Thus 
according to Principle 5, a statement and its contrapositive are logically equivalent statements. Also, the 
converse and inverse of a statement are logically equivalent, since each is the contrapositive of the other. 

The relationships among a statement and its inverse, converse, and contrapositive are summed up in the 
rectangle of logical equivalency in Fig. 14-3: 
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Statement 



Converse 




Inverse 



Contrapositive 



Rectangle of Logical Equivalency 

Fig. 14-3 

1. Logically equivalent statements are at diagonally opposite vertices. Thus, the logically equivalent pairs 
of statements are (a) a statement and its contrapositive, and (b) the inverse and converse of the same 
statement. 

2. Statements that are not logically equivalent are at adjacent vertices. Thus, pairs of statements that are 
not logically equivalent are (a) a statement and its inverse, (b) a statement and its converse, (c) the 
converse and contrapositive of the same statement, and (d) the inverse and contrapositive of the same 
statement. 



SOLVED PROBLEMS 



14.3 Converse of a statement 

State the converse of each of the following statements, and indicate whether or not it is true. 

(a) Supplementary angles are two angles the sum of whose measures is 180°. 

(b) A square is a parallelogram with a right angle. 

(c) A regular polygon is an equilateral and equiangular polygon. 

Solutions 

(a) Two angles the sum of whose measures is 180° are supplementary. (True) 

(b) A parallelogram with a right angle is a square. (False) 

(c) An equilateral and equiangular polygon is a regular polygon. (True) 

14.4 Negative of a statement 

State the negative of (a) a = b; (b) m^B mLC; (c) ZC is the complement of U); (d) "the point 
does not lie on the line." 

Solutions 

(a) a¥= b 

(b) mZB = mZC 

(c) is not the complement of /-D. 

(d) The point lies on the line. 



14.5 Inverse of a statement 

State the inverse of each of the following statements, and indicate whether or not it is true. 

(a) A person bom in the United States is a citizen of the United States. 

(b) A sculptor is a talented person. 

(c) A triangle is a polygon. 
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Solutions 

(a) A person who is not born in the United States is not a citizen of the United States. (False, since there are 

naturalized citizens) 

(b) One who is not a sculptor is not a talented person. (False, since one may be a fine musician, etc.) 

(c) A figure that is not a triangle is not a polygon. (False, since the figure may be a quadrilateral, etc.) 

14.6 Forming the converse, inverse, and contrapositive 

State the converse, inverse, and contrapositive of the statement "a square is a rectangle." Determine 
the truth or falsity of each, and check the logical equivalence of the statement and its contrapositive, 
and of the converse and inverse. 

Solutions 

Statement: A square is a rectangle. (True) 

Converse: A rectangle is a square. (False) 

Inverse: A figure that is not a square is not a rectangle. (False) 

Contrapositive: A figure that is not a rectangle is not a square. (True) 

Thus, the statement and its contrapositive are true and the converse and inverse are false. 



14.4 Partial Converse and Partial Inverse of a Theorem 

A partial converse of a theorem is formed by interchanging any one condition in the hypothesis with one con- 
sequence in the conclusion. 

A partial inverse of a theorem is formed by denying one condition in the hypothesis and one consequence 
in the conclusion. 

Thus from the theorem "if a line bisects the vertex angle of an isosceles triangle, then it is an altitude to 
the base," we can form a partial inverse or partial converse as shown in Fig. 14-4. 

In forming a partial converse or inverse, the basic figure, such as the triangle in Fig. 14-4, is kept and not 
interchanged or denied. 



(a) Theorem 




(6) Partial Converse 
.A 




(c) Partial Inverse 




Given: AABC 

(/) AB = AC 

(2) AD bisects /.A. 

To Prove: (5) _AD is the altitude 
to BC. 



Given: AABC 

(2) /4D bisects /-A. 

(5) AD is the altitude to BC. 

To Prove: (/) AB = AC. 

Fig. 14-4 



Given: AABC 

(/') ABmAC 

(2) AD bisects /LA. 

To Prove: (5') AD isjiot the 
altitude to ~BC. 



In Fig. 14-4(b), the partial converse is formed by interchanging statements (1) and (3). Stated in words, 
the partial converse is: "If the bisector of an angle of a triangle is an altitude, then the triangle is isosceles." 
Another partial converse may be formed by interchanging (2) and (3) . 

In Fig. 14-4(c), the partial inverse is formed by replacing statements (1) and (3) with their negatives, (1') 
and (3'). Stated in words, the partial inverse is: "If two sides of a triangle are not congruent, the line segment 
that bisects their included angle is not an altitude to the third side." Another partial inverse may be formed 
by negating (2) and (3). 
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SOLVED PROBLEMS 



14.7 Forming partial converses witli partial inverses of a theorem 

Forni (a) partial converses and (b) partial inverses of the statement "congruent supplementary angles 
are right angles." 

Solutions 

(a) Partial converses: (1) Congruent right angles are supplementary. 

(2) Supplementary right angles are congruent. 

(b) Partial inverses: (1) Congruent angles that are not supplementary are not right angles. 

(2) Supplementary angles that are not congruent are not right angles. 



14.5 Necessary and Sufficient Conditions 

In logic and in geometry, it is often important to determine whether the conditions in the hypothesis of a 
statement are necessary or sufficient to justify its conclusion. This is done by ascertaining the truth or falsity 
of the statement and its converse, and then applying the following principles. 

PRINCIPLE 1: If a statement and its converse are both true, then the conditions in the hypothesis of the 
statement are necessary and sufficient for its conclusion. 

For example, the statement "if angles are right angles, then they are congruent and supplementary" is true, and its con- 
verse, "if angles are congruent and supplementary, then they are right angles" is also true. Hence, being right angles is 
necessary and sufficient for the angles to be congruent and supplementary. 

PRINCIPLE 2: If a statement is true and its converse is false, then the conditions in the hypothesis of the 

statement are sufficient hut not necessary for its conclusion. 

The statement "if angles are right angles, then they are congruent" is true, and its converse, "if angles are congruent, 
then they are right angles," is false. Hence, being right angles is sufficient for the angles to be congruent. However, the 
angles need not be right angles to be congruent. 

PRINCIPLE 3: If a statement is false and its converse is true, then the conditions in the hypothesis are nec- 
essary but not sufficient for its conclusion. 

The statement "if angles are supplementary, then they are right angles" is false, and its converse, "if angles are right 
angles, then they are supplementary," is true. Hence, angles need to be supplementary to be right angles, but being sup- 
plementary is not sufficient for angles to be right angles. 

PRINCIPLE 4: If a statement and its converse are both false, then the conditions in the hypothesis are neither 

necessary nor sufficient for its conclusion. 

Thus the statement "if angles are supplementary, then they are congruent" is false, and its converse, "if angles are 
congruent, then they are supplementary," is false. Hence, being supplementary is neither necessary nor sufficient for 
the angles to be congruent. 

These principles are summarized in the table that follows. 



When the Conditions in the Hypothesis of a Statement are Necessary or Sufficient 

to Justify its Conclusion 



Principle 


Statement 


Converse 


Sufficient? 


Necessary? 


1 


True 


True 


Yes 


Yes 


2 


True 


False 


Yes 


No 


3 


False 


True 


No 


Yes 


4 


False 


False 


No 


No 
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SOLVED PROBLEMS 



14.8 Determining necessary and sufficient conditions 

For each of the following statements, determine whether the conditions in the hypothesis are neces- 
sary or sufficient to justify the conclusion. 

(a) A regular polygon is equilateral and equiangular. 

(b) An equiangular polygon is regular. 

(c) A regular polygon is equilateral. 

(d) An equilateral polygon is equiangular. 

Solutions 

(a) Since the statement and its converse are both true, the conditions are necessary and sufficient. 

(b) Since the statement is false and its converse is true, the conditions are necessary but not sufficient. 

(c) Since the statement is true and its converse is false, the conditions are sufficient but not necessary. 

(d) Since both the statement and its converse are false, the conditions are neither necessary nor sufficient. 




14.1. State the order in which the terms in each of the following sets should be defined: (14.1) 

(a) Jewelry, wedding ring, ornament, ring 

(b) Automobile, vehicle, commercial automobile, taxi 

(c) Quadrilateral, rhombus, polygon, parallelogram 

(d) Obtuse triangle, obtuse angle, angle, isosceles obtuse triangle 

14.2. Correct each of the following definitions: (14.2) 

(a) A regular polygon is an equilateral polygon. 

(b) An isosceles triangle is a triangle having at least two congruent sides and angles. 

(c) A pentagon is a geometric figure having five sides . 

(d) A rectangle is a parallelogram whose angles are right angles. 

(e) An inscribed angle is an angle formed by two chords. 

(f) A parallelogram is a quadrilateral whose opposite sides are congruent and parallel. 

(g) An obtuse angle is an angle larger than a right angle. 

14.3. State the negative of each of the following statements: (14.4) 

(a) X + 2 = 4 (d) His mark was more than 65. 

(b) 3y # 15 (e) Joe is heavier than Dick. 

(c) She loves you. (f) a + # c 
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14.4. State the inverse of each of the following statements, and indicate whether or not it is true. (14.5) 

(a) A square has congruent diagonals. 

(b) An equiangular triangle is equilateral. 

(c) A bachelor is an unmarried person. 

(d) Zero is not a positive number. 

14.5. State the converse, inverse, and contrapositive of each of the following statements. Indicate the truth or falsity of each, 
and check the logical equivalence of the statement and its contrapositive , and of the converse and inverse . (14.6) 

(a) If two sides of a triangle are congruent, the angles opposite these sides are congruent. 

(b) Congruent triangles are similar triangles. 

(c) If two lines intersect, then they are not parallel. 

(d) A senator of the United States is a member of its Congress. 

14.6. Form partial converses and partial inverses of the theorems given in Fig. 14-5 . (14.7) 
(a) g Q Given: Quad. ABCD (b) B'/^ Given: AABC, A A'B' C 



(/) BC = AD / (/) AB=A'B' 

(2) BC^AD A'Z (2) ZJ} = ^B' 

To Prove: (3)AB = CD C' (3) BC = B'C 

To Prove: (4) AC = A'C' 




A 

C 

Fig. 14-5 

14.7. For each of the following statements, determine whether the conditions in the hjfpothesis are necessary or sufficient 
to justify the conclusion. (14.8) 

(a) Senators of the United States are elected members of Congress, two from each state. 

(b) Elected members of Congress are senators of the United States. 

(c) Elected persons are government officials. 

(d) If a woman lives in New York City, then she lives in New York State. 

(e) A bachelor is an unmarried man . 

(f) A bachelor is an unmarried person. 

(g) A quadrilateral having two pairs of congruent sides is a parallelogram. 




15.1 Introduction 

Geometric figures are constructed with straiglitedge and compass. Since constructions are based on deduc- 
tive reasoning, measuring instruments such as the ruler and protractor are not permitted. However, a ruler may 
be used as a straightedge if its markings are disregarded. 

In constructions, it is advisable to plan ahead by making a sketch of the situation; such a sketch will usu- 
ally reveal the needed construction steps. Construction lines should be made light to distinguish them from 
the required figure. 

The following constructions are detailed in this chapter: 

1 . To construct a line segment congruent to a given line segment 

2. To construct an angle congruent to a given angle 

3. To bisect a given angle 

4. To construct a line perpendicular to a given line through a given point on the line 

5. To bisect a given line segment 

6. To construct a line perpendicular to a given line through a given external point 

7. To construct a triangle given its three sides 

8. To construct an angle of measure 60° 

9. To construct a triangle given two sides and the included angle 

10. To construct a triangle given two angles and the included side 

1 1 . To construct a triangle given two angles and a side not included 

12. To construct a right triangle given its hypotenuse and a leg 

13. To construct a line parallel to a given line through a given external point 

14. To construct a tangent to a given circle through a given point on the circle 

15. To construct a tangent to a given circle through a given point outside the circle 

16. To circumscribe a circle about a triangle 

17. To locate the center of a given circle 

18. To inscribe a circle in a given triangle 

19. To inscribe a square in a given circle 

20. To inscribe a regular octagon in a given circle 

21 . To inscribe a regular hexagon in a given circle 

22. To inscribe an equilateral triangle in a given circle 

23. To construct a triangle similar to a given triangle on a given line segment as base 




15.2 Duplicating Segments and Angies 
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CONSTRUCTION 1: To construct a line segment congruent to a given line segment 

Given: Line segment AB (Fig . 15-1) 

To construct: A line segment congruent to AB 

Construction: On a working line w, with any point C as a center and a radius equal to AB, construct an arc 
intersecting w at D. Then CD is the required line segment. 



A B 

W—Q to 

Fig. 15-1 

CONSTRUCTION 2: To construct an angle congruent to a given angle 

Given: LA (Fig. 15-2) 

To construct: An angle congruent to LA 

Construction: With A as center and a convenient radius, construct an arc ( 1) intersecting the sides of LA at 
B and C. With A', a point on a working line w, as center and the same radius, construct arc (2) intersecting 
w at B' . With B' as center and a radius equal to BC, construct arc (3) intersecting arc (2) at C. Draw A'C . 
Then lA' is the required angle. (AABC = AA'B'C by SSS; hence LA = LA'.) 



SOLVED PROBLEMS 



15.1 Combining iine segments 

Given line segments with lengths a and b (Fig. 15-3), construct line segments with lengths equal to 

(a) a + 2b; (b) 2(a -I- b); (c) b ~ a. 



— « 1 6 I 6 I a I b , a+b 

(a) (b) 
Fig. 15-3 

Solutions 

Use construction 1 . 

(a) On a working line w, construct a line segment AB with length a. From B, construct a line segment with 
length equal to Z), to point C; and from C construct a line segment with length b, to point D. Then AD is 
the required line segment. 

(b) Similar to (a). AD = a + b + (a + b). 




Fig. 15-2 



■ 1 I 



(c) Similar to (a). First construct AB with length b, then BC with length a. AC = b — a. 
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15.2 Combining angies 

Given AABC in Fig. 15-4, construct angles whose measures are equal to (a) 2A; (b) A + B + C; 
ic)B-A. 




Fig. 15-4 



Solutions 

Use construction 2. 

(a) Using a working line w as one side, duplicate lA. Construct another duplicate of lA adjacent to lA, as 
shown. The exterior sides of the copied angles form the required angle. 

(b) Using a working line w as one side, duplicate lA. Construct Z_B adjacent to lA. Then construct Z_C 
adjacent to LB. The exterior sides of the copied angles A and C form the required angle. Note that the 

angle is a straight angle. 

(c) Using a working line w as one side, duplicate /_B. Then duplicate lA from the new side of /_B as shown. 
The difference is the required angle. 



15.3 Constructing Bisectors and Perpendiculars 

CONSTRUCTION 3: To bisect a given angle 

Given: LA (Fig. 15-5) 

To construct: The bisector of LA 

Construction: With A as center and a convenient radius, construct an arc intersecting the sides of LA at B 
and C. With B and C as centers and equal radii, construct arcs intersecting in D. Draw AD. Then AD is the 
required bisector. (AABZ) = ZVICZ) by SSS; hence, L\ = 12.) 




CONSTRUCTION 4: To construct a line perpendicular to a given line through a given point on the line 

Given: Line w and point P on w (Fig. 15-6) 
To construct: A perpendicular to w at P 

Construction: Using construction 3, bisect the straight angle at P. Then DP is the required perpendicular; 
DP is the required line. 
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CONSTRUCTION 5: 



To bisect a given line segment (to construct the perpendicular bisector of a given line 

segment) 



Given: Line segment AB (Fig. 15-7) 

To construct: The perpendicular bisector of AB 

Construction: With A as center and a radius of more than half AB, construct arc (1). With B as center and 
the same radius, construct arc (2) intersecting arc (1) at C and D. Draw CD. CD is the required perpendicu- 
lar bisector of AB. (Two points each equidistant from the ends of a segment determine the perpendicular bi- 
sector of the segment.) 



ml 


h 


\ 


(d 



w B 



Fig. 15-7 Fig. 15-8 

CONSTRUCTION 6: To construct a line perpendicular to a given line through a given external point 

Given: Line w and point P outside of w (Fig. 15-8) 
To construct: A perpendicular to w through P 

Construction: With P as center and a sufficiently long radius, construct an arc intersecting w at and C. 
With B and C as centers and equal radii of more than half BC, construct arcs intersecting at A. Draw PA. Then 
PA is the required perpendicular. (Points P and A are each equidistant from B and C.) 



SOLVED PROBLEMS 



15.3 Constructing special iines in a triangle 

In scalene AABC [Fig. 15-9(a)], construct (a) a perpendicular bisector of AB and (b) a median to AB. In 
ADEF [Fig. 15-9(b)], D is an obtuse angle; construct (c) the altitude to DF and (d) the bisector of LE. 




Q 

(fl) (fc) 
Fig. 15-9 



Solutions 

<-> 

(a) Use construction 5 to obtain PQ the perpendicular bisector of AB. 

(b) Point M is the midpoint of AB. Draw CM, the median to AB. 

(c) Use construction 6 to obtain EG, the altitude to DF (extended). 

(d) Use construction 3 to bisect LE. EH is the required bisector. 
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15.4 Constructing bisectors and perpendicuiars to obtain required angies 

(a) Construct angles measuring 90°, 45°, and 135°. 

(b) Given an angle with measure A (Fig. 15-10), construct an angle whose measure is 90°+ A. 



Solutions 

(a) In Fig. 15-10(a), niLDAB = 90°, niLCAE = 45°, mLBAE = 135° 

(b) In Fig. 15-10(b), mLGHJ = 90°+ A. 

15.4 Constructing a Triangle 
15.4A Determining a Triangie 

A triangle is determined when a set of given data fix its size and shape. Since the parts needed to prove congru- 
ent triangles fix the size and shape of the triangles, a triangle is determined when the given data consist of three 
sides, or two sides and the angle included by those sides, or two angles and a side included by those angles, or 
two angles and a side not included by those angles, or the hypotenuse and either leg of a right triangle. 

15.4B Sitetciiing Triangles to be Constructed 

Before doing the actual construction, it is very helpful to make a preliminary sketch of the required triangle. 
In this sketch: 

1. Show the position of each of the given parts of the triangle. 

2. Draw the given parts heavy, the remaining parts light. 

3. Approximate the sizes of the given parts. 

4. Use small letters for sides to agree with the capital letters for the angles opposite them. 




Fig. 15-10 



Given Parts 



Preliminary Sketch 




c 




Fig. 15-11 



As an example, you might make a sketch Uke that in Fig. 15-11 before constructing a triangle given two 
angles and an included side. 
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15.4C Triangle Constructions 

CONSTRUCTION 7: To construct a triangle given its three sides 

Given: Sides of lengths a, b, and c (Fig. 15-12) 
To construct: AABC 

Construction: On a working line w, construct AC such that AC — b. With A as center and c as radius, con- 
struct arc (1). Then with C as center and a as radius, construct arc (2) intersecting arc (1) at B. Draw BC and 
AB. AABC is the required triangle. 



a 




Fig. 15-12 Fig. 15-13 

CONSTRUCTION 8: To construct an angle of measure 60° 

Given: Line w (Fig. 15-13) 

To construct: An angle of measure 60° 

Construction: Using a convenient length as a side, construct an equilateral triangle using construction 7. 
Then any angle of the equilateral triangle is the required angle. 

CONSTRUCTION 9: To construct a triangle given two sides and the included angle 

Given: LA, segments of lengths b and c (Fig. 15-14) 

To construct: AABC 

Construction: On a working line w, construct AC such that AC = b.AtA, construct with one side AC. 
On the other side of lA, construct such that — c. Draw BC. Then the required triangle is AABC. 




Fig. 15-14 

CONSTRUCTION 10: To construct a triangle given two angles and the included side 

Given: LA, LC, and a segment of length b (Fig. 15-15) 
To construct. AABC 

Construction: On a working line w, construct AC such that AC = b.AtA, construct lA with one side on 
AC, and at C, construct LC with one side on AC. Extend the new sides of the angles until they meet at B. 




Fig. 15-15 
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CONSTRUCTION 11: To construct a triangle given two angles and a side not included 

Given: LA, LB, and a segment of length b (Fig. 15-16) 

To construct: AABC 

Construction: On a working line w, construct AC such that AC = b.At C, construct an angle with measure equal 
to mLA + mLB so that the extension of AC wiU be one side of the angle. The remainder of the straight angle at 
C win be LC. At A, construct LA with one side on AC. The intersection of the new sides of the angles is B. 




Fig. 15-16 Fig. 15-17 



CONSTRUCTION 12: To construct a right triangle given its hypotenuse and a leg 

Given: Hypotenuse with length c and leg with length b of right triangle ABC (Fig. 15- 17) 
To construct: Right triangle ABC 

Construction: On a working line w, construct AC such that AC = b. At C construct a perpendicular to AC. 
With A as center and a radius of c, construct an arc intersecting the perpendicular at B. 



SOLVED PROBLEMS 



15.5 Constructing a triangle 

Construct an isosceles triangle, given the lengths of the base and an arm (Fig. 15-18). 




Fig. 15-18 



Solution 

Use construction 7, since all three sides of the triangle are known. 

15.6 Constructing angies based on the construction of the 60° angie 

Construct an angle of measure (a) 120°; (b) 30°; (c) 150°; (d ) 105°; (e) 75°. 

Solutions 

(a) Use construction 8 [Fig. 15-19(a)] to construct 120° as 180°-60°. 

(b) Use constructions 8 and 3 to construct 30° as |(60°) [Fig. 15-19(b)]. 

(c) Use (b) to construct 150° as 180°-30° [Fig. 15-19(b)]. 
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(d) Use constructions 3,4, and 8 to constiiict 105° as 60°+ ^(90°) [Fig. 15-19(c)]. 

(e) Use (d) to constinct 75° as 180°- 105° [Fig. 15-19(c)]. 




(a) (b) (c) 

Fig. 15-19 



15.5 Constructing Parallel Lines 



CONSTRUCTION 13: To construct a line parallel to a given line through a given external point 

Given: AB and external point P (Fig. 15-20) 
To construct: A line through P parallel to AB 

Construction: Draw a line RS through P intersecting AB in Q. Construct LSPD = LPQB. Then CD is the 
required parallel. (If two corresponding angles are congruent, the lines cut by the transversal are parallel.) 




Fig. 15-20 



SOLVED PROBLEM 



15.7 Constructing a parallelogram 

Construct a parallelogram given the lengths of two adjacent sides a and b and of a diagonal d 
(Fig. 15-21). 



a 




A a ID 

Fig. 15-21 



Solution 

Three vertices of the parallelogram are obtained by constructing ZsABD by construction 7. The fourth vertex, 
C, is obtained by constructing ABCD upon diagonal BD by construction 7. Vertex C may also be obtained by 
constructing BC || AD and DC || AB. 
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CONSTRUCTION 14: To construct a tangent to a given circle through a given point on the circle 
Given: Circle O and point P on the circle (Fig. 15-22) 

To construct: A tangent to circle O at P <^ 
Construction: Draw radius OP and extend it outside the circle. Construct AB _L OP at P. AB is the re- 
quired tangent. (A line perpendicular to a radius at its outer extremity is a tangent to the circle.) 




Fig. 15-22 Fig. 15-23 



CONSTRUCTION 15: To construct a tangent to a given circle through a given point outside the circle 

Given: Circle O and point P outside the circle (Fig. 15-23) 
To construct: A tangent to circle O from P 

Construction: Draw OP, and make OP the diameter of a new circle Q. Connect P to A and B, the intersec- 
tions of circles O and Q. Then PA and PB are tangents. {LOAP and LOBP are right angles, since angles in- 
scribed in semicircles are right angles.) 

CONSTRUCTION 16: To circumscribe a circle about a triangle 

Given: /SABC (Fig. 15-24) 

To construct: The circumscribed circle of AABC 

Construction: Construct the perpendicular bisectors of two sides of the triangle. Their intersection is the cen- 
ter of the required circle, and the distance to any vertex is the radius. (Any point on the perpendicular bisec- 
tor of a segment is equidistant from the ends of the segment.) 




CONSTRUCTION 17: To locate the center of a given circle 

Given: A circle (Fig. 15-25) 

To construct: The center of the given circle 

Construction: Select any three points A, B, and C on the circle. Construct the perpendicular bisectors of line 
segments AB and AC. The intersection of these perpendicular bisectors is the center of the circle. 
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CONSTRUCTION 18: To inscribe a circle in a given triangle 

Given: AABC (Fig. 15-26) 

To construct: The circle inscribed in AABC 

Construction: Construct the bisectors of two of the angles of AABC. Their intersection is the center of the 
required circle, and the distance (perpendicular) to any side is the radius. (Any point on the bisector of an 
angle is equidistant from the sides of the angle.) 




Fig. 15-26 



SOLVED PROBLEMS 



15.8 Constructing tangents 

A secant from a point P outside circle O in Fig. 15-27 meets the circle in B and A. Construct a trian- 
gle circumscribed about the circle so that two of its sides meet in P and the third side is tangent to 
the circle at A. 



Solution 

Use constructions 14 and 15: At A construct a tangent to circle O. From P construct tangents to circle O inter- 
secting the first tangent in C and D. The required triangle is APCD. 




15.9 Constructing circies 

Construct the circumscribed and inscribed circles of isosceles triangle DEF in Fig. 15-28. 



Solution 

Use constructions 16 and 1 8. In doing so, note that the bisector of /_E is also the perpendicular bisector of DF. 
Then the center of each circle is on EG. I, the center of the inscribed circle, is found by constructing the bisec- 
tor of ID or /_F. C, the center of the circumscribed circle, is found by constructing the perpendicular bisector 
of DE or IF. 
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Fig. 15-28 



15.7 Inscribing and Circumscribing Regular Polygons 

CONSTRUCTION 19: To inscribe a square in a given circle 

Given: Circle O (Fig. 15-29) 

To construct: A square inscribed in circle O 

Construction: Draw a diameter, and construct another diameter perpendicular to it. Join the end points of 
the diameters to form the required square. 




CONSTRUCTION 20: To inscribe a regular octagon in a given circle 
Given: Circle O (Fig .15-30) 

To construct: A regular octagon inscribed in circle O 

Construction: As in construction 19, construct perpendicular diameters. Then bisect the angles formed by 
these diameters, dividing the circle into eight congruent arcs. The chords of these arcs are the sides of the re- 
quired regular octagon. 




G 

Fig. 15-30 



CONSTRUCTION 21 : To inscribe a regular hexagon in a given circle 
Given: Circle O (Fig. 15-31) 

To construct: A regular hexagon inscribed in circle O 

Construction: Draw diameter AZ) and, using A and D as centers, construct four arcs having the same radius 
as circle O and intersecting the circle. Construct the required regular hexagon by joining consecutive points 
in which these arcs intersect the circle. 
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CONSTRUCTION 22: To inscribe an equilateral triangle in a given circle 
Given: Circle O (Fig. 15-32) 

To construct: An equilateral triangle inscribed in circle O 

Construction: Inscribed equilateral triangles are obtained by joining alternately the six points of division 
obtained in construction 21. 



15.8 Constructing Similar Triangles 



CONSTRUCTION 23 : To construct a triangle similar to a given triangle on a given line segment as base 

Given: AABC and line segment AT" (Fig. 15-33) 
To construct: AA'B'C ~ AABC on A'C as base 

Construction: On A'C construct lA' = LA and LC' = /.Cusing construction 2. Extend the other sides untU 
they meet, at B. (If two angles of one triangle are congruent to two angles of another triangle, the triangles 
are similar.) 




.C 



Fig. 15-33 



SOLVED PROBLEM 



15.10 Constructing similar triangies 

Construct a triangle similar to triangle ABC in Fig. 15-34, with a base twice as long as the base of 
the given triangle. 




Fig. 15-34 Fig. 15-35 



Solution 

Construct A'C twice as long as AC, and then use construction 23. 

Alternative method (Fig. 15-35): Extend two sides of AABC to twice their lengths and join the endpoints. 
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15.1. Given line segments with lengths a and b as follows: a b Construct a line segment whose length 

equals (a) a + b-(b)a- b; (c) 2a + b; (d) a + 3b; (e) 2(a + b); (f) 2(3b - a). (15.1) 

15.2. Given line segments with lengths a, b, and c: a b c Construct a line segment whose 

length equals {&) a + b + c;{h) a + c - b; (c) a + 2{b + c); (d) b + 2{a - c); (e) 3{b + c - a). (15.1) 

15.3. Given angles with measures A and B (Fig. 15-36). Construct an angle with measure (a) A + B; (b) A — B; 
(c) 2B - A; (d) 2A - B; (e) 2(A - B). (15.2) 



BZ. B 



Fig. 15-36 Fig. 15-37 

15.4. Given angles with measures A, B, and C (Fig. 15-37) . Construct an angle with measure (a) A -I- C; (b) B -I- C — A; 
(c) 2C; (d) B - C; (e) 2(A - B). (15.2) 

15.5. In a right triangle, construct (a) the bisector of the right angle; (b) the perpendicular bisector of the hypotenuse; 
(c) the median to the hjfpotenuse. (15.3) 

15.6. For each kind of triangle (acute, right, and obtuse), show that the following sets of rays and segments are 
concurrent, that is, they intersect in one point: (a) the angle bisectors; (b) the medians; (c) the altitudes; (d) the 
perpendicular bisectors . ( 1 5 .3) 

15.7. Given ZvlBCin Fig. 15-38, construct (a) the supplement of ZA; (b) the complement of LB; (c) the complement 
of^ZC. (15.4) 




Fig. 15.38 

jO J^O jO 

15.8. Construct an angle with measure equal to (a) 222 ' C^) ; (c) 1122 . (15.4) 

15.9. Given an acute angle, construct (a) its supplement; (b) its complement; (c) half its supplement; (d) half its 
complement. (15.4) 

15.10. By actual construction, illustrate that the difference between the measures of the supplement and complement 
of an acute angle equals 90°. (15.4) 

15.11. Construct a right triangle given its (a) legs; (b) hypotenuse and a leg; (c) leg and an acute angle adjacent to the 
leg; (d) leg and an acute angle opposite the leg; (e) hjfpotenuse and an acute angle. (15.5) 

15.12. Construct an isosceles triangle given (a) an arm and a vertex angle; (b) an arm and a base angle; (c) an arm and 
the altitude to the base; (d) the base and the altitude to the base. (15 .5) 

15.13. Construct an isosceles right triangle given (a) a leg; (b) the hjfpotenuse; (c) the altitude to the hypotenuse. (15.5) 
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15.14. Construct a triangle given (a) two sides and tlie median to one of tliem; (b) two sides and tlie altitude to one of 
them; (c) an angle, tlie angle bisector of the given angle, and a side adjacent to the given angle. (15.5) 

15.15. Construct angles of measure 15° and 165°. (15.6) 

15.16. Given an angle with measure A, construct angles with measure (a) A + 60°; (b) A + 30°; (c) A + 120°. (15.6) 

15.17. Construct a parallelogram, given (a) two adjacent sides and an angle; (b) the diagonals and the acute angle at 
their intersection; (c) the diagonals and a side; (d) two adjacent sides and the altitude to one of them; (e) a side, 
an angle, and the altitude to the given side. (15.7) 

15.18. Circumscribe a triangle about a given circle, if the points of tangency are given. (15 .8) 

15.19. Secant AB passes through the center of circle O in Fig. 15-39. Circumscribe a quadrilateral about the circle so 
that A and B are opposite vertices. (15.8) 



A 




B 



Fig. 15-39 



15.20. Circumscribe and inscribe circles about (a) an acute triangle; (b) an obtuse triangle. (15.9) 

15.21. Circumscribe a circle about (a) a right triangle; (b) a rectangle; (c) a square. (15.9) 

15.22. Construct the inscribed and circumscribed circles of an equilateral triangle. (15.9) 

15.23. Locate the center of a circle drawn around the outside of a half-dollar piece. (15.9) 



15.24. In a given circle, inscribe (a) a square; (b) a regular octagon; (c) a regular 16-gon; (d) a regular hexagon; (e) an 
equilateral triangle; (f) a regular dodecagon. 



15.25. Construct a triangle similar to a given triangle with a base (a) three times as long; (b) half as long; (c) one and 
one-half times as long. (15.10) 
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Proofs of Important Theorems 



16.1 Introduction 



The theorems proved in this chapter are considered the most important in the logical sequence of geometry. 
They are as follows: 

1 . If two sides of a triangle are congruent, the angles opposite these sides are congruent. (Base angles of 
an isosceles triangle are congruent.) 

2. The sum of the measures of the angles in a triangle equals 180°. 

3. If two angles of a triangle are congruent, the sides opposite these angles are congruent. 

4. Two right triangles are congruent if the hypotenuse and a leg of one are congruent to the corresponding 
parts of the other. 

5. A diameter perpendicular to a chord bisects the chord and its arcs. 

6. An angle inscribed in a circle is measured by one-half its intercepted arc. 

7. An angle formed by two chords intersecting inside a circle is measured by one-half the sum of the in- 
tercepted arcs. 

8a. An angle formed by two secants intersecting outside a circle is measured by one-half the difference of 
its intercepted arcs. 

8b. An angle formed by a tangent and a secant intersecting outside a circle is measured by one-half the 
difference of its intercepted arcs. 

8c. An angle formed by two tangents intersecting outside a circle is measured by one-half the difference 
of its intercepted arcs. 

9. If three angles of one triangle are congruent to three angles of another triangle, the triangles are 
similar. 

10. If the altitude is drawn to the hypotenuse of a right triangle, then (a) the two triangles thus formed are 
similar to the given triangle and to each other, and (b) each leg of the given triangle is the mean pro- 
portional between the hypotenuse and the projection of that leg upon the hypotenuse. 

1 1 . The square of the length of the hypotenuse of a right triangle equals the sum of the squares of the 
lengths of the other two sides. 

12. The area of a parallelogram equals the product of the length of one side and the length of the altitude 
to that side. 

13. The area of a triangle is equal to one-half the product of the length of one side and the length of the al- 
titude to that side. 

14. The area of a trapezoid is equal to one-half the product of the length of the altitude and the sum of the 

lengths of the bases. 

15. The area of a regular polygon is equal to one-half the product of its perimeter and the length of its 
apothem. 
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16.2 The Proofs 



1. If two sides of a triangle are congruent, the angles opposite these sides are congruent. (Base 
angles of an isosceles triangle are congruent.) 

Given: AABC, AB = BC 
To Prove: AA= /.C 

Plan: When the bisector of the vertex angle is 
drawn, the angles to be proved congruent 
become corresponding angles of congruent 
triangles. 



PROOF: 



Statements 


Reasons 


1. 


Draw BD bisecting ZB. 


1. 


An angle may be bisected. 


2. 


n = z2 


2. 


To bisect is to divide into two congruent parts. 


3. 


AB = BC 


3. 


Given 


4. 


BD = BD 


4. 


Reflexive property 


5. 


AADB = ACDB 


5. 


SAS 


6. 


ZA = AC 


6. 


Corresponding parts of congruent triangles are 








congruent. 




D- 



2. The sum of the measures of the angles in a triangle equals 180°. 
Given: AABC 

To Prove: mZA + m^B + mAC = 180° 
Plan: When a line is drawn through one vertex parallel 
to the opposite side, a straight angle is formed 
whose parts can be proved congruent to the an- 
gles of the triangle. 



B 



PROOF: 



Statements 


Reasons 


1. 


Through B, draw DE\\AC. 


1. 


Through an external point, a line can be drawn 








parallel to a given line. 


2. 


mADBE = 180° 


2. 


A straight angle is an angle whose measure is 








180°. 


3. 


mADBA + mAABC + m^CBE = 180° 


3. 


The whole equals the sum of its parts. 


4. 


AA = /.DBA, AC = ACBE 


4. 


Alternate interior angles of parallel lines are 








congruent. 


5. 


mAA + mAB + mAC = 180° 


5. 


Substitution Postulate 



3. If two angles of a triangle are congruent, the sides opposite 
these angles are congruent. 

Given: AABC, AA = AC 
To Prove: AB = BC 

Plan: When the bisector of AB is drawn, the sides to be proved 

congruent become corresponding sides of congruent triangles. 
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PROOF: 



Statements 


Reasons 


1. 


Draw BD bisecting AB. 


1. 


An angle may be bisected. 


2. 


ZLl = Z2 


2. 


To bisect is to divide into two congruent parts. 


3. 


AA = ZC 


3. 


Given 


4. 


BD = BD 


4. 


Reflexive property 


5. 


ABDA = ABDC 


5. 


SAA 


6. 


AB = BC 


6. 


Corresponding parts of congruent triangles 








are congruent. 



4. Two right triangles are congruent if the hypotenuse and a leg of one are congruent to the corre- 
sponding parts of the other. 



Given: Right AABC with right angle at C 
Right ADEF with right angle at F 
AB = DE,BC=EF 
To Prove: AABC = ADEF 
Plan: Move the two given triangles together 
so that BC coincides with EF, forming 
an isosceles triangle. The given triangles 
are proved congruent by using Theorem 
1 and SAA. 




C(F) 



PROOF: 



Statements 


Reasons 


1. 


BC = EF 


1. 


Given 


2. 


Move triangles ABC and DBF 


2. 


A geometric figure may be moved without 




together so that BC coincides 




changing its size or shape. Equal lines may be 




with EF, and A and D are on 




made to coincide. 




opposite sides of BC. 






3. 


AC and AF are right angles. 


3. 


Given 


4. 


AACD is a straight angle. 


4. 


The whole equals the sum of its parts. 


5. 


AD is a straight line segment. 


5. 


The sides of a straight angle lie in a straight 








line. 


6. 


AB = DE 


6. 


Given 


7. 


AA = AD 


7. 


If two sides of a triangle are congruent, the 








angles opposite these sides are congruent. 


8. 


AABC = ADEF 


8. 


SAA. 



5. A diameter perpendicular to a chord bisects the chord and its arcs . 
Given: Circle O, diameter AB ± CD 

To Prove: CEs~ED,BC = BD, AC = AD 
Plan: Congruent triangles are formed when radii are drawn 
to C and D, proving CE = ED. Equal central angles 
are used to prove BC = BD; then the Subtraction 
Postulate is used to prove AC = AD. 
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PROOF: 



Statements 


Reasons 


1. 


Draw OC and OD. 


1. 


A straight line may be drawn between two 








points. 


2. 


OC=OD 


2. 


Radii of a circle are congruent. 


3. 


AB LCD 


3. 


Given 


4. 


/-OEC and AOED are right angles. 


4. 


Perpendiculars form right angles. 


5. 


(yE=OE 


5. 


Reflexive property 


6. 


AOEC = AOE'D 


6. 


hy-leg 


7. 


CE = ED,^1 = A.2 


7. 


Corresponding parts of congruent triangles 








are congruent. 


8. 


CB = BD 


8. 


In a circle, congruent central angles have 








congruent arcs. 


9. 


ACB = ADB 


9. 


A diameter bisects a circle. 


10. 


AC = AD 


10. 


In a circle, congruent arcs are equal arcs; 








Subtraction Postulate 



6. An angle inscribed in a circle is measured by one-half its intercepted arc. 

Case I: The center of the circle is on one side of the angle. 
Given: ZA is inscribed in circle O. O is on side AC. 
To Prove: AZ = \BC 

Plan: When radius OB is drawn, isosceles AAOB is formed. 
AA is proved to be equal in jneasure to one-half central 
A- 1 , which is measured by BC. 



B 



PROOF: 



Statements 


Reasons 


1. 


Draw OB. 




1. 


A straight line can be drawn between two 










points. 


2. 


AO=OB 




2. 


Radii of a circle are congruent. 


3. 


AA = AB 




3. 


If two sides of a triangle are congruent, the 










angles opposite these sides are congruent. 


4. 


m/-A + m/-B = 


mZl 


4. 


In a triangle the measure of an exterior angle 










equals the sum of the measures of the two 










adjacent interior angles. 


5. 


mAA + mAA = 


2mZA = mZl 


5. 


Substitution Postulate 


6. 


m/-A = \ml- 1 




6. 


Halves of equals are equal. 


7. 


Zl = BC 




7. 


A central angle is measured by its intercepted 
arc. 


8. 


ZA = \bC 




8. 


Substitution Postulate 



Case ir. The center is inside the angle. 

Given: iLBAC is inscribed in circle O. O is inside ZfiAC. 
To Prove: ABAC = {bC 

Plan: When a diameter is drawn, ABAC is divided into 

two angles which can be measured by applying Case I 
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PROOF: 



Statements 


Reasons 


1. 


Draw diameter AD. 


1. 


A straight line may be drawn between two points. 


2. 


ABAD = ^BD, ADAC = ^DC 


2. 


An inscribed angle is measured by one-half its 








intercepted arc if the center of the circle is on one side. 


3. 


ABAC = \bD + \DCor 


3. 


If equals are added to equals, the sums are equal. 




ABAC = \{BD + \dC) 






4. 


ABAC = \bC 


4. 


Substitution Postulate 



Case III: The center is outside the angle. 

Given: ABAC is inscribed in circle O. O is outside ABAC. 
To Prove: ABAC=\BC 

Plan: When a diameter is drawn, ABAC becomes the difference 
of two angles which can be measured by applying Case I. 



PROOF: 



Statements 


Reasons 


1. 


Draw diameter AD. 


1. 


A straight line may be drawn between two points. 


2. 


A BAD = iBD, ACAD = ^C£) 


2. 


An inscribed angle is measured by one-half its 
intercepted arc if the center of the circle is on 
one side. 


3. 


ABAC = \bD - \CD or 
ABAC = ^(BZ) - CD) 


3. 


If equals are subtracted from equals, the 
differences are equal. 


4. 


ABAC = \bC 


4. 


Substitution Postulate 



7. An angle formed by two chords intersecting inside a circle is measured by one-half the sum of 

the intercepted arcs. 

Given: A 1 formed by chords AB and CD intersecting 
at point E inside circle O 

To Prove: A 1 = \{AC + BD) 

Plan: When chord AD is drawn, A 1 becomes an exterior 
angle of a triangle whose nonadjacent interior angles 
are inscribed angles measured by \ AC and \BD. 



PROOF: 



Statements 


Reasons 


1. Draw AD. 

2. mA 1 = mAA + mAD 

3. AA = jBD, AD = \AC 

4. A\^\bD ^ \AC = \{BD + AC) 


1 . A straight line may be drawn between two points. 

2. The measure of an exterior angle of a triangle 
equals the sum of the measures of the nonadja- 
cent interior angles. 

3. An angle inscribed in a circle is measured by 
one-half its intercepted arc. 

4. Substitution Postulate 
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8a. An angle formed by two secants intersecting outside a circle is measured by one-half the dif- 
ference of its intercepted arcs. 

Given: AP formed by secants PBA and PDC intersecting 
at P, a point outside circle O. 

To Prove: AP = \{AC - BD) 

Plan: When AD is drawn, Al becomes an exterior angle 
of AADP, of which AP is a nonadjacent interior 
angle. 




PROOF: 



Statements 


Reasons 


1. 


Draw AD. 


1. 


A straight line may be drawn between two points. 


2. 


m/-P + m/-A = m/-l 


2. 


The measure of an exterior angle of a triangle equals 
the sum of the measures of the nonadjacent interior 
angles. 


3. 


m/-P = m/-l — m/-A 


3. 


Subtraction Postulate 


4. 


A 1 = \AC, AA = IbD 


4. 


An angle inscribed in a circle is measured by one-half 
its intercepted arc. 


5. 


AP = \AC, - \bD or 
AP = \{AC - BD) 


5. 


Substitution Postulate 



8b. An angle formed by a secant and a tangent intersecting outside a circle is measured by one-half 
the difference of its intercepted arcs. 

Given: AP formed by secant PBA and tangent PDC 
intersecting P, a point outside circle O. 

To Prove: AP = |(A/) - BD) 

Plan: When chord AD is drawn, A 1 becomes an 

exterior angle of AADP, of which AP and AA 
are nonadjacent interior angles. 




PROOF: 



Statements 


Reasons 


1. 


Draw AD. 




1. 


A straight line may be drawn between two points. 


2. 


mAP 


+ mAA 


= mAl 


2. 


The measure of an exterior angle of a triangle equals 












the sum of the measures of the nonadjacent interior 












angles. 


3. 


mAP 


= mAl 


— mAA 


3. 


Subtraction Postulate 


4. 


Al = 


Iad 




4. 


An angle formed by a tangent and a chord is measured 












by one-half its intercepted arc. 


5. 


AA = 


\bd 




5. 


An inscribed angle is measured by one-half its 






\ad - 


^BD or 




intercepted arc. 


6. 


AP = 


6. 


Substitution Postulate 




AP = 


\{AD - 


- BD) 
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8c. An angle formed by two tangents intersecting outside a circle is measured by one-half the 

difference of its intercepted arcs. 

Given: AP formed by tangents PA and PD intersecting 

at P, a point outside circle O. 
To Prove: AP = |(A£D - AFD) 

Plan: When chord AD is drawn, Al becomes an 
exterior angle of AADP, of which /LP and 
Z.2 are nonadjacent interior angles. 



PROOF: 



Statements 


Reasons 


1. 


Draw AD. 


1. 


A straight line may be drawn between two points. 


2. 


m/-P + m/-2 = m/-l 


2. 


The measure of an exterior angle of a triangle 








equals the sum of the measures of the nonadjacent 








interior angles. 


3. 


m/-P = m/-l — m/-2 


3. 


Subtraction Postulate. 


4. 


Zl = \AED, A2=\AFD 


4. 


An angle formed by a tangent and a chord is meas- 








ured by one-half its intercepted arc. 


5. 


AP = \AED - \AFDor 


5. 


Substitution Postulate 




AP = \ (AED - AFD) 








If three angles of one triangle are congruent to three angles of another triangle, the triangles are 
similar. 



Given: AABC and AA'B'C'AA = AA' , 
AB= AB',AC= AC 

To Prove: AABC ~ AA'B'C 

Plan: To prove the triangles similar, it must be 
shown that corresponding sides are in 
proportion. This is done by placing the 
triangles so that a pair of congruent angles 
coincide, and then repeating this so that 
another pair of congruent angles coincide. 



A(A') 




PROOF: 



Statements 


Reasons 


1. 


AA = AA' 


1. 


Given 


2. 


Place AA'B'C on AABC so that 
AA' coincides with AA. 


2. 


A geometric figure may be moved without 
change of its size or shape. Equal angles may 
be made to coincide. 


3. 


AB = AB' 


3. 


Given 


4. 


B'C II BC 


4. 


Two lines are parallel if their corresponding 
angles are congruent. 


5. 


A'B' A'C 
AB AC 


5. 


A line parallel to one side of a triangle divides 






the other two sides proportionately. 


6. 


In Uke manner, by placing AA'B'C 


6. Reasons 1 to 5 




on AABC so that AB' coincides 








, .A'B' B'C 
with AB, show that ^ d = d/-. 

AtS tSL. 







(contd.) 
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PROOF: 



Statements 


Reasons 


A'B' A'C B'C 
AB AC BC 

8. /\A'B'C' ~ /\ABC 


7. Things (ratios) equal to the same thing are 
equal to each other. 

8. Two polygons are similar if their corresponding 
angles are congruent and their corresponding 
sides are in proportion. 



10. If the altitude is drawn to the hypotenuse of a right triangle, then (a) the two triangles thus 

formed are similar to the given triangle and to each other, and (b) each leg of the given trian- 
gle is the mean proportional between the hypotenuse and the projection of that leg upon the 
hypotenuse. 

Given: AABC with a right angle at C, altitude CD 

to hypotenuse AB 
To Prove: (a) AADC ~ ACDB ~ AACB 

(b) c:a = a:p, c:b = b:q 
Plan: The triangles are similar since they have a right 

angle and a pair of congruent acute angles. The " i D 

proportions follow from the similar triangles. ~ 




PROOF: 



Statements 


Reasons 


1. 


AC is aright angle. 




1. 


Given 


2. 


CD is the altitude to AB 




2. 


Given 


3. 


CD ±AB 




3. 


An altitude to a side of a triangle is perpen- 










dicular to that side. 


4. 


ACDB and ACDA are rij 


^ht angles. 


4. 


Perpendiculars form right angles. 


5. 


ZA = AA, AB = AB 




5. 


Reflexive property 


6. 


AADC ~ AACB, ABDC 


~ ABCA 


6. 


Right triangles are similar if an acute angle 










of one is congruent to an acute angle of the 










other. 


7. 


AADC- ACDB 




7. 


Triangles similar to the same triangle are 










similar to each other. 


8. 


c.a — a:p, c.b = b:q 




8. 


Corresponding sides of similar triangles are 










in proportion. 



11. The square of the length of the hypotenuse of a right 
triangle equals the sum of the squares of the lengths 
of the other two sides. 

Given: Right AABC, with a right angle at C. Legs have 

lengths a and b, and hjfpotenuse has length c. 
To Prove: = + 

Plan: Draw CD ± AB and apply Theorem 10. 
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PROOF: 



Statements 


Reasons 


1. 


Draw LD L AB. 


1. 


Through an external point, a Hne may be drawn 

UCl UCllLllCUlal lU a iilVCll llllC 




c _ a c _ b 
a ~ P'b ~ q 




ii me diumcie is cirawn lo me nypoienuse oi a ngni 






triangle, either leg is the mean proportional 
between the hypotenuse and the projection of that 
leg upon the hypotenuse. 


3. 


= cp, b^ = cq 


3. 


In a proportion, the product of the means equals 
the product of the extremes. 


4. 


+ b^ = cp + cq = c(p + q) 


4. 


If equals are added to equals, the sums are equal. 


5. 


c = p + q 


5. 


The whole equals the sum of its parts. 


6. 


+ b^ — c(c) — c^ 


6. 


Substitution Postulate 



12. The area of a parallelogram equals the product of the length of one side and the length of the 

altitude to that side. 
Given: cjABCD, length of base AD = b, length 
of altitude BE = h 

To Prove: Area of ABCD = hh 
Plan: When a perpendicular is dropped to the base, 

extended, a rectangle is formed having the same 

base and altitude as the parallelogram. By adding 
congruent triangles to a common area, the rectangle 
and parallelogram are proved equal in area. 




PROOF: 



Statements 


Reasons 


I. 


Draw CF ± AD (extended). 


I. 


Through an external point, a line may be 
drawn perpendicular to a given line. 


2. 


CF II BE 


2. 


Segments perpendicular to the same line are 
parallel. 


3. 


BC Wad 


3. 


Opposite sides of a parallelogram are parallel. 


4. 


ACFD and ABEA are right angles. 


4. 


Perpendiculars form right angles. 


5. 


BCFE is a rectangle. 


5. 


A parallelogram having a right angle is a 
rectangle. 


6. 


AB = CD,~CF =BE 


6. 


Opposite sides of a parallelogram are equal. 


7. 
8. 


AABE = ADCF 
Area(quadrilateral BCDE) 

= area(quadrilateral BCDE) 


7. 
8. 


Hy-leg 

Reflexive property 


9. 


Area (AABE) + area (quadrilateral 
BCDE) = area(ADCF) + area 
(quadrilateral BCDE) or area 
(CJABCD) = area(rectangle BCFE) 


9. 


If equals are added to equals, the sums 
are equal. 


10. 


Area of rectangle BCFE = bh 


10. 


The area of a rectangle equals the product 
of the lengths of its base and altitude. 


II. 


Area of o ABCD = bh 


II. 


Substitution Postulate 
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13. The area of a triangle is equal to one-half the product of the length of one side and the length 
of the altitude to that side. 

Given: AABC, length of base AC = b, length of B „ 

altitude BD = h 
To Prove: Area of AABC = ^bh 
Plan: Drawing BE \\ AC and EC \\ AB forms a 

parallelogram having the same base and 

altitude as the triangle. Then the area of the 

triangle is half the area of the parallelogram. 




PROOF: 



Statements 


Reasons 


1. 


Draw BE || AC, CE || AB. 


1. 


Through an external point, a line may be drawn 








parallel to a given line. 


2. 


ABEC is a parallelogram with 


2. 


A quadrilateral is a parallelogram if its opposite 




base b and altitude h. 




sides are parallel. 


3. 


Area(AABC) = ^area ( ejABEQ 


3. 


A diagonal divides a parallelogram into two 








congruent triangles. 


4. 


AreaCoABE'C) = bh 


4. 


The area of a parallelogram equals the product 








of the lengths of its base and altitude. 


5. 


Area of ZiASC ^ bh 


5. 


Substitution Postulate 



14. The area of a trapezoid is equal to one-half the product of the length of the altitude and the sum 

of the lengths of the bases. 

Given: Trapezoid ABCD, altitude BE with length h, base 

AD with length b, base BC with length b' . 
To Prove: Area ai ABCD = \h(b + b') 
Plan: When a diagonal is drawn, the trapezoid is 

divided into two triangles having common 

altitude h and bases b and b' . 




PROOF: 



Statements 


Reasons 


1. 


Draw BD. 


1. 


A straight line may be drawn between two 








points. 


2. 


Draw DF ± BC (extended). 


2. 


Through an external point, a line may be drawn 








perpendicular to a given line. 


3. 


DF = BE = h 


3. 


Parallel lines are everywhere equidistant. 


4. 


Area(AABD) = \bh, 


4. 


The area of a triangle equals one-half the 




Area(ABCD) = \b'h 




product of the lengths of its base and altitude. 


5. 


Area of ABCD = \bh + \b'h 


5. 


If equals are added to equals, the sums are equal. 




= \h{b + b') 
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PROOF: 

Statements 

1 . Draw OA, OB, OC, OD ,~0E, 

2. r is the altitude of each triangle formed. 

3. ArcaofAAOB = \ar 

ABOC = \br 
ACOD = ^cr 

4. Area of regular polygon ABCDE . . . 

= \ar + \br + \cr + . . . 
= \r{a + b + c + . . ) 

5. p = a + b + c+ ... 

6. Area of ABCDE ... = \rp 




Reasons 

1 . A straight line segment may be drawn be- 
tween two points. 

2. Apothems of a regular polygon are congruent. 

3. The area of a triangle equals one-half the 
product of the length of its base and altitude. 

4. If equals are added to equals, the sums are 
equal. 

5. The whole equals the sum of its parts. 

6. Substitution Postulate 



15. The area of a regular polygon is equal to one-half the product 

Given: Regular polygon ABCDE . . . having center O, 

apothem of length r, perimeter p 
To Prove: Area of ABCDE ...=\rp 
Plan: By joining each vertex to the center, congruent 

triangles are obtained, the sum of whose areas equals 

the area of the regular polygon. 




Extending Plane Geometry 
into Solid Geometry 



17.1 Solids 




and the sphere 



Q 



are solids. 



A solid has three dimensions: length, width, and thickness. 

Practical illustrations of solids include a box, a brick, a block, and a ball. These are not, however, the pure 
or ideal solids that are the concern of solid geometry. In solid geometry we study the geometric properties 
of "perfecf solids, such as their shape, their size, the relationships of their parts, and the relationships along 
solids; physical properties such as their color, weight, or smoothness are disregarded. 

17.1A Kinds of Soiids 

Polyhedra 

A polyhedron is a solid bounded by plane (flat) surfaces only. Thus, the pyramid and cube are polyhedrons. 
The cone, cylinder, and sphere are not polyhedra, since each has a curved surface. 

The bounding surfaces of the polyhedron are its faces; the lines of intersection of the faces are its edges, 
and the points of intersection of its edges are its vertices. A diagonal of a polyhedron joins two vertices not 
in the same face. 

Thus, the polyhedron shown in Fig. 17-1 has six faces. Two of them are triangles (ABC and CFG), and 
the other four are quadrilaterals . Note AF is a diagonal of the polyhedron. The shaded polygon HJKL is a sec- 
tion of the polyhedron formed by the intersection of the solid and a plane passing through it. 



The angle between any two intersecting faces is a dihedral angle. The angle between the covers of an 
open book is a dihedral angle. As the book is opened wider, the dihedral angle grows from one that is acute 
to one that is right, obtuse, and then straight. The dihedral angle can be measured by measuring the plane 
angle between two Unes, one in each face, and in a plane perpendicular to the intersection between the faces. 



A 



B 




G 



F 



Fig. 17-1 
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Prisms 

Aprism (Fig. 17-2) is a polyhedron two of whose faces are parallel polygons, and whose remaining faces are 
parallelograms. The bases of a prism are its parallel polygons. These may have any number of sides. The lat- 
eral (sides) faces are the parallelograms. The distance between the two bases is h; it is measured along a line 
at right angles to both bases. 

A right prism is a prism whose lateral faces are rectangles. The distance h is the height of any of the 
lateral faces. 




A rectangular solid (box) is a prism bounded by six rectangles. The solid can be formed from a pattern of 
six rectangles, as shown in Fig. 17-3, folded along the dashed lines. The length /, width w, and height h are 
its dimensions. 

A cube is a rectangular solid bounded by six squares. The cube can be formed from a pattern of six 
squares, as shown in Fig. 17-4, folded along the dashed lines. Each equal dimension is represented by e in 
the diagram. 




Fig. 17-4 Fig. 17-5 



A cubic unit is a cube whose edge measures 1 unit. Thus, a cubic inch is a cube whose edge is 1 in long. 

A parallelepiped is a prism bounded by six parallelograms (Fig. 17-5). Hence, the rectangular solid and 
cube are special parallelepipeds. 

The table that follows shows some relationships among polygons in plane geometry and the correspon- 
ding relationships among polyhedra in solid geometry. 



Plane Geometry 

Polygon <- 

i 

Quadrilateral ^ 

Parallelogram 
/ \ 
Rectangle Square 



Solid Geometry 

» Polyhedron 

^ Prism 



> Parallelepiped 

/ \ 
Rectangular solid Cube 



Pyramids 

A pyramid is a polyhedron whose base is a polygon and whose other faces meet at a point, its vertex. The base 
{B in Fig. 17-6) may have any number of sides. However, the other faces must be triangles. The distance from 
the vertex to the base is equal to the measure of the altitude or height h, a line from the vertex at a right angle 
to the base. 
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A regular pyramid is a pyramid whose base is a regular polygon and whose altitude joins the vertex and 
the center of the base. 

A frustum of a pyramid is the part of a pyramid that remains if the top of the pyramid is cut off by a plane 
parallel to the base. Note in Fig. 17-6 that its lateral faces are trapezoids. 

Cones 

A circular cone (Fig. 17-7) is a solid whose base is a circle and whose lateral surface comes to a point. 
(A circular cone is usually referred to simply as a cone.) 




A right circular cone is formed by revolving a right triangle about one of its legs. This leg becomes the 
altitude h of the cone, and the other becomes the radius r of the base. 

A frustum of a cone is the part of a cone that remains if the top of the cone is cut off by a plane parallel to 
the base. 

Cylinders 

A circular cylinder (Fig. 17-8) is a solid whose bases are parallel circles and whose cross-sections parallel 
to the bases are also circles. (A circular cylinder is usually referred to simply as a cylinder.) 

A right circular cylinder is a circular cylinder such that the line joining the centers of the two bases is 
perpendicular to the radii of these bases. The line joining the centers is the height h of the cylinder, and the 
radius of the bases is the radius r of the cylinder. 
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Cylinder Revolution 
Fig. 17-8 

Spheres 

A sphere is a solid such that every point on its surface is at an equal distance from the same point, its center. 

A sphere is formed by revolving a semicircle about its diameter as an axis. The outer end of the radius per- 
pendicular to the axis generates a great circle, while the outer ends of other chords perpendicular to the di- 
ameter generate small circles. ^ ^ 

Thus, sphere O in Fig. 17-9 is formed by the rotation of semicircle ACB about AS as an axis. In the process, 
point C generates a great circle while points E and G generate small circles. 

(North Pole) 




B S (South Pole) 

Fig. 17-9 Fig. 17-10 



The way in which points on the earth's surface are located is better understood if we think of the 
earth as a sphere formed by rotating semicircle NQS in Fig. 17-10, which runs through Greenwich, 
England (near London), about A^^ as an axis. Point O, halfway between A'^ and S, generates the equator, 
EQ. Points A and B generate parallels of latitude, which are small circles on the earth's surface parallel 
to the equator. Each position of the rotating semicircle is a semi-meridian, or longitude. (A meridian is 
a great circle passing through the North and South Poles .) The meridian through Greenwich is called the 
Prime Meridian. 

Using the intersection of the equator and the Prime Meridian as the origin, we would locate New York City 
at 40°485 North Latitude and 13°5l\ West Longitude. The heavy arc shown on the globe is an arc of a great 
circle through New York City and London. Such an arc is the shortest distance between two points on the 
earth's surface. We could find this line by stretching a rubber band tightly between New York City and 
London on a globe. 

17.1B Regular Polyhedra 

Regular polyhedra are solids having faces that are regular polygons, with the same number of faces meeting 
at each vertex. There are only five such solids, shown in Fig. 17-11 . Note that their faces are equilateral tri- 
angles, squares, or regular pentagons. 
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Regular Regular Regular Regulai' Regular 

Tetrahedron Hexahedron Octahedron Dodecahedron Icosahedron 

(4 faces) (6 faces) (8 faces) (12 faces) (20 faces) 

Fig. 17-11 



Regular hexagons cannot be faces of a regular polyhedron. If three regular hexagons had a common ver- 
tex (Fig. 17-12), the sum of the measures of the three interior angles at that vertex would be 3(120°) or 360°. 
As a result, the three regular hexagons would lie in the same plane, so they could not form a solid. 




Fig. 17-12 



17.2 Extensions to Solid Geometry 

17. 2A Extension of Plane Geometry Principles to Space Geometry Principles 

"Sphere" in space geometry corresponds to "circle" in plane geometry. Similarly, "plane" corresponds to 
"straight line." By interchanging "circle" and "sphere," or "straight line" and "plane," each of the following 
dual statements can be interchanged. When you do so, many plane geometry principles with which you are 
acquainted become space geometry principles. 



Related Dual Statements 



1 . Every point on a circle is at a distance of 
one radius from its center. 

2. Two intersecting straight lines determine 
a plane. 




3. Two lines perpendicular to the same plane 
are parallel. 




1 . Every point on a sphere is at a distance of one 
radius from its center. 

2. Two intersecting planes determine a straight line. 




3 . Two planes perpendicular to the same line 
are parallel. 



Pi 



P2 
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Be sure, in obtaining dual statements, that there is a complete interchange of terms. If the interchange is 
incomplete, as in the following pair of statements, there is no duality. 



4. The locus of a point at a given distance 4. The locus of a point at a given distance from 
from a given line is a pair of lines parallel a given line is a circular cylindrical surface 

to the given line and at the given distance having the given line as axis and the given 

from it. distance as radius. 




Unlike a cylinder, a cylindrical surface is not limited in extent; nor does it have bases. Similarly, a coni- 
cal surface is unlimited in the extent and has no base. 



Extension of Distance Principles 

Here are some dual statements involving distance— in a plane and in space. 



Distance in a Plane 



Distance in Space 



1 . The distance from a point to a line is the length 
of the perpendicular from the point to the line. 



1 . The distance from a point to a plane is the length 
of the perpendicular from the point to the plane. 




The distance between two parallel lines is the 
length of a perpendicular between them. 



2. The distance between two parallel planes is 
the length of a perpendicular between them. 




The distance from a point to a circle is the 
external segment of the secant from the point 
through the center of the circle. 

•A 




TT" 



XL 



3 . The distance from a point to a sphere is the 
external segment of the secant from the point 
through the center of the sphere. 
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Distance in a Plane 

4. Parallel lines are everywhere equidistant. 



5 . Any point on the line which is the 
perpendicular bisector of a segment is 
equidistant from the ends of the 
segment. 





I 




M 





6. Any point on the line which is the bisector of 
the angle between two lines is equidistant 
from the sides of the angle. 




Distance in Space 

4. Parallel planes are everywhere equidistant. 



5 . Any point on the plane which is the 
perpendicular bisector of a segment is 
equidistant from the ends of the segment. 



6. Any point on the plane which is the bisector 
of the dihedral angle between two planes is 
equidistant from the sides of the angle. 




Extension of Locus Principles 

The following dual statements involve the locus of points— in a plane and in space. 



Locus in a Plane 


Locus in Space 


1 . The locus of points at a given distance from 
a given point is a circle having the given 
point as center and the given distance 
as radius. 


1 . The locus of points at a given distance from 
a given point is a sphere having the given point 
as center and the given distance as radius. 












f 

\ 


\ 

^ ) 

./ 




d 


^ i I 
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Locus in a Plane 

The locus of points at a given distance from a 
given line is a pair of lines parallel to the 
given line and at the given distance from it. 



d 



d 



The locus of points equidistant from two 
points is the line that is the perpendicular 
bisector of the segment joining the two points. 



The locus of points equidistant from the lines 
that are the sides of an angle is the line which 
is the bisector of the angle between them. 

■li 




5 . The locus of points equidistant from two 
parallel lines is the line parallel to them and 
midway between them. 



U 



It 



The locus of points equidistant from two 
concentric circles is the circle midway 
between the given circles and concentric 
to them. 




Locus in Space 

2. The locus of points at a given distance from 
a given plane is a pair of planes parallel to the 
given plane and at the given distance from it. 



P2, 



Pi 



P3 



The locus of points equidistant from two points 
is the plane that is the perpendicular bisector 
of the segment joining the two points. 



p 

M 



4. The locus of points equidistant from the planes 
that are the sides of a dihedral angle is the plane 
which is the bisector of the angle between them. 




5 . The locus of points equidistant from two parallel 
planes is the plane parallel to them and midway 
between them. 



Pi 



Pi 



Pi 



The locus of points equidistant from two 
concentric spheres is the sphere midway between 
the given spheres and concentric to them. 
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Locus in a Plane 


Locus in Space 


7. The locus of the vertex of a right triangle 
having a given hypotenuse is the circle having 
the hypotenuse as its diameter. 


7. The locus of the verte 
a given hypotenuse is 
hypotenuse as its dia 


;x of a right triangle having 
i the sphere having the 
meter. 

Jo 1 ~/j 



17. 2B Extension of Analytic Geometry to Tliree-Dimensional Space 

The analytic (or coordinate) geometry of two dimensions can easily be extended to three dimensions. 
Figure 17-13 shows the two- and three-dimensional axes; the z-axis is perpendicular to both the x- and _y-axes. 
In the figure, arrows indicate the positive directions, and dashed lines indicate the negative axes. 
Four specific extensions from geometry in a plane to geometry in space follow. 



x' 




Fig. 17-13 



Coordinate Geometry in a Plane 


Coordinate Geometry in Space 


1. 


Coordinates: P, {x^,y^), P^{x^,y^) 


1. 


Coordinates: (Xj , y, , z^) , P^ (x^, y^, 


) 


2. 


Midpoint of /'1P2: 


2. 


Midpoint of ^1^2: 






xi + X2 + y2 




xi + X2 J, + y2 Zi 


+ Z2 








2 ' 2 ' ^'^ 


2 


3. 


Distance ^1^2' 


3. 


Distance /"i^j: 






d = V(X2 - x,y + (y2 - y,y 




d = V(X2 - Xi)2 + (J2 - y^y + iZ2 




4. 


Equation of a circle having the origin 


4. 


Equation of a sphere having the origin as center 




as center and radius r: x^ + y^ = r^ 




and radius r: x^ + y^ + = r^ 





17.3 Areas of Solids: Square Measure 

The area of each face of the cube in Fig. 17-14 is A = e^. The total surface area S of the cube is then 

S = 6e2 
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The areas of the six rectangles that make up the rectangular solid in Fig 17-15 are 

A = Iw for top and bottom faces 
A = Ih for front and back faces 
A = wh for left and right faces 

The total surface area S of the rectangular solid is then 

S = 2lw + 2lh + 2wh 
The total surface area S of the sphere in Fig. 17-16 is 

S = 4-n-r2 

The total surface area S of the right circular cylinder in Fig. 17-17 is 

S = lirr^ + Ijrrh = 2Trr(r + h) 




Fig 17-14 Fig. 17-15 Fig. 17-16 Fig 17-17 



SOLVED PROBLEM 



17.1 Finding total surface areas of solids 

Find, to the nearest integer, the total surface area of 

(a) A cube with an edge of 5 m (Fig. 17-18) 

(b) A rectangular solid with dimensions of 10 ft, 7 ft, and 4^ft (Fig. 17-19) 

(c) A sphere with a radius of 1 .1 cm (Fig. 17-20) 




Fig. 17-18 Fig. 17-19 Fig. 17-20 



Solutions 

(a) s = 6e^ = 6(5^) = 150 

(b) s = 2lw + 2lh + 2wh = 2(10)(7) + 2(10)(4^) + 2(7)(4|) = 293 ftz 

(c) s = Airr^ = 4(3.14)(1.P) = 15.1976 cm^ 



17.4 Volumes of Solids: Cubic Measure 



A cubic unit is a cube whose edge is 1 unit long. Thus, a cubic inch is a cube whose side is 1 in long 
(Fig. 17-21). 
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The volume of a solid is the number of cubic units that it contains. Thus, a box 5 units long, 3 units wide, 
and 4 units high has a volume of 60 cubic units; that is, it has a capacity or space large enough to contain 
60 cubes, 1 unit on a side. (See Fig. 17-22.) 

Here are some formulas for the volumes of solids. In these formulas. Vis the volume of the solid, B is the 
area of a base, and h is the distance between the bases or between the vertex and a base. In volume formu- 
las, the volume is in cubic units, the unit being the same as that used for the dimensions. Thus, if the edge of 
a cube measures 3 meters, its volume is 27 cubic meters. 

1. Rectangular solid (Fig. 17-23): V = Iwh 

2. Cylinder (Fig. 17-24): V= BhoiV= Trr^h 



h 




Fig. 17-23 Fig. 17-24 



3. Prism (Fig. 17-25): V = Eh 

4. Cube (Fig. 17-26): V = e^ 




Fig. 17-25 Fig. 17-26 



5. Pyramid (Fig. 17-27): V = \Bh 

6. Cone (Fig. 17-28): V =\BhoxV = lirr^h 
1. Sphere (Fig. 17-29): V = ^trr^ 




Fig. 17-27 Fig. 17-28 Fig. 17-29 
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SOLVED PROBLEMS 



17.2 Relations among cubic units 

Find the volume V of 

(a) A cubic foot in cubic inches 

(b) A cubic yard in cubic feet 

(c) A liter (cubic decimeter) in cubic centimeters 

Solutions 

(a) V=e' for a cube. Since 1 ft = 12 in, ¥=12^ = 1728 
So 1 ft' = 1728 in'. 

(b) y = for a cube. Since 1 yd = 3 ft, V = 3' = 27 
So 1 yd' = 27ft3. 

(c) V = e' again. Since 1 dm' = 10 cm', V = 10' = 1000 
So 1 liter = 1000 cm'. 

17.3 Finding voiumes or cubes 

Find the volume V of a cube, in cubic feet, if one edge is (a) 4 in, (b) 4 ft, (c) 4 yd. 

Solutions 

To find the volume in cubic feet, we must express the side in feet. 

(a) y = e' and, since 4in = |ft, V = (|)' = ^ft' 

(b) y= e' = 4' = 64 ft' 

(c) V = e\ and since 4 yd = 12 ft, V = 123 = 1728 fts 

17.4 Finding the voiumes of a rectangular solid, prism, and pyramid 

Find the volume of 

(a) A rectangular solid having a length of 6 in, a width of 4 in, and a height of 1 ft 

(b) A prism having a height of 15 yd and a triangular base of 120 ft^ 

(c) A pyramid having a height of 8 cm and a square base whose side is a\ cm 

Solutions 

(a) V=lwh = 6(4)(12) = 288 in' 

(b) V = Bh= 120(45) = 5400 ft'= 200 yd' 

(c) V = \Bh = |(f)\8) = 54cm3 

17.5 Finding the volumes of a sphere, cylinder, and cone 

Find the volume of 

(a) A sphere with a radius of 10 in 

(b) A cylinder with a height of 4 yd and a base whose radius is 2 ft 

(c) A cone with a height of 2 ft and a base whose radius is 2 yd 
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Solutions 

In these calculations, we shall let tt = 3.14 

(a) V = 1-77^3 = 1(3.14)103 = 4186 f in3 

(b) V = irr^h = (3.14)(22)12 = 150.72 ft' 

(c) V = ^Trr^h = f(3.14)(62)(2) = 75.36 fts 

17.6 Deriving formulas from V = Bh 

From V = Bh, the volume formula for a prism or cylinder, derive the volume formulas for the solids 
in Fig. 17-30. 

Solutions 

(a) Since B = lw,V = Bh = Iwh 

(b) Since B = andh = e,V = Bh = (e^) e = 

(c) Since B = Trr^,V = Bh = -rrr^h 

(d) Since B = ^(b + b'),V = Bh = + b')h = ^(b + b') 



h 




' (c) Cylinder of (c?) Right prism with a 

{a) Rectangular solid (b) Cube revolution trapezoid for a base 

Fig. 17-30 



17.7 Formulas for command volumes 

State the formula for the volume of each solid in Fig. 17-31. 




(a) (b) (c) 

Fig. 17-31 
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Solutions 

(a) V = Iwh for this solid. Now l = Ae,w = 3e, and h = 2e. Hence, V = (4e)(3e)(2e) = 24e^ 

(b) V = Iwh again. Here / = 2a, w = c, and h = 3b. Hence, V = (2a)(c)(3b) = 6abc 

(c) Here V = V , + 7^, ^ = nR^h + irr^h. But R = 3r,soV= TT(3rfh + irr^h = Wnr^h 



17.1. Find, to the nearest integer (using tt = 3.14), the total area of 

(a) A cube with an edge of 7 yd 

(b) A rectangular solid with dimensions of 8 ft, 6|ft, and 14 ft 

(c) A sphere with radius of 30 m 

(d) A cylinder of revolution with a radius of 10 yd and a height of 4^ yd. [Hint: Use T = 2'TTrir + h) .] 



(17.1) 



17.2. Find the volume of 

(a) A cubic yard in cubic inches 

(b) A cubic meter in cubic centimeters (1 m = 100 cm) 



(17.2) 



17.3. Find, to the nearest cubic inch, the volume of a cube whose edge is (a) 3 in; (b) a\ in; (c) 7.5 in; (d) 0.3 ft; 
(e) 1ft 2 in. (17.3) 



17.4. Find, to the nearest integer, the volume of 

(a) A rectangular solid of length 3 in, width 8^ in, and height 8 in 

(b) A prism having a height of 2 ft and a square base whose side is 3 yd 

(c) A pjTamid having a height of 2 yd and a base whose area is 6.4 ft^ 



(17.4) 



17.5. Find, to the nearest integer, the volume of 

(a) A sphere with radius of 6 m 

(b) A cylinder having a height of 10 ft and a base whose radius is 2 yd 

(c) A cone having a height of 3 yd and a base whose radius is 1 .4 ft 



(17.5) 



17.6. 



From V = ksh, the volume formula for a pjTamid or cone, derive volume formulas for each of the solids in 
Fig. 17-32. (17.6) 
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(a) Cone 



(b) Pyramid with 
square base 



(c) Pyramid witli 
rectangular base 



Fig. 17-32 

17.7. Find a formula for the volume of each solid in Fig. 17-33. 






(d) Cone where 
h = 2r 



(17.7) 




Fig. 17-33 
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Transformations 



18.1 Introduction to Transformations 

Two figures are congruent if one can be moved so that it exactly overlaps the other. A figure cut out of paper 
can be turned, slid, and flipped over to see if it matches up with another figure. If the figure is put on a graph, 
then these movements will change the coordinates of the points. A transformation is a way to describe such 
a change of coordinates. 

18.2 Transformation Notation 

A transformation begins with a general description of a point, such as P(x, y) which represents a point P with 
coordinates x and y. Following this is an arrow i-> and then a description of the point's image, the place 
where it ends up after the move. Usually the image of P is called P', the image of A is called A', and so on. 

For example, the transformation P(x, y) P'(x — 5,4 — y) means that the point A(2, 1) is moved to 
A'(2 - 5,4 - 1) = A'(-3,3),thepointB(3,5)ismovedtoB'(3 -5,4 -5) = B'(-2, -1), and the point 
C(6, 1) is moved to C'(6 - 5,4 - 1) = C'(l, 3). This transformation flips the triangle AABC over and 
slides it to the left, as shown in Fig. 18-1. 
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Fig. 18-1 



SOLVED PROBLEMS 



18.1 Using transformation notation 

Name the image of the points A(3, 1), S(3, 4), and C(5, 1) under the following transformations: 

(a) P{x,y)^P\x + 2,3; - 1) 

(b) Q.{x,y)^Q;{x + 5,y) 

(c) R{x,y)^P:{5x,5y) 

^^fc 
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(d) Six,y)^S'i-y,x) 

(e) Tix,y)^r(y,5- X) 

Solutions 

(a) A'(3 + 2,1-1) = A'(5,0),5'(3 + 2,4 - 1) = 5'(5, 3), and C'(5 + 2, 1 - 1) = C'(7,0) 

(b) A'(3 + 5, 1) = A'(8, 1),B'(3 + 5,4) = fi'(8,4),and C (5 + 5,1) = C (10,1) 

(c) A'(5 ■3,5-1) = A'(15, 5), S'(5 •3,5-4) = S'(15, 20), and C'(5 ■5,5-1) = C'(25, 5) 

(d) A'(-l,3),5'(-4,3),and C'(-l,5) 

(e) A'(l,5 - 3) = A'(l,2),5'(4,5 - 3) = 5'(4, 2), and C'(l, 5 - 5) = C'(1,0) 

18.3 Translations 

A transfomiation that slides figures without flipping or rotating them is called a translation. The translation 
that slides everything to the right a units and up b units is P(x, y) P'(x + a,y + b). 
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18.2 Performing a translation 

Let rectangle ABCD be formed by A(- 1 , 4), B( - 1 , 3), C(3, 3), and D(3 , 4). Graph rectangle ABCD 
and its image under the following translations: 

(a) Pix,y)'-^P'ix + 4,^ + 3) 

(b) Pix,y)^P"ix + 2,y-5) 

(c) Pix,y)'^P"'ix - 6,y -2) 

Solutions 

See Fig. 18-2. 
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Fig. 18-2 
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(a) A'(-l + 4,4 + 3) = A'(3,7),S'(-1 + 4, 3 + 3) = B'(3,6),C'(3 + 4,3 + 3) = C'(7,6),and 
D'(3 + 4,4 + 3) = D'0,7) 

(b) A"(-l + 2,4 - 5) = A"(l,-l),fi"(-l + 2,3 - 5) = -2), 
C"(3 + 2,3 - 5) = C"(5, -2),andD"(3 + 2,4 - 5) = D"(5, -1) 

(c) A"'(-l - 6,4 - 2) = A"'(-7,2),B"'(-1 - 6,3 - 2) = S"'(-7, 1), 
C"'(3 - 6,3 - 2) = C"'(-3, l),andD"'(3 - 6,4 - 2) = D"'(-3,2) 



18.3 Recognizing a transiation 

Name the translation that takes AABC to (a) AA'B'C, (b) ZiA"B"C", and (c) AA"'B"'C"' as illus- 
trated in Fig. 18-3. 
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Fig. 18-3 



Solutions 

(a) P{x,y)^P'(x - 4,y + 2) 

(b) P(x,y)^P"(x + 2,y ~ 5) 

(c) Pix,y)^P"'ix - 6,y - 3) 

18.4 Naming translations 

Name the translation that moves everything: 

(a) Up 6 spaces 

(b) Down 1 space 

(c) To the right 2 spaces 

(d) To the left 10 spaces 

(e) Up 5 spaces and to the right 3 spaces 

(f) Down 7 spaces and to the right 4 spaces 

(g) 6 spaces to the left and 4 spaces up 
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Solutions 

(a) P(,x,y)>^PXx,y + 6) 

(b) P(,x,y)^nx,y - 1) 

(c) P(,x,y)i^P'(,x + 2,y) 

(d) P(,x,y)^P\x - W,y) 

(e) P(,x,y)>^P'(,x + 3,y + 5) 

(f) P(,x,y)>^P'(x + 4,7-7) 

(g) P(,x,y)^P'(,x -6,7 + 4) 

18.4 Reflections 

A transformation that flips everything over is called a reflection. This is because the image of an object in a 
mirror looks flipped over, as illustrated in Fig. 18-4. 




Fig. 18-4 



The reflection in Fig. 18-4 is a reflection across the y-axis because the edge of the mirror is pressed against 
the y-axis. The line where the mirror meets the plane is called the axis of symmetry. 
The reflection across the vertical line x = a is given by P{x, y) ^ P'{2a — x,y). 

The reflection across the horizontal line y = a is given by P{x, y) ^ P\x, 2a — y). 



SOLVED PROBLEMS 



18.5 Performing reflections 

Let triangle ABC be formed by A(- 1, 1), B(0, 3), and C(3, 1). Graph ZViBC and its image under: 

(a) Reflection across the x axis (y — 0), P{x, y) i-^ P'{x—y) 

(b) Reflection across the line x = A, P{x, y) i-^ P"{% — x, y) 

(c) Reflection across the line y = 5, P{x, y) ^ P"'{x, 10 - y) 

Solutions 

See Fig. 18-5. 

(a) A'(-l, -1),B'(0, -3), and C'(3, -1) 

(b) A"(8 - (-1),1) = A"(9,1),B"(8 - 0, 3) = B"(8, 3), and C"(8 - 3, 1) = C"(5,l) 

(c) A"'(-l,10 - 1) = A"'(- 1,9), B'" (0,10 - 3) = 5"'(0,7),andC"'(3,10 - 1) = C"'(3,9) 
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Fig. 18-5 



18.6 Recognizing reflections 

Name the reflection that takes AABC to (a) AA'B'C, (b) AA"B"C", and (c) AA"'B"'C"' as illus- 
trated in Fig. 18-6. 
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Fig. 18-6 



Solutions 

(a) Reflection across the y axis, P(x, y) i-^ P'(—x, y) 

(b) Reflection across the line y = -l,P(x,y) i-^ P"(x,—2 — y) 

(c) Reflection across the line x = 4, P(x, y) ^ P"'(8 — x, y) 

18.7 Naming reflections 

Name the transformation that 

(a) Reflects across x — 2 

(b) Reflects across y — 6 
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(c) Reflects across x = -10 

(d) Reflects across y = | 

Solutions 

(a) P(,x,y)i->P\4 - x,y) 

(b) P(x,y)^P'(x, 12 - y) 

(c) P(x,y)^ P' (--20 - x,y) 

(d) Pix,y)^P'ix,l - y) 

18.4A Reflectional Symmetry 

A figure has reflectional symmetry if it looks the same after being flipped across an axis of symmetry that runs 
through its center. As illustrated in Fig. 18-7, a figure can have (a) one, (b) several, or (c) no axes of symmetry. 




(a) {b) (c) 

Fig. 18-7 



SOLVED PROBLEMS 



18.8 Recognizing reflectional symmetry 

Which of the figures in Fig. 18-8 have refiectional symmetry? 




M W (/) 

Fig. 18-8 
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Solutions 

Only (b), (e), and (f) have reflectional symmetry. Note that when (d) is flipped, it will look like Fig. 18-9, 
which is different from the original in that the upper- left-hand crossing is horizontal instead of vertical. 




Fig. 18-9 



18.5 Rotations 



If a pin were pushed through the origin on a graph and the paper were to be turned, the result would be a 
rotation about the origin. A rotation is described by the number of degrees by which the paper is turned. 

The 90° clockwise rotation (or 270° counter-clockwise) about the origin is given by P(x, y) P'(y, — x). 

The 180° rotation about the origin is given by P{x, y) i-^ P'{x, - y). 

The 270° clockwise (or 90° counter-clockwise) rotation about the origin is given by P{x, y) ^ P'i-y, x). 
In general, the clockwise rotation about the origin of 9° is given by 
P(x, y) P'(x cos d + y sin d,y cos6-x sind) 



SOLVED PROBLEMS 



18.9 Performing rotations 

Let triangle ABC be given by A(2, 1), B(3, 1), and C(3, 4). Graph the image of AABC as rotated 
about the origin by (a) 90° clockwise, (b) 180°, and (c) 270° clockwise. 

Solutions 

See Fig. 18-10. 
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(a) A'(1,-2),B'(1 -3),andC'(4,-3) 

(b) A"(-2 -l),B"(-3 -l),C"(-3 -4) 

(c) A"'(-l, 2), S"'(-l, 3), C"'(-4, 3) 

18.10 Recognizing rotations 

Name the rotation that takes AABC to (a) AA'B'C , (b) AA"B" C" , and (c) AA"'B"'C"' as illustrated 
in Fig. 18-11. 
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Fig. 18-11 



So/ut/ons 

(a) 270° clockwise or 90° counter-clockwise about the origin, P(x, y) i-^ P'(—y, x) 

(b) 180° about the origin (either clockwise or counter-clockwise), P(x, y) P"(—x,—y) 

(c) 45° clockwise, P{x,y) ^ P"'(^cos45°+y sin45>cos45°-;csin45°) 




18.11 Naming rotations 

Name the transformation that rotates clockwise about the origin: 

(a) 20° 

(b) 30° 

(c) 60° 

(d) 75° 

Solutions 

(a) P(x,y)>^ P'(xcos20° + y sin 20°, y cos 20° - xsin20°) = /"(0.9397x -I- 0.3420y, 0.9397y - 0.3420;c) 

(b) P(x,y) i-^/"(*cos30° + y sin 30°, y cos 30° - jc sin 30°) = P'(^x + \y^^^y " 
= P'(0.866x + 0.5y, 0.866y - 0.5x) 
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(c) P(x,y)^P'(x COS 60° + :v sin 60°, cos 60° - x sin 60°) = P'\^^x + -^y.-^y - 
= P'(0.5x +0.866:v,0.5:v - 0.866) 

(d) P(x,y)^P'(xcosl5° + ysml5°,ycosl5° - xsin75°) = P'(0.2588x + 0.9659y, 0.2588y - 0.9659x) 



18.5A Rotational Symmetry 

A figure has rotational symmetry if it can be rotated around its center by fewer than 360° and look the same 
as it did originally. In Fig. 18-12, there is (a) a figure that looks the same under a 72° rotation, (b) a figure 
that looks the same under a 120° rotation, (c) a figure that looks the same under a 1 80° , and (d) a figure with- 
out rotational symmetry. 




(a) (b) (c) id) 

Fig. 18-12 



SOLVED PROBLEMS 



18.12 Recognizing rotationai symmetry 

For each figure in Fig. 18-13, give the smallest angle by which the figure could be rotated around 
its center and still look the same. 




Fig. 18-13 
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Solutions 

(a) 90° 

(b) 120° 

(c) 360° (no rotational symmetry) 

(d) 180° 

(e) 360° (no rotational symmetry) 

(f) 90° 

18.6 Rigid Motions 

Any combination of translations, reflections, and rotations is called a rigid motion because figures are moved 
without changing angles, lengths, or shapes. The image of a figure under a rigid motion will always be con- 
gruent to the original. 



SOLVED PROBLEMS 



18.13 Graphing rigid motions 

Let triangle ABC be formed by A(-4, 2), B(-4, 1), and C( - 1 , 1). Graph AABC and its image under 
the following combinations of transformations: 

(a) Reflect across the y axis and then move to the right 4 spaces. 

(b) Rotate 90° clockwise around the origin then move up 3 spaces. 

(c) Reflect across y — 2 then move up 2 spaces and to the left 3 spaces. 

(d) Reflect across the x axis and then reflect across the y axis. 

(e) Rotate 90° counter-clockwise around the origin and then reflect across x — —3. 

Solutions 

See Fig. 18-14. 

















































































































(c) 












































(b) 






















A 




















































(a) 
















B 








C 
































































































(e) 












(d) 



















































































Fig. 18-14 
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18.14 Combining transformations 

Name the single transformation that does the same thing as the combination of: 

(a) P(x,y)>^P'(x + 7,y - 2) and then Q'(x,y) ^ Q"(x + 3,y + 5) 

(b) P(x, y) ^ P'(-x, y) and then Q'(x, y) ^ Q"(x + 3,y + 2) 

(c) Pix, y) ^ P\-x,-y) and then Q\x, y) ^ Q\\ - x, y) 

(d) P{x, y) ^ P'iy-x) and then Q'{x, y) ^ Q"(x - 5,y + I) 

Solutions 

(a) R(x,y)^R"(ix + 7) + 3, (y - 2) + 5) = R"(x + W,y + 3) 

(b) R(x,y)^R"(-x + 3,y + 2) 

(c) R(,x,y)>^R"(4 - (-x),-y) = /?"(4 + x-y) 

(d) R(x,y)>^R"(y - 5,-x+ 1) 



18.15 Recognizing rigid motions 

Name the transformation that takes AABC to (a) AA'B'C, (b) AA"B"C", and (c) AA"'B"'C"' as 
illustrated in Fig. 18-15. 
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Solutions 

(a) The triangle has been reflected across they axis and then moved up 1 space, so P(;c,y)i-^P'( -I- 1). 

(b) The triangle has been reflected across the line y = 3, then moved up 1 space and to the left 2 spaces, so 
P(x,y)^P'ix - 2,7 - y). 

(c) The triangle has been rotated clockwise around the origin 90° and then moved up 8 spaces and to the 
right 6 spaces, so P(x,y) P'(y + 6,—x + 8). 



18.16 Naming rigid motions 

Name the transformation that 

(a) Rotates everything around the origin 180°, then moves everything up 3 spaces 

(b) Reflects across x — 4, then slides everything down 2 spaces 

(c) Rotates everything 90° clockwise around the origin, then reflects across the y axis 

(d) Rotates around the origin 90° counter-clockwise, then slides to the left 5 spaces 
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Solutions 

(a) P(,x,y)i-^P\-x,-y + 3) 

(b) P(x,y)i-^/"(8 - x,y -2) 

(c) P{x,y)^P\-y-x) 

(d) P(,x,y)>^PX-y - 5,x) 

18.7 Dihilations 

A dihilation (also called a scaling or an enlargement) is not a rigid motion because it multiplies all lengths 
by a single scale factor. The image of a figure under a dihilation will always be similar to the original. 
The dihilation that enlarges everything by a scale factor of k is P{x, y) ^ P'{kx, ky). 



SOLVED PROBLEMS 



18.17 Performing dihilations 

Let triangle ABC be formed by A(2, 2), B{A, 2), and C(4, 3). Graph the image of AABC under 
(a) magnification by 2 and (b) scaling by \. 

Solutions 

See Fig. 18-16. 
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Fig. 18-16 

(a) A'(4, 4), B'(8, 4), and C'(8, 6) 

(b) A"(l, 1),B"(2, l),and C"(2, 1.5) 

18.18 Naming diliilations 

Name the transformation that 

(a) Scales everything 5 times larger 

(b) Shrinks every length to half size 

(c) Triples all linear dimensions 

(d) Depicts everything at ^ scale 

(e) Dihilates by a scale factor of 12 
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Solutions 

(a) P(,x,y)>^P'(,5x,5y) 

(b) P{x,y)^P'ix,y) 

(c) P(,x,y)>^P'(3x,3y) 

(d) P{x,y)^P\^,x,l^) 

(e) P(,x,y)>^PXl2x,l2y) 



18.1. Name the image of points A(6, 2), fi(— 1, 4), and C(2, 7) under the transformation 

(a) P(,x,y)i^P'(,x + 3,y) 

(b) P(,x,y)^P\2-x,y) 

(c) P(;c,y) +1,-7 + 3) 

(d) P(x,y)^P\-y,x + 8) 

(e) P(,x,y)^P'(2x,2y) 

(f) P(x,y)i-^/"(4 - 3x,3y) 

(g) /'(^,y)^n2 -7,5 -^) 

18.2. Let triangle ABC be defined by A(l , - 1), fi(2, 2), and C(3, - 1). Graph the image of AABC under 

(a) P(x,y)^P'(x + 5,y) 

(b) P(x, y) ^ P'(x, y - 4) 

(c) Pix,y)^P'ix - 3,y + 2) 

183. Name the translation that takes AASC to (a) AA'S'C, (b) AA"B"C" , and (c) AA"'B"'C"' as illustrated in Fig. 18-17. 
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Fig. 18-17 



18.4. Name the translation that moves everjfthing 

(a) Down 5 spaces 

(b) To the right 6 spaces 
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(c) Up 3 spaces and 7 spaces to the left 

(d) Down 2 spaces and 8 spaces to the right 

(e) Up 4 spaces and to the left 1 space 

18.5. Let trapezoid ABCD be formed by A( 1 , 3) , 5(5 , 3) , C(4, 1 ) , and D{2 , 1 ) . Graph trapezoid ABCD and its image 

under (a) reflection across the y axis P(x, y) i-^ P'(-x, y) , (b) reflection across the line y = —1, P(x,y) i-^ 
P"(x,—2 — y), and (c) reflection across the line ;<: = S,P(x,y)i-^ P"'(16 — x,y). 

18.6. Name the reflection that takes AABCto (a) AA'B'C, (b) AA"fi"C", and (c) AA"'B"'C"' as illustrated in Fig. 18-18. 
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Fig. 18-18 

18.7. Name the transformation that 

(a) Reflects across y = 5 

(b) Reflects across x = -2 

(c) Reflects across y = -I 

(d) Reflects across x = l 

18.8. Which of the figures in Fig. 18-19 has reflectional sjmmetry? 
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18.9. 



Let parallelogram ABCD be defined by A(l , 2), S(4, 2), C(5, 1), and D{2, 1). Graph parallelogram ABCD and 
its image under (a) a 90° clockwise rotation about the origin, (b) a 180° rotation about the origin, and (c) a 270° 
clockwise rotation about the origin. 
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18.10. Name the rotation that takes AABCto (a) AA'B'C, (b) AA"B"C", and (c) AA"'B"'C"' as iUustrated in Fig. 18-20. 
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Fig. 18-20 



18.11. Name the transformation that rotates clockwise about the origin: 

(a) 40° 

(b) 50° 

(c) 80° 

18.12. For each figure in Fig. 18-21 , give the smallest angle by which the figure could be rotated around its center and 
still look the same. 




(d) (e) if) 

Fig. 18-21 



18.13. Let triangle ABC be defined by A(2, 1), S(3, 2), and C(3,- 1). Graph AABC and its image under the following 
combinations of transformations: 

(a) Reflect across the line 7 = 3 and then move to the right 2 spaces. 

(b) Rotate about the origin 90° clockwise and then move to the right 1 space and down 3 spaces. 
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(c) Rotate about the origin 270° clockwise and then reflect across the x axis. 

(d) Reflect across the line x = -I and then move up 2 spaces. 

18.14. Name the single transformation that does the same thing as 

(a) P(x,y)'^P'ix + 5,y - 3) md then Q'(x,y) ^ Q"(x + l,y + 2) 

(b) P(x, y) ^ P'(5 - X, y) and then QXx, y) ^ Q"{x - A,y + 2) 

(c) P{x, y) ^ P'(y-x) and then Q'{x, y) i-^ Q"{x + 3,y - 6) 

(d) P(,x, y) 1-^ P\-y, x) and then QXx, y) >-> Q"{x, A - y) 

(e) P(x, y) ^ P'(x -3 - y) and then QXx, y) ^ Q"(6 - x, y) 

18.15. Name the transformation that takes AASC to (a) IsMB'C , (b) AA"S"C", and (c) AA"'B"'C"' as illustrated in 
Fig. 18-22. 
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18.16. Name the transformation that 

(a) Reflects across the x axis and then moves everything down 3 spaces 

(b) Rotates around the origin clockwise 90° and then moves everything to the right 2 spaces 

(c) Reflects across the line y = 2 and then rotates 180° around the origin 

(d) Rotates 180° around the origin and then reflects across the line y = 2 

(e) Moves everything up 3 spaces and to the left 1 space, then reflects across the line x = -A 

18.17. Let rectangle ABCD be formed by A(-l, 2), B(l,2), C(l, 1), and D(-l, 1). Graph this rectangle and also its 
image under the transformation P{x, y) ^ P'{ix, 3y). 

18.18. Name the transformation that 

(a) Scales everything to be twice as large 

(b) Scales everything by scale factor 8 

(c) DihUates everjfthing by a scale factor of \ 




Non-Euclidean Geometry 



19.1 The Foundations of Geometry 

For most of the years since Euclid wrote the Elements in 325 B.C., people felt that only one sort of geometry 
was possible. Planes looked like infinitely large, flat sheets of paper, lines went on forever as straight as the 
mind could imagine, and a grid of parallel lines could be drawn to make a plane look like graph paper. How- 
ever, the foundations of this geometry were unfortunately vague. 

As discussed in Chapter 1 , the concepts of point, line, and plane were not given formal definitions. The 
individual points, infinite straight lines, and flat planes discussed throughout this book all fit the properties 
and descriptions of points, lines, and planes, but other objects fit these general descriptions as well. When 
these basic objects are different, the resulting geometry is different as well. 

Similarly, as discussed in Chapter 2, the entire structure of geometric proof rests upon unproved postulates. 
These postulates lead to the geometry with which we are familiar. However, why should we believe one set 
of postulates and not a different set? If we start with different postulates, then our theorems will be different 
as well. Our choices lead to different sorts of geometry, called non-euclidean geometries. 



19.2 The Postulates of Euclidean Geometry 

Euclid's Elements began with only five postulates. We shall go through them with an eye for alternatives. 
POSTULATE 1 : One and only one straight line can be drawn through any two points. (Chapter 2, Postulate 11) 

We further postulate that there exist at least two points, A and B, so there exists a straight line. 
POSTULATE 2: A line segment can be extended in either direction indefinitely. (Chapter 1 , description of a 



Traditionally, we suppose that the line through A and B looks like Fig. 19- 1(a), but our postulates do 
not rule out the possibility of Fig. 19-l(b). In Fig. 19-l(b), the line reaches no end in either direction, and 
thus in some sense can be extended indefinitely. Remember that the original meaning of "geometry" comes 
from "earth" and "measure." The straightest line that could be drawn on the earth would wrap around to 
form a great circle, as discussed in Chapter 17. 
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Fig. 19-1 
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POSTULATE 3: A circle can be drawn with any center and radius. (Chapter 2, Postulate 14) 

When we believe this postulate, we believe that we have a plane with no end in any direction on which 
we could find circles with ever-larger radii. It could be that this leads to circles like ripples on the surface of 
a still pond, as shown in Fig. 19-2(a). However, if our plane were more like the surface of the Earth, our cir- 
cles might look more like the circles of latitude, shown in Fig. 19-2(b). 




Fig. 19-2 



POSTULATE 4: All right angles have the same measure. 

This postulate enables us to measure angles in degrees. A plane would have to be somehow lumpy or 
uneven if some right angles could be bigger than others. 

POSTULATE 5: Through a given point not on a given line, one and only one line can be drawn parallel to 
a given line. (Chapter 4, Parallel-Line Postulate) 

This postulate is the one which establishes that our plane cannot look like a giant sphere. On a flat plane, 
given point P not on line AB, only a point C which makes ZAPC = ^PAB will make PC W^B , as shown in 
Fig. 19-3(a). On a giant sphere, straight lines are great circles which divide the sphere into two equal-sized 
pieces. Any two such lines will always meet at two spots at opposite points of the sphere (called antipodal 
points), such as X and Y, as shown in Fig. 19-3(b). Because any two straight lines meet, it is impossible for 
there to be parallel lines on a sphere. 




(a) ib) 
Fig. 19-3 



19.3 The Fifth Postulate Problem 

For about 2000 years, certain mathematicians tried to use the first four postulates to prove the fifth. This 
challenge was called the fifth postulate problem. The first four seem to come straight from the basic tools of 
geometry: the straight edge (connecting points and extending straight lines), the compass (drawing circles). 
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and the square (measuring right angles). The fifth, it seemed, was something that ought to be provable. How- 
ever, no one was able to succeed in proving the fifth postulate without introducing new, equivalent postulates 
that required belief without proof. (Actually, the fifth postulate stated previously is a simpler alternative to 
the one Euclid actually used.) If a postulate about parallel lines must be accepted without proof, why must 
it be the traditional fifth postulate of euclidean geometry? 

19.4 Different Geometries 

In the 19th century, mathematicians finally established that there are actually three basic types of planar 
geometry, not one. The traditional one is called euclidean geometry, which is based on the fifth postulate 
(or one of the many equivalent postulates). However, we could instead believe one of the two alternate fifth 
postulates: 

POSTULATE 5a: There are no parallel lines. 

POSTULATE 5b: Through a given point not on a given line, many different lines can be drawn parallel to 



If we believe Postulate 5a (along with Postulates 1 through 4), then we will end up with what is called 
elliptic geometry. This is the sort of geometry where a plane is actually shaped like the surface of a sphere 
and lines are great circles. 

If we believe Postulate 5b, we will end up with an even stranger geometry called hyperbolic geometry. 

19.4A Euclidean Geometry 

Just for comparison, here are several properties of euclidean geometry: 

Planes are infinite in area and flat. 

Lines are infinite in length. 

The angles of triangles always sum to 180°. 

There are similar triangles of different sizes. 

The circumference of a circle with radius r is C = lirr''-. 

The area of a circle with radius r is A = irr^. 

19.4B Elliptic Geometry 

The properties of elliptic geometry are 

Planes are shaped like spheres, finite in area. 
Lines are great circles, finite in length. 

The angles of a triangle add up to more than 180°. For an example, take two longitude circles that meet 
at right angles at the North and South Poles and add the equator. These will cut the globe into 8 triangles where 
every angle is 90°. Thus, in elliptic geometry it is possible to have a triangle with an angle sum of 270°, as 
shown in Fig. 19-4. Smaller triangles will have smaller angle sums, but always more than 180°. 



a given line. 




Fig. 19-4 
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The size of a triangle on a sphere is related to the sum of all its angles. For example, every triangle with 
an angle sum of 270° will have area equal to one eighth of the whole sphere, just like the triangles in Fig. 19- 
4. Smaller triangles will have smaller angle sums. Because of this, it is impossible to have two triangles of 
different sizes that have the same angle measures. Thus, there cannot be similar triangles of different sizes 
in elliptic space. 

A circle in elliptic space is defined as usual: the set of all points a given distance from a point. Because 
distances are measured along lines which curve around great circles on a sphere, this means that a larger 
radius does not always lead to a larger circle. Once the radius exceeds one quarter of a great circle's 
circumference, circles actually begin to shrink, as illustrated in Fig. 19-5. The distance from the North 
Pole N to point A is one eighth of the circumference of the sphere, from A' to 5 is one quarter of the circum- 
ference, and from to C is three quarters of the circumference. However, the circumference of the circle 
around N with radius NB (the equator) is greater than the circumference of the latitudinal circle around A'^ with 
radius NC. A larger radius does not guarantee a larger circumference. In fact, the circumference of a circle 
with radius r in elliptic space is less than Inr. 



Similarly, the area of a circle with radius r in elliptic space is A < ttt^. If a circle has a very small radius, 
then it will be almost flat and have area close to Trr^ and circumference near lirr (though slightly less in 
both cases). The larger a circle's radius becomes, the further it will be from having the area and circumfer- 
ence of a circle in Euclidean space with the same radius. 

Technically, elliptic space violates the first postulate. Between the North and South Poles, any of the lon- 
gitudinal great circles counts as a straight line, thus, there are many straight lines between two points. A trick 
to overcome this is to call the North and South Poles together as one single point. If each pair of antipodal 
spots on a globe is viewed as a single point, then the resulting geometry is called projective space, which has 
all of the above properties in common with elUptic space. 

19.4C Hyperbolic Space 

Euclidean geometry is based on flat planes. A flat object is said to have zero curvature. Elliptic geometry is 
based on planes that are positively curved, like the surface of a sphere. Hyperbolic geometry is based on 
planes that are negatively curved and frilly like certain kinds of seaweed. The three kinds of curvature are 
illustrated in Fig. 19-6. 



N 




Fig. 19-5 




positive cwvatuie 



zero curvature 



negative curvatme 



Fig. 19-6 



Just as with elliptic space, any tiny piece of hyperbolic space is almost flat and will have properties close to 
those of euclidean space. As pieces get larger, however, they contain more of the warps, bends, and frills that are 
symptomatic of this space. The word "hyperboUc," by the way, has roots meaning "excessive" and "exaggerated." 
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The reason why hyperbolic space is the one that satisfies Postulate 5b can be seen in Fig. 19-7. Because 
of all the frilly waves^f space through which a line can travel, there is more than one line through point P 
that will never cross AB. Note that these do not have the usual property of parallel lines; they are not every- 
where equidistant. 




Fig. 19-7 



In hyperbolic space 

Planes are negatively curved and infinite in area. 
Lines are infinite in length. 

The angles of a triangle add up to less than 180°. One such example is illustrated in Fig. 19-8. 




Fig. 19-8 



Just as with elliptic space, the larger a triangle is, the further its angle sum will be from 180°. A tiny tri- 
angle will have angles that add up to just less than 180°. The largest triangles in hyperbolic space have angle 
sums of almost zero. Because of this, there are no similar triangles of different sizes in hyperbolic space. 

Finally, a circle has more circumference and encompasses more area in hyperbolic space than it would in the 
eucUdean plane. Thus, a circle with radius r in hyperbolic space has circumference C > Inr and area A > irf-. 



Formulas for Reference 



Angle Formulas 



1 . Complement of a° 


1. 


c = 90° - a° 




2. Supplement of a° 


2. 


s = 180° - a 




3. Sum of measures of angles of a triangle 


3. 


S = 180° 




4. Sum of measures of angles of a quadrilateral 


4. 


S = 360° 




5. Sum of measures of exterior angles of an n-gon 


5. 


S = 360° 




6. Sum of measures of interior angles of an n-gon 


6. 


s = m°(n - 


2) 


7. Measure of each interior angle of an equiangular 


7. 


180°(« - 
n 


- 2) 


or regular «-gon 
8. Measure of each exterior angle of an equiangular 


8. 


„ 360° 

~ n 




or regular «-gon 






9. Measure of central /-O intercepting an arc of a° 


9. 


mAO = a° 




10. Measure of inscribed AA intercepting an arc of a° 


10. 


mAA = \(f 




11. Measure of AA formed by a tangent and a chord 


11. 


mAA — \a° 




and intercepting an arc of a° 








12. Measure of AA formed by two intersecting chords 


12. 


mAA — \{a° 


+ b°) 


and intercepting arcs of a° and b° 








13. Measure of A A formed by two intersecting tangents, 


13. 


mAA = \{a° 


- b°) 


two intersecting secants, or an intersecting tangent 








and secant and intercepting arcs of a° and b° 








14. Measure of AA inscribed in a semicircle 


14. 


mAA = 90° 




15. Opposite A A and B of an inscribed quadrilateral 


15. 


mAA = 180° 


- mAB 




Formulas for Reference 



Area Formulas 



1. 


Area of a rectangle 


1. A 


= Zj/i 






2. 


Area of a square 


2. A 




A 


1 »n 


3. 


Area of a parallelogram 


3. A 


— bh, 


A 


— ab sin C 


4. 


Area of a triangle 


A A 

4. A 


— ^uu 

— jO", 


A 


— 2^10 sm C 


5. 


Area of a trapezoid 


5. A 


= \h(b + %), 


A 


= hm 


6. 


Area of an equilateral triangle 


6. A 




A 




7. 


Area of a rhombus 


7. A 


= \Sd 






8. 


Area of a regular polygon 


8. A 


= \pr 






9. 


Area of a circle 


9. A 


= Trr\ 


A 




10. 


Area of a sector 


10. A 


^ seo^^''^ 






11. 


Area of a minor segment 


11. A 


= area of sector 


— area of triangle 



Circle Intersection Formulas 





2. 




3. 


s 


1. ^-—^ 




















Intersecting Chords 




Intersecting Tangent and 




Intersecting Secants 


ab — cd 




Secant 

S t .2 




se — s'e' 



Right-Triangle Formulas 



1. 

^ re 


Pythagorean Theorem 


1. c^^a' + y 


2. 

c/30» 
/60= r 




Leg opposite 30° angle 
Leg opposite 45° angle 
Leg opposite 60° angle 


2. b = \c 

b = \c\f2, b = a 
a = jcA/s, a = ZjVS 


3. / 

V 
/^0° r 




Altitude of equilateral triangle 
Side of equilateral triangle 


3. h = jsV3 
s = lhV3 



(contd.) 



Formulas for Reference 



Right-Triangle Formulas 



4. 


y 

A" r 


S 


Side of square 
Diagonal of square 


4. s = IdVl 
d = sVl 


5. C 

a/ 


) 1 

— e A 


Altitude to hypotenuse 
Leg of right triangle 


5.j^ = ^,h^= pq,h = Vp^ 

c a 2 \/ 
-^-,a^^ pea = Vpc 



Coordinate-Geometry Formulas 



1. 

x' >f 


Ma;,.!/,) a; 


Midpoint M 
Distance P^P^ 
Slope of^H 


Xi + X2 + y2 
1. Xjjf 2 '3'm 2 


J = V(X2 - Xi)2 + (J2 - 

>'2->'i 

m = ^ ^ ,m = , , m= tan z 
^2 -^1 Ax 




0 

y' 


2. 1 




Slopes of parallels, 
and 

Slopes of perpendiculars, 
and L' 


2. Same slope, m 
mm' = —1 

1 1 


0, 




3. 

k' 






parallel to x-axis 

Equation of L^, 
parallel to v-axis 


X = A; 








x' 0 




X 


4. 

b 

x' / 


/ / /^^ 

/ /(xi.y^ 

/ / X 


Equation of with slope 
m and y-intercept b 

Equation of with 
slope m passing through 
the origin 

Equation of Lj with 
x-intercept a and 
y-intercept b 

Equation of with 
slope m and passing 
through (Xj,);j) 


4. y = mx ^ b 
y = mx 

- + - = 1 

y - = m(x - Xj) 




y' 


5. 

»' 






Equation of circle 
with center at origin 
and radius r 


5. x^ + y^ = 






y' 



Formulas for Reference 



Table of Trigonometric Functions 



Angle 
Measure 


Sine 


Cosine 


Tangent 


Angle 
Measure 


Sine 


Cosine 


Tangent 


1° 


.0175 


.9998 


.0175 


46° 


.7193 


.6947 


1.0355 


2° 


.0349 


.9994 


.0349 


47° 


.7314 


.6820 


1.0724 


3° 


.0523 


.9986 


.0524 


48° 


.7431 


.6691 


1.1106 


i° 


.0698 


.9976 


.0699 


49° 


.7647 


.6561 


1.1504 


5° 


.0872 


.9962 


.0875 


50° 


.7660 


.6428 


1.1918 


6° 


.1045 


.9945 


.1051 


51° 


.7771 


.6293 


1.2349 


70 


.1219 


.9925 


.1228 


52° 


.7880 


.6157 


1.2799 


8° 


.1392 


.9903 


.1405 


53° 


.7986 


.6018 


1.3270 


9° 


.1564 


.9877 


.1584 


54° 


.8090 


.5878 


1.3764 


10° 


.1736 


.9848 


.1763 


55° 


.8192 


.5736 


1.4281 


11° 


.1908 


.9816 


.1944 


56° 


.8290 


.5592 


1.4826 


12° 


.2097 


.9781 


.2126 


57° 


.8387 


.5446 


1.5399 


13° 


.2250 


.9744 


.2809 


58° 


.8480 


.5299 


1.6003 


14° 


.2419 


.9703 


.2493 


59° 


.8672 


.5150 


1.6643 


15° 


.2588 


.9659 


.2679 


60° 


.8660 


.5000 


1.7321 


16° 


.2756 


.9613 


.2867 


61° 


.8746 


.4848 


1.8040 


17° 


.2924 


.9563 


.3057 


62° 


.8829 


.4695 


1.8807 


18° 


.3090 


.9511 


.3249 


63° 


.8910 


.4540 


1.9626 


19° 


.8256 


.9455 


.3443 


64° 


.8988 


.4384 


2.0503 


20° 


.3420 


.9397 


.3640 


65° 


.9063 


.4226 


2.1445 


21° 


.3584 


.9336 


.3839 


66° 


.9135 


.4067 


2.2460 


22° 


.3746 


.9272 


.4040 


67° 


.9205 


.3907 


2.3559 


23° 


.3907 


.9205 


.4245 


68° 


.9272 


.3746 


2.4751 


24° 


.4067 


.9136 


.4452 


69° 


.9336 


.3684 


2.6051 


25° 


.4226 


.9063 


.4663 


70° 


.9397 


.3420 


2.7475 


26° 


.4384 


.8988 


,4877 


71° 


.9455 


.3256 


2.9042 


27° 


.4540 


.8910 


.5095 


72° 


.9511 


.3090 


3.0777 


28° 


.4696 


.8829 


.5317 


73° 


.9563 


.2924 


3.2709 


29° 


.4848 


.8746 


.6548 


74° 


.9613 


.2766 


3.4874 


30° 


.6000 


.8660 


.5774 


75° 


,9659 


.2688 


3.7321 


31° 


.5150 


.8572 


.6009 


76° 


.9703 


.2419 


4.0108 


32° 


.5299 


.8480 


.6249 


77° 


.9744 


.2250 


4.3315 


33° 


.5446 


.8387 


.6494 


78° 


.9781 


.2079 


4.7046 


34° 


.5592 


.8290 


.6745 


79° 


.9816 


.1908 


5.1446 


35° 


.6736 


.8192 


.7002 


80° 


.9848 


.1736 


5.6713 


36° 


.5878 


.8090 


,7265 


81° 


.9877 


.1564 


6.3138 


37° 


.6018 


.7986 


.7536 


82° 


.9903 


.1392 


7,1154 


38° 


.6157 


.7880 


.7813 


83° 


.9925 


.1219 


8.1443 


39° 


.6293 


.7771 


,8098 


84° 


.9945 


.1045 


9.5144 


40° 


.6428 


.7660 


,8391 


85° 


.9962 


.0872 


11.4301 


41° 


.6561 


.7647 


.8693 


86° 


.9976 


.0698 


14.3007 


42° 


.6691 


.7431 


,9004 


87° 


.9986 


.0523 


19.0811 


43° 


.6820 


.7314 


.9325 


88° 


.9994 


.0349 


28.6863 


44° 


.6947 


.7193 


.9657 


89° 


.9998 


.0175 


57.2900 


45° 


.7071 


.7071 


1.0000 


90° 


1.0000 


.0000 





Answers to 
Supplementary 
Problems 



Chapter 1 

1. (a) point; (b) line; (c) plane; (d) plane; (e) line; (f ) point 

2. (a) AE, DE; (b) ED, CD, BD, FD; (c) AD, BE, CE, EE; (d) F 

3. {a)AB= l6;ih)AE= 10^ 

4. (a) 18; (b) 90°; (c) 50°; (d) 130°; (e) 230° 

5. (a) LCBE; (b) lAEB; (c) lABE; (d) ABC, LBCD, LBED; (e) LAED 

6. (a) 130°; (b) 120°; (c) 75°; (d) 132° 

7. (a) 75°; (b) 40°; (c) lOf or 10°20'; (d) 9°11 ' 

8. (a) 90°; (b) 120°; (c) 135°; (d) 270°; (e) 180° 

9. (a) 90°; (b) 60°; (c) 15°; (d) 165° 

10. (a) AB ± BC and AC _L CD; (b) 129°; (c) 102°; (d) 51°; (e) 129° 

11. (a) AABC, hypotenuse AB, legs ACand BC_ 

AACD, hypotenuse AC, legs AD and CD 
ABCD, hypotenuse BC, legs BD and CD 

(b) ADAB and AABC 

(c) AAEB, legs AE and BE, base AB, vertex angle LAEB 
ACED, legs DE and CE, base CD, vertex angle LCED 

12. (a) AR s M and /_PRA = LPRB; (b) MBF = LCBF; (c) ACGA s LCGD; {d)AM = MD 

13. (a) vert. A; (b) comp. adj. ^; (c) adj. A; (d) supp. adj. A; (e) comp. ^i; (f ) vert. A 

14. (a) 25°, 65°; (b) 18°, 72°; (c) 60°, 120°; (d) 61°, 119°; (e) 50°, 130°; (f ) 56°, 84°; (g) 90°, 90° 

15. (a) a + = 75°, a-b = 21°, a = 48° and & = 27° 
{h)a + b = 90°, a = 3b- 10°, a = 65° and b = 25° 
{c)a + b= 180°, a = 4b + 20°, a = 148° and = 32° 



Answers to Supplementary Problems 



Chapter 2 

1. (a) A is H; (b) P is D; (c) R is 5; (d) E is K; (e) A is G; (f ) triangles are geometric figures; 
(g) a rectangle is a quadrilateral 

a) a = c = /; (b) ^ = 15; (c)/= a; (d) a = f, a = h, c — h; (s) b — g,b = e,d = e 
(a) 130;(b)4;(c)yes;(d)x = 8f°; (e))' = 15; (f) x = 6; (g)x =±6 

(a) AC = 12, A£ = 11, AF = 15, DF = 9 

(b) niLADC = 92°, niLBAE = 68°, mAFAZ) = 86°, mLBAD = 128° 
(a) AB = DF; (b) AB = AC; (c) .^CA = IDCB; (d) zLBAD = l^CD 

a) If equals are divided by equals, the quotients are equal. 

b) Doubles of equals are equal. 

c) If equals are multiplied by equals, the products are equal. 

d) Halves of equals are equal. 

a) If equals are divided by equals, the quotients are equal. 

b) If equals are multiplied by equals, the products are equal. 

c) Doubles of equals are equal. 

d) Halves of equals are equal. 

a) Their new rates of pay per hour will be the same. (Add. Post.) 

b) Those stocks have the same value now. (Mult. Post.) 

c) The classes have the same number of pupils now. (Subt. Post.) 

d) 100°C = 212°F (Trans. Post.) 

e) Their parts will be the same length. (Div. Post.) 

f ) He has a total of $10,000 in Banks A, B, and C. (Part. Post.) 

g) Their values are the same. (Trans. Post.) 

a) Vertical angles are congruent. 

b) All straight angles are congruent. 

c) Supplements of congruent angles are congruent. 

d) Perpendiculars form right angles and all right angles are congruent. 

e) Complements of congruent angles are congruent. 

n each answer, (H) indicates the hypothesis and (C) indicates the conclusion. 

a) (H) Stars, (C) twinkle. 

b) (H) Jet planes, (C) are the speediest. 

c) (H) Water, (C) boils at 212° Fahrenheit. 

d) (H) If it is the American flag, (C) its colors are red, white, and blue. 

e) (H) If you fail to do homework in the subject, (C) you cannot learn geometry. 

f ) (H) If the umpire calls a fourth ball, (C) a batter goes to first base. 

g) (H) If A is B 's brother and C is B 's daughter, (C) then A is C's uncle. 

h) (H) An angle bisector, (C) divides the angle into two equal parts. 

i) (H) If it is divided into three equal parts, (C) a segment is trisected, 
j ) (H) A pentagon (C) has five sides and five angles, 
k) (H) Some rectangles (C) are squares. 

1) (H) If their sides are made longer, (C) angles do not become larger, 
m) (H) If they are congruent and supplementary, (C) angles are right angles, 
n) (H) If one of its sides is not a straight line segment, (C) the figure cannot be a polygon. 

a) An acute angle is half a right angle. Not necessarily true. 

b) A triangle having one obtuse angle is an obtuse triangle. True. 

c) If the batter is out, then the umpire called a third strike. Not necessarily true. 

d) If you are shorter than I, then I am taller than you. True. 

e) If our weights are unequal, then I am heavier than you. Not necessarily true. 



An$wer$ to Supplementary Problems 



Chapter 3 

1. (a) AI = All = Am, SAS; (b) Al = AIII, ASA; (c) Al = All = AIII, SSS. 

2. (a) ASA; (b) SAS; (c) SSS; (d) SAS; (e) ASA; (f ) SAS; (g) SAS; (h) ASA. 

3. (a) AD = DC; (b) lABD = LDBC; (c) Al = A4; (d) BE = ED;(e)BD = AC; (f ) l^AD = /_CDA 

4. (a) Al = A3, A2 = A4, = M; (b) AB = AC, 525 = DC, LB = AC; 
(c) li: = l_C,lA = LF, LEDF = lABC 

5. (a)x= l9,y = S;(h)x = 4,y= 12; (c) ;c = 48, j = 12 

8. (a) /_b = Ld, LE = LG; (b) ZA = Al = A4, A2 = LC\ (c) L\ = A5, A4 = A6, A£AD = LEDA 

9. ia)M = W:-,(h)AB = W = AD,W=a3;(c)W = DE,W = FC,AB = AC 

Chapter 4 



1. (a) X = 105°, y = 75°; (b) x = 60°, y = 40°; (c) x = 85°, y = 95°; (d) x = 50°, y = 50°; 
(e);c = 65°, y = 65°; (f) x = 40°,y = 30°; (g)x = 60°, y = 120°; (h)x = 90°, y = 35°; 
(i)x = 30°, y = 40°; (j) X = 80°, y = 10°; (k)x = 30°, y = 150°; (l)x = 85°, y = 95° 

2. (a) X = 22°, y = 102°; (b) x = 40°, y = 100°; (c) x = 80°, y = 40° 

3. (a) Each angle measures 105°. (b) Each angle measures 70°. (c) Angles measure 72° and 108°. 

7. (a) 25; (b) 9; (c) 20; (d) 8 

8. (a) 8; (b) 10; (c) 2; (d) 14 

10. (a) P is equidistant from B and C. f is on _L bisector of BC. 

Q is equidistant from A and B. Q is on _L bisector of AB. 
R is equidistant from A, C, and Z). 7? is on _L bisectors of AD and CD. 
(b) P is equidistant from AB and AD. P is on bisector of LA. 
Q is equidistant from AB and BC. Q is on bisector of LB. 
R is equidistant from BC, CD, and AD. R is on the bisectors of AC and LD. 

11. (a) P is equidistant from AD, AB, and BC. Q is equidistant from AD and AB and equidistant from A 

and D.Ris equidistant from AB and BC and equidistant from A and D. 
(b) P is equidistant from AD and CD and equidistant from B and C. Q is equidistant from A, B, and C. 
7? is equidistant from AD and CD and equidistant from A and B. 

12. (a)x = 50°,y = 110°; (b)x = 65°,y = 65°; (c)x = 30°,y = 100°; (d)x = 51°,y = 112°; 

(e)x = 52°, y = 40°; (f) x = 120°, y = 90° 

13. (a) X = 55°, y = 125°; (b) x = 80°, y = 90°; (c) x = 56°, y = 68°; (d) x = 100°, y = 30°; 

(e) x = 30°, y = 120°; (f) x = 90°, y = 30° 

14. (a) 18°, 54°, 108°; (b) 40°, 50°, 90°; (c) 36°, 36°, 108°; (d) 36°, 72°, 108°, 144°; (e) 50°, 75°; 

(f) 100°, 60°, and 20° 

16. (a) Since x = 45, each angle measures 60°. 

(b) Since x = 25,x + 15 = 40 and 3x — 35 = 40; that is, two angles each measure 40°. 

(c) If 2x, 3x, and 5x represent the angles, x = 18 and 5x = 90; that is, one of the angles measures 95°. 

(d) If X and 5x — 10 represent the unknown angles, x = 21 and 5x - 10 = 95; that is, one of the 
angles measures 95°. 

17. (a) 7 St. A, 30 st. A; (b) 1620°, 5400°, 180,000°; (c) 30, 12, 27, 202 

18. (a) 20°, 18°, 9°; (b) 160°, 162°, 171°; (c) 3, 9, 20, 180; (d) 3, 12, 36, 72, 360 

19. (a) 65°, 90°, 95°, 110°; (b) 140°, 100°, 60°, 60° 

20. (a) AI = Am by hy-leg; (b) Al = Am by SAA. 



Answers to Supplementary Problems 



Chapter 5 

1. {a)x= 15, y = 25; ih)x = 20, y = 130; (c) x = 20, y = 140 

4. (a) EJEFGH; (b) [UABCD and EBFD; (c) £17 GHKJ, HILK, GILJ; (d) [UACHB, CEFH 

5. (a) Two sides are congruent and ||. (b) Opposite sides are congruent. 

(c) Opposite angles are congruent, (d) AD and BC are congruent and parallel {AD = EF = BC). 

6. (a)x = 6,y= 12; (b)x = 5,y = 9; (c)x = 120,y = 30; (d)x = 15,y = 45 

7. (a)x= 14,y = 6;(b)x= 18, y = 4^; (c)x = 8,y = 5; (d)x = 3,y = 9 

10. (a)x = 5,y = 7; (b)x = 10,y = 35;(c)x = 2\,y = IVf; (d)x = 8,y = 4; (e)x = 25,y = 25; 

(f) X = n,y = 118 

13. (a)x = 6,y = 40; (b)x = 3,y = 5|; (c)x = 8^,^ = 22 

14. (a) X = 28, y = 25^; (b) x = 12 (since y does not join midpoints, Pr. 3 does not apply); 
(c)x= 19, y = 21>\ 

15. (a) m = 19; (b) b' = 36; (c) b = 73 

16. (a)x= ll,)' = 33;(b)x = 32,y = 26;(c)x=12,y = 36 

17. (a)22|;(b)70 

18. (a) 21; (b) 30; (c) 14; (d) 26 

Chapter 6 

5. (a) square; (b) isosceles triangle; (c) trapezoid; (d) right triangle 

6. (a) 140°; (b) 60°; (c) 90°; (d) (180 - x)°; (e) x°; (f ) (90 + x)° 

7. (a) 100°; (b) 50°, 80°; (c) 54°, 27°; (d) 45°; (e) 35°; (f ) 45° 

8. (a) X = 22; (b) y = 6; (c) AB + CD ^ 22; (d) perimeter = 44; (e) x = 21 ; ( f ) r = 14 

9. (a) 0; (b) 40; (c) 33; (d) 7 

10. (a) tangent externally; (b) tangent internally; (c) the circles are 5 units apart; (d) overlapping 

11. (a) concentric; (b) tangent internally; (c) tangent externally; (d) outside each other; (e) the smaller 
entirely inside the larger; (f ) overlapping 

13. (a) 40; (b) 90; (c) 170; (d) 180; (e) 2x; (f) 180 - x; (g) 2x - 2y 

14. (a) 20; (b) 45; (c) 85; (d) 90; (e) 130; (f) 174; (g) x; (h) 90 - |x; (i) x - y 

15. (a) 85; (b) 170; (c) c; (d) 2i; (e) 60; (f) 30 

16. (a) 60, 120, 180; (b) 80, 120, 160; (c) 100, 120, 140; (d) 36, 144, 180 

17. (a) mLK = 136°; (b) my = 11°; (c) m/Lx = 130°; (d) mLy = 126°; (e) m/Lx = 110°; my = 77° 

18. (a) 135°; (b) 90°; (c) (180 - x)°; (d) (90 + x)°; (e) 100°; (f) 80°; (g) 55°; (h) 72° 

19. (a) 85°; (b) /; (c) 110°; (d) 95°; (e) 72°; (f ) 50°; (g) 145°; (h) 87° 

20. (a) 50; (b) 60 

21. (a) mx = 65°, my = 65°; (b) mLx = 90°, mLy = 55°; (c) mljc = 37°, mLy = 50° 

22. (a) 19; (b) 45; (c) 69; (d) 90; (e) 125; (f ) 167; (g) fx; (h) 180 - fx; (i) x + y 

23. (a) 110; (b) 135; (c) 180; (d) 270; (e) 180 - 2x; (f) 360 - 2x; (g) 2x - 2y; (h) 7x 

24. (a) 45°; (b) 60°; (c) 30°; (d) 18° 



An$wer$ to Supplementary Problems 



25. (a) mx = 120°, mLy = 60°; (b) m/jc = 62°, mLy = 28°; (c) mLk = 46°, mLy = 58° 

26. (a) 75°; (b) 75°; (c) 115°; (d) 100°; (e) 140°; (f ) 230°; (g) 80°; (h) 48° 

27. (a) 85°; (b) 103°; (c) 80°; (d) 72°; (e) 90°; (f) 110°; (g) 130°; (h) 110° 

28. (a) mx = 68°, mLy = 95°; (b) mljc = 90°, mLy = 120°; (c) mx = 34°, m^y = 68° 

29. (a) 30°; (b) 37°; (c) 20°; (d) 36°; (e) 120°; (f ) 130°; (g) 94°; (h) 25° 

30. (a) 45°; (b) 75°; (c) 50°; (d) 36^°; (e) 90°; (f) 140°; (g) 115°; (h) 45°; (i) 80° 

31. (a) 20°; (b) 85°; (c) (180 - x)°; (d) (90 + x)°; (e) 90°; (f ) 25°; (g) 42°; (h) 120°; (i) 72°; (j ) 110°; 
(k) 145°; (1) (180 - y)°; (m) 240°; (n) (180 + x)°; (o) 270° 

32. (a) mx = 43°, ml_y = 43°, (b) mx = 190°, ml_y = 55°; (c) mx = 140°, mLy = 40° 

33. (a) 120°; (b) 150°; (c) 180°; (d) 50°; (e) 22^; (f) 45° 

34. (a) mx = 150°, my = 40°; (b) mx = 190°, my = 70°; (c) mx = 252°, my = 108° 

35. (a) 25°; (b) 39°; (c) 50°; (d) 30°; (e) 40°; (f ) 76°; (g) 45°; (h) 95°; (i) 75°; (j ) 120° 

36. (a) 74°; (b) 90°; (c) 55°; (d) 60°; (e) 40°; (f ) 37°; (g) 84°; (h) 110°; (i) 66°; (j ) 98°; (k) 75°; (1) 79° 

37. (a) mljc = 120°, ml_y = 60°; (b) mljc = 45°, mLy = 22^; (c) mljc = 36°, mLy = 72° 

38. (a) mx = 40°, mLy = 80°; (b) mx = 45°, mLy = 67^°; (c) mL>c = 78°, mLy = 103° 

Chapter 7 

1. (a) 4; (b) |; (c) |; (d) f ; (e) (f ) 2; (g) \; (h) f; (i) |; (j ) |; (k) 2; (1) f;(m) 20; (n) i; (o) 3 

2. (a) 6; (b) f, (c) i; (d) f ; (e) 3; (f ) |; (g) 2; (h) 250; (i) ^; (j ) 8; (k) f ; (1) I 

3. (a) 2:3: 10; (b) 12:6:1; (c) 5:2:1; (d) 1:4:7; (e) 4:3:1; (f) 8:2:1; (g) 50:5:1; (h) 6:2:1; (i) 8:2:1 

4. (a) I; (b) 12; (c) f ; (d) \; (e) 6; (f ) f, (g) i; (h) |; (i) ^; (j ) 11; (k) f, (1) 60; (m) 3; (n) |,; (o) i; (p) 14 

5. (a) i; (b) 3c; (c) |; (d) (e) |; (f) |; (g) |; (h) |j; (i) 1:4: 10; (j) 3:2:1; ik)x^: x:l; (1) 6:5:4:1 

6. (a) 5x and 4x, sum = 9x; (b) 9x and x, sum = lOx; (c) 2x, 5x, and llx, sum = 18x; 
(d) X, 2x, 2x, 3x, and 7x, sum = 15x 

7. (a)5x + 4x = 45, X = 5, 25° and 20°; (b) 5x + 4x = 90, x = 10, 50° and 40°; 

(c) 5x + 4x = 180, X = 20, 100° and 80°; (d) 5x + 4x + x = 180, x = 18, 90° and 72° 

8. (a) 7x + 6x = 91, X = 7, 49°, 42° and 35°; (b) 7x + 5x = 180,x = 15, 105°, 90° and 75°; 

(c) 7x + 3x = 90, X = 9, 63°, 54° and 45°; (d) 7x + 6x + 5x = 180, x = 10, 70°, 60° and 50° 

9. (a) 16; (b) 16; (c) ±6; (d) ± 2 Vs; (e) ±5; (f) 2; (g) ^; (h) ±6y 

10. (a) 21; (b) 4|; (c) ±6; (d) ± V5; (e) 8; (f) ±4; (g) 3; (h) ± 

11. (a) 15; (b) 3; (c) 6; (d) 2|; (e) 35; ( f ) 30; (g) 32; (h) 6a 

12. (a) 6; (b) 6; (c) 3; (d) 4b; (e) VlO; (f) V27 or 3\/3; (g) Vpq; (h) aVb 

13. (a)^ = -; (b)- = -; (c)- = -; (d)y = -; (e) - = - 

14. (a) I = ^; (b) I = |; (c) y = ^; (d) y = |; (e) y = Z7 

15. Only (b) is not a proportion since 3(12) 7^ 5(7); that is, 36 35. 



Answers to Supplementary Problems 



16. (a) 2 = 3, = 6; (b) y = ^, x = (c) - = = 5 = lo' " 2' 20 " 4' " 

17. (a) J; (b) 35; (c) 5 (d) 4 

18. (a)21;(b)f;(c)5 

19. (a) 16; (b) 6|; (c) 10 

20. (a) yes, since ^ = Yi'^ (b) no, since ^ ^ g', (c) yes, since ^ ~ ^ 

21. (a) 12; (b) 8; (c) 60 

22. (a) 15; (b) 15; (c) 6^ 

24. (a) 35°; (b) 53° 

25. (a) a = 16; (b) b = 15; (c) c = 126 

27. (a) Mfif = /_EDC, LBAE = ^Cfi (also vert. AatE) 

(b) zLBAF = U'EC, LB = ID (also ^£AZ) s ^M) 

(c) M = , = ^CA 

(d) IA^IA,/J^I.C 

(e) = ^CAB = ^CA£) 

(f) ZA =ZA,zLC = ^fiA 

28. (a) /_D = /_B, LAED = ZFG5; (b) ZA£»fi = lABC, LA = LA\ (c) ZABC = ZA££), z^A£ = z^DA 

29. (a)ZC^^,i^ = |;(b)ZA^ZA,i = ^;(c)^^^,i = | 

JU. (,a; jg 24 30' '^''^ 36 42 45' 18 24 27 

32. (a) ^ = 20; (b) p = %;(c)b = 7; (d) a = 12; (e) AB = 35; (f ) d = l}-^ 

33. (a) 8; (b) 6; (c) 26| 

34. (a) 42 ft; (b) 66ft 

37. (a) 8:5; (b) 3:5; (c) halved (in each case) 

38. (a) 15; (b) 60; (c) 25, 35, 40; (d) 4; (e) 6, 3 

39. (a) 3:7; (b) 7:2; (c) quadrupled; (d) 7 

43. (a) 5; (b) 14; (c) 6; (d) 5; (e) 12; (f ) 13; (g) 48; (h) 2 

44. 30,18 

45. (a) 8; (b) 6; (c) 12; (d) 5; (e) 7; (f ) 12; (g) 30; (h) l\, (i) 5; (j ) 8 

46. (a) 8; (b) 13; (c) 21; (d) 6; (e) 9; (f ) 14; (g) 3; (h) 8 

47. (a) a = 4, ft = \/l2 or 2 V3; (b) c = 9, /i = or 2 V5; (c) g = 4 and b = Vm or aVS; 
(d) p=m,h= Vm = 6 V3 

48. (a)25;(b)39;(c) \/4T;(d)10;(e)7\^ 

49. (a) b = 16; (b) a = iVl; (c) a = S;{d}b = iVs; (e) b = sVl; b = V3 

50. (a) 9, 12; (b) 10, 24; (c) 80, 150; (d) iVs, 4V5 

51. (a)41;(b)5\/5 

52. (a) 12;(b) 10\/2;(c)5\/5 

53. All except (h) 

54. (a) yes; (b) no, since {2xf + (3xf + {Axf 

55. (a)8;(b)6;(c) \/l9;(d)5\/3 



An$wer$ to Supplementary Problems 



56. (a)15;(b)2\/5;(c)6 

57. (a) 16; (b) 30; (c) 4\/3; (d) 10 

58. (a) 10; (b) 12; (c) 28; (d) 15 

59. (a) 5; (b) 20; (c) 15; (d) 25 

60. (a) 12; (b) 24 

61. 12 

62. 30 

63. (a) 10 and 10 V^; (b) 7 and 14; (c) 5 and 10 

64. (a) 11 VS; (b) aVs; (c) 48; (d) 16 Vs 

65. (a) 25 and 25 Vs; (b) 35 and 35 Vs 

66. (a)28,8\/3;(b)17,14\/3 

67. (a)17V^;(b)a\/2;(c)34\/2;(d)30 

68. (a)20\^;(b)40\^ 

69. (a) 45, 13 V^; (b) 11, 27 V^; (c) 15 Vl, 55 

70. 6V^,5V^ 



Chapter 8 



1. (a) 0.4226, 0.7431 , 0.8572, 0.9998; (b) 0.9659, 0.6157, 0.2756, 0.0349; 

(c) 0.0699, 0.6745, 1.4281, 19.0811; (d) sine and tangent; (e) cosine; (f) tangent 

2. (a) X = 20°; (b) A = 29°; (c) B = 71°; (d) A' = 21°; (e) y = 45°; (f) Q = 69°; (g) W = 19°; 
(h) B' = 67° 

3. (a) 26°; (b) 47°; (c) 69°; (d) 8°; (e) 40°; (f) 74°; (g) 7°; (h) 27°; (i) 80°; (j) 13° since sin x = 0.2200; 
(k) 45° since sin x = 0.707; (1) 59° since cos x = 0.5200; (m) 68° since cos x = 0.3750; 

(n) 30° since cos x = 0.866; (o) 16° since tan x = 0.2857; (p) 10° since tan x = 0.1732 

4. (a) sinA = 5,cosA = |,tanA = 5; (b) sinA = 5,cosA = 5,tanA = |; 
(c) sinA = -^^,cosA = |,tanA = 

5. (a) mlA = 27° since cos A = 0.8900; (b) mLA = 58° since sinA = 0.8500; 
(c) mlA = 52° since tan A = 1.2800 

6. (a) mZA = 42° since sin B = 0.6700; (b) mLB = 74° since cos B = 0.2800; 
(c) mzLfi = 68° since tan B = 2.500; (d) ml£ = 30° since tan B = 0.577 

8. (a) 23°, 67°; (b) 28°, 62°; (c) 16°,74°;(d) 10°, 80° 

9. {si)x= 188, J = 313; (b) X = 174, y = 250;(c)x= 123, y = 182 

10. (a) 82 ft; (b) 88 ft 

11. 156 ft 

12. (a) 2530 ft; (b) 2560 ft 

13. (a) 21 in; (b) 79 in 

14. 14 

15. 16 and 18 in 



Answers to Supplementary Problems 



16. 31ft 

17. 15 yd 

18. (a) 1050 ft; (b) 9950 ft 

19. T 

20. 282 ft 

21. (a) 81°; (b) 45° 

22. (a) 22 ft; (b) 104 ft 

23. 754 ft 

24. 404 ft 

25. (a) 295 ft; (b) 245 ft; (c) 960 ft 

26. (a) 234 ft; (b) 343 ft 

27. (a) 96 ft; (b) 166 ft 

28. 9.1 



Chapter 9 

(a) 99 in^; (b) 3 ft^ or 432 in^; (c) 500; (d) 120; (e) 36 VS; (f ) 100 VS; (g) 300; (h) 150 
(a) 48; (b) 432; (c) 25 V3; (d) 240 

(a) 7 and 4; (b) 12 and 6; (c) 9 and 6; (d) 6 and 2; (e) 10 and 7; (f ) 20 and 8 
(a) 1296 in^; (b) 100 square decimeters (100 dm^) 

(a) 225; (b) 12^; (c) 3.24; (d) 640^; (e) 121; (f) 6\; (g) 9b'; (h) 32; (i) 40^; (j) 64 
(a) 128; (b) 72; (c) 100; (d) 49; (e) 400 
(a) 1600; (b) 400; (c) 100 
(a) 9; (b) 36; (c) 9 V2; (d) 4^; (e) ^ V2 
(a) 2\; (b) 52; (c) 10; (d) 5 V2; (e) 6; (f) 4 
(a) 16 ft2; (b) 6 ft^ or 864 in^; (c) 70; (d) 1.62 
(a) 3a'2; (b) + 3x; (c) x' - 25; (d) 12x2 + llx + 2 
(a) 36; (b) 15; (c) 16 

a) 2f; (b) 20; (c) 9; (d) 3; (e) 15; (f) 12; (g) 8; (h) 7 

a) 11 in2; (b) 3 ft^ (c) 4x - 28; (d) lOx'; (e) 2x' + 18x; (f ) ^ix^ - 16); (g) x' - 9 
a) 84; (b) 48; (c) 30; (d) 120; (e) 148; (f) 423; (g) 8 V3; (h) 9 
a) 24; (b) 2; (c) 4 

a) 8; (b) 10; (c) 8; (d) 18; (e) 9f; (f) 12^; (g) 12; (h) 18 

a) 25V3; (b) 36\/3; (c) llVs; (d) 25 V3; (e) b^V^; (f) 4x2V3; (g) 3r2V3 
a) 2V3; (b) f \/3; (c) 24V3 (d) 18 V3 
a) 24 V3; (b) 54 V3; (c) 150 V3 
a) 15; (b) 8; (c) 12; (d) 5 
a) 140; (b) 69; (c) 225; (d) 60 V2; (e) 94 



An$wer$ to Supplementary Problems 



23. (a) 150; (b) 204; (c) 39; (d) 64\/2; (e) 160 

24. (a) 4; (b) 7; (c) 18 and 9; (d) 9 and 6; (e) 10 and 5 

25. (a) 17 and 9; (b) 23 and 13; (c) 17 and 11; (d) 5; (e) 13 

26. (a) 36; (b) 38^; (c) 12 V^; (d) 12x^; (e) 120; (f) 96; (g) 18; (h) f \/2; (i) 32 V^; 98 

27. (a) 737; (b) 14; (c) 77 

28. (a) 10; (b) 12 and 9; (c) 20 and 10; (d) 5; (e) VlO 

29. 12 

34. (a) 1:49; (b) 49:4; (c) 1:3; (d) 1:25; (e) 81: x^; (f ) 9:x; (g) 1:2 

35. (a) 49:100; (b) 4:9; (c) 25:36; (d) 1:9; (e) 9:4; (f ) 1:2 

36. (a) 10:1; (b) 1:7; (c) 20:9; (d) 5:11; (e) 2:y; (f) 3x:l; (g) V3:2; (h) 1: V^; (i)x:\/5; (j) VxA 

37. (a) 6:5; (b) 3:7; (c) V3:l; (d) V5:2; (e) V3:3 or 1: V3 

38. (a) 100; (b) 12^; (c) 12; (d) 100; (e) 105; (f) 18; (g) 20 Vs 

39. (a) 12; (b) 63; (c) 48; (d) 2^; (e) 45 

Chapter 10 

1. (a) 200; (b) 24.5; (c) 112; (d) 13; (e) 9; (f ) 3^; (g) 4.5 

2. (a) 12i; (b) 23.47; (c) 7\^; (d) 18.5; (e) 3V2 

3. (a) 24°; (b) 24°; (c) 156° 

4. (a) 40°; (b) 9; (c) 140° 

5. (a) 15°; (b) 15°; (c) 24 

6. (a) 5°; (b) 72°; (c) 175° 

7. (a) regular octagon; (b) regular hexagon; (c) equilateral triangle; (d) regular decagon; 
(e) square; (f) regular dodecagon (12 sides) 

9. (a) 9; (b) 30; (c) 6V3; (d) 6; (e) 13 V3; (f) 6; (g) 20 V3; (h) 60 

10. (a) 18 V2; (b) vVS; (c) 40; (d) 8 V2; (e) 3.4; (f) 28; (g) 5 V2; (h) 2V2 

11. (a) 30 V3; (b) 14; (c) 27; (d) 18; (e) 8 V3; (f) 4V3; (g) 48 V3; (h) 42; (i) 6; (j) 10; (k) ^V3; 
(1) 3V3 

12. (a) 817; (b) 3078 

13. (a) 54 V3; (b) 96 Vs; (c) 600 V3 

14. (a) 576; (b) 324; (c) 100 

15. (a) 36 VS; (b) 27 Vs; (c) f V3; (d) 144 Vs; (e) 3 Vs; (f) 48 

16. (a) 10;(b) 10;(c)5\/3 

17. (a) 18;(b)9V3;(c)6V3;(d)3V3 

18. (a) 1:8; (b) 4:9; (c) 9:10; (d) 8:11; (e) 3:1; (f) 2:5; (g) 4 V2:3; (h) 5:2 

19. (a) 5:2; (b) 1:5; (c) 1:3; (d) 3:4; (e) 5:1 

20. (a)5:l;(b)4:7;(c)x:2;(d) V2:l;(e) V3:>';(f) Vx:3V2 or V2^:6 

21. (a) 1:4; (b) 1:25; (c) 36:1; (d) 9:100; (e) 49:25 



Answers to Supplementary Problems 



22. (a)127r;(b) 1477-;(c)10'7r;(d) 277-\/3 

23. (a) 9Tr; (b) 25tt; (c) 64tt; (d) In, (e) IStt 

24. (a) C = lO-n-, A = 257J-; (b) r = 8, A = 64t7; (c) r = 4, C = Stt 

25. (a) 1273-; (b) 473-; (c) In; (d) 26-0-; (e) 8 V^ir ( f ) Stt 

26. (a) 9873-; (b) 1877-; (c) 3277; (d) 2577; (e) 7277-; (f ) 10077 

27. (a) (1) C = 873-,A = 1677; (2) C = 4V^77,A = 1277 
(b) (1) C = 1677,A = 6477; (2) C = 8V3it,A = 4877 

(C) (1) C = 1277,A = 3677; (2) C = 677,A = 977 

(d) (1) C = 1677,A = 6477; (2) C = 877,A = I677 

(e) (1) C = 20 V^77,A = 2OO77; (2) C = 2077,A = IOO77 

(f) (1) C = 6\/277,A = I877; (2) C = 677,A = 9ir 

28. (a) 10 ft; (b) 17 ft; (c) 3 Vs ft or 6.7 ft 

29. (a) 277; (b) IO77; (c) 8; (d) II77; (e) 677; (f ) IO77 

30. (a) 377; (b) 12|; (c) 577; (d) 277; (e) 77; (f ) 477 

31. (a) 677; (b) 77/6; (c) 2577/6; (d) 2577; (e) 4|; (f ) 13; (g) 2477; (h) 877/3 

32. (a) 677; (b) 20; (c) 377; (d) I677 

33. (a) 120°; (b) 240°; (c) 36°; (d) 180°; (e) 1 35°; ( f ) (180/77)° or 57.3° to nearest tenth 

34. (a) 72°; (b) 270°; (c) 40°; (d) 150°; (e) 320° 

35. (a) 90°; (b) 270°; (c) 45°; (d) 36° 

36. (a) 12; (b) 9; (c) 10; (d) 6; (e) 5; (f) 3V2 

37. (a) 4; (b) 10; (c) 10 cm; (d) 9 

38. (a) 677 - 9\/3; (b) 2477 - 36 Vs; (c) |77 - \\/?>; (d) ^ - (e) - r^Vs 

39. (a) 477 - 8; (b) 15077 - 225 V3; (c) 2477 - 36 V3; (d) I677 - 32; (e) 5077 - 100 

40. (a) ^ - 16 V3; (b) 2477 - 16 V^; (c) ^ - 16 

41. (a) ^ - 4 V3; (b) ^ - aVI; (c) 477 -8 

42. (a) 1277 - 9\/3; (b) |77 - \V?>; (c) 977 - 18 

43. (a) 200 - 2577/2; (b) 48 + 2677; (c) 25 \^ - 2577/2; (d) IOO77 - 96; (e) 128 - 3277; 
(f) 30077 + 400; (g) 3977; (h) 100 

44. (a) 3677; (b) 36 + I877, (c) 1477 
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Chapter 11 



1. The description of each locus is left for the reader. 





2. The diagrams are left for the reader. 

(a) The line parallel to the banks and midway between them 

(b) The perpendicular bisector of the segment joining the two floats 

(c) The bisector of the angle between the roads 

(d) The pair of bisectors of the angles between the roads 

3. The diagrams are left for the reader. 

(a) A circle having the sun as its center and the fixed distance as its radius 

(b) A circle concentric to the coast, outside it, and at the fixed distance from it 

(c) A pair of parallel lines on either side of the row and 20 ft from it 

(d) A circle having the center of the clock as its center and the length of the clock hand as its radius. 

4. (a) EF; (b) GF; (c) EF; (d) GH; (e) EF;{f)GH; (g) AB; (h) a 90° arc from A to G with B as center 

5. (a) AC; (b) BD; (c) BD; (d) AC; (e) E 

6. In each case, the letter refers to the circumference of the circle, (a) A; (b) C; (c) B; (d) A; (e) C; 

(f) AandC; (g) fi 

7. The description of each locus is left for the reader. 
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8. (a) EF; (b) GH; (c) line parallel to AD and EF midway between them; (d) EF; (e) BC; ( f ) GH 




9. The explanation is left for the reader. 

10. (a) The intersection of two of the angle bisectors 

(b) The intersection of two of the _L bisectors of the sides 

(c) The intersection of the -L bisector of AB and the bisector of LB 

(d) The intersection of the bisector of /_C and a circle with C as center and 5 as radius 

(e) The intersections of two circles, one with B as center and 5 as radius and the other with A as 
center and 10 as radius 

11. (a)l;(b)l;(c)4;(d)2;(e)2;(f)l 
Chapter 12 

1. A(3, 0); B(4, 3); C(3, 4); 0(0, 2); £(-2, 4); F(-4, 2); G(-l , 0); H( - 3^-2); I(-2, -3); /(O, -4); 
Kili-2t,Li4,-2b 

3. Perimeter of square formed is 20 units; its area is 25 square units. 

4. Area of parallelogram — 30 square units. 
Area of ABCD =15 square units. 

5. (a) (4, 3); (b) (2^, 3^); (c) (-4, 6); (d) (7, -5); (e) (- 10 -2^); (f) (0, 10); (g) (4, -1); 
(h) (-5 -2^); (i) (5, 5); Q) (-3,-10); (k) (5, 6); (1) (0,-3) 

6. (a) (4, 0), (0, 3), (4, 3); (b) (-3,0), (0, 5), (-3, 5); (c) (6,-2), (0,-2), (6, 0); 
(d) (4, 6), (4, 9), (3, 8); (e) (2, -3), (-2, 2), (0, 5); (f) (- i 0),(i, ^),(0, - 1^) 

7. (a) (0, 2), (1,7), (4, 5), (3, 0); (b) (-2, 7), (3, 6), (6, 1), (1,2); 

(c) (-1,2), (3, 3), (3,-1), (-1,-5); (d) (-2, 1), (4, 2^), (7,^), (1, -7^) 

8. (a) (2, 6), (4, 3); (b) (1 , 0), (0,-2|); (c) common midpoint, (2, 2) 

9. (a) (-2, 3); (b) (-3, -6); (c) (- li-2); (d) (a, b); (e) (2a, 3&); (f) (a, b + c) 

10. (a) M(4, 8); (b) A(-l , 0); (c) B(6, -3) 

11. (a) B(2, 3i); (b) £»(3, 3); (c) A(-2, 9) 
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12. (a) Prove that ABCD is a parallelogram (since opposite sides are congruent) and has a rt. L. 

(b) The point (3, is the midpoint of each diagonal. 

(c) Yes, since the midpoint of each diagonal is their common point. 

13. (a) D(3, 2), (li,l); (b) £(0, 2), (3, 1); (c) no, since the midpoint of each median is not a common point 

14. (a) 5; (b) 6; (c) 10; (d) 12; (e) 5.4; (f) 7.5; (g) 9; (h) a 

15. (a)3,3,6;(b)4, 14, 18;(c) 1, 3,4; (d) a, 2a, 3a 

16. (a) 13; (b) 5; (c) 15; (d) 5; (e) 10; (f) 15; (g) 3 V^; (h) 5 V2; (i) VlO; Q) 2 VS; (k) 4; (1) aVl 

18. (a) AABC; (b) ADEF; (c) AGHJ; (d) AKLM is not a rt. A 

19. (a)5V2;(b) VS; (c) V65 

21. (a) 10; (b) 5; (c) 5 Vl; (d) 13; (e) 4; (f) 3 

22. (a) on; (b) on; (c) outside; (d) on; (e) inside; (f) inside; (g) on 

23. (a) |; (b) f; (c) |; (d) 3; (e) 2; (f) 1 ; (g) 5; (h) -2; (i) -3; Q) |; (k) -1 ; (1) 1 

24. (a) 3; (b) 4; (c) - |; (d) -7; (e) 5; (f) 0; (g) 3; (h) 5; (i) -A; Q) - |; (k) -1; (1) -2; (m) 5; (n) 6; 

(o) -4; (p) -8 

25. (a) 72°; (b) 18°; (c) 68°; (d) 22°; (e) 45°; (f) 0° 

26. (a) 0.0875; (b) 0.3057; (c) 0.3640; (d) 0.7002; (e) 1; (f) 3.2709; (g) 11.430 

27. (a) 0°; (b) 25°; (c) 45°; (d) 55°; (e) 7°; (f) 27°; (g) 37°; (h) 53°; (i) 66° 

28. (a) BC, BD, AD, AE; (b) BF, CF, DE; (c) AF, CD; (d) AB, EF 

29. (a) 0; (b) no slope; (c) 5; (d) -5; (e) 0.5; (f) -0.0005 

30. (a) 0; (b) no slope; (c) no slope; (d) 0; (e) 5; (f) -1; (g) 2 

31. (a)|;(b)|;(c)-l;(d)6 

32. (a) -2; (b) -1; (c) - |; (d) - |; (e) -10; (f) 1; (g) f; (h) ^; (i) no slope; (j) 0 

33. (a)0;(b)-2;(c)3;(d)-l 

34. (a) - I; (b) f; (c) - f 

35. (a) - |;(b) l;(c)2;(d)-l 

36. (a) - I; (b) \; (c) I 

37. (a)and(b) 

38. (a) 19; (b) 9; (c) 2 

39. (a)jc = -5; (h)y = 3^; (c) 3; = 3 andj = -3; (d) j = -5; (e) x = 4 andx = -4; (f) x = 5 andx = -1; 
(g)y = 4; (h)x= l;(i)x = 9 

40. (a) X = 6; (b) J = 5; (c) x = 6; (d) x = 5; (e) x = 6; (f) y = 3 

41. (a)x = j; (b)y = x + 5; (c)x = j-4; (d)y-x = 10; (e)x + J = 12; (f)x-j = 2or3;-x = 2; 
ig)x — y and x = -y; (h) x + y = 5 

42. (a) line having y-intercept 5, slope 2; (b) Une passing through (2, 3), slope 4; 

(c) line passing through (-2, -3), slope |; (d) line passing through origin, slope |; 

(e) line having _y-intercept 7, slope -1; (f) line passing through origin, slope | 

43. (a) y = Ax; (b) y = -2x; (c) y = fx or 2y = 3x; (d) y = -|x or 5y = -2x; (e) y = 0 

44. (a) y = 4x + 5; (b) y = -3x + 2; (c) y = ^x - 1 or 3y = x - 3; (d) y = 3x + 8; (e) y = ^x - 3; 

(f) y = 2xory-2x = 0 
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a) = 2 or y = 2x + 2; (b) = 2 or y = 2x + 7; (c) = 2 or y = 2x + 8; 

y + 7 

;d) = 2ory = 2x-7 

:a)y = 4x; (b)y = fx + 3; (c) = 3; (d) = |; (e)y = 2x 

a) circle with center at origin and radius 7; (b) x^ + y^ = 16; (c) + = 64 and + y^ = 4 
a) x^ + y2 = 25; (b) + y^ = 81; (c) x^ + y^ = 4 or x^ + y^ = 144 
a) 3; (b) I; (c) 2; (d) 

a)x2 + y2= 16;(b)x2 + y2= 121;(c)x2 + y^ = | or Qx^ + 9y2 = 4; (d) x^ + y^ = ^or4x2 + 4y2 

e) x^ + y2 = 5; (f) x2 + y2 = I or 4x== + 4y2 = 3 

a) 10; (b) 10; (c) 20; (d) 20; (e) 7; (f) 25 

a) 16; (b) 12; (c) 20; (d) 24 

a) 10; (b) 12; (c) 22 

a) 5; (b) 13; (c) l\ 

;a)6;(b) 10; (c) 1.2 

a) 15; (b) 49; (c) 53 

a) 30; (b) 49; (c) 88; (d) 24; (e) 16; (f) 18 



Chapter 13 



1. (a) <; (b) >; (c) >; (d) >; (e) >; (f) < 

2. (a) >; (b) >; (c) <; (d) > 

3. (a) >; (b) <; (c) <; (d) > 

4. (a) more; (b) less 

5. (a) >; (b) >; (c) <; (d) >; (e) <; (f) < 

6. (c), (d), and (e) 

7. (a) 5 to 7; (b) 6 to 10; (c) 4 to 10; (d) 3 to 9; (e) 2 to 8; (f ) 1 to 13 

8. (a) IB, lA, LC\ (b) DF^EF^DE; (c) Ll , L2, Ll 

9. (a) ml3AC > mlACD; (b) AB>BC 

10. (a) BC, AB, AC; (b) LBOC, lAOB, lAOC; (c) AD, AS = CD,~BC; (d) OG^~OJ 
Chapter 14 



1. (a) Ornament, jewelry, ring, wedding ring; (b) vehicle, automobile, commercial automobile, taxi; 

(c) polygon, quadrilateral, parallelogram, rhombus; (d) angle, obtuse angle, obtuse triangle, isosceles 
obtuse triangle 

2. (a) A regular polygon is an equilateral and an equiangular polygon. 

(b) An isosceles triangle is a triangle having at least two congruent sides. 
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(c) A pentagon is a polygon having five sides. 

(d) A rectangle is a parallelogram having one right angle. 

(e) An inscribed angle is an angle formed by two chords and having its vertex on the circumference 
of the circle. 

(f) A parallelogram is a quadrilateral whose opposite sides are parallel. 

(g) An obtuse angle is an angle larger than a right angle and less than a straight angle. 

3. (a) X + 2 # 4; (b) 3y = 15; (c) she does not love you; (d) his mark was not more than 65; (e) Joe is 

not heavier than Dick; (f) a + b — c 

4. (a) A nonsquare does not have congruent diagonals. False (for example, when applied to a rectangle 

or a regular pentagon). 

(b) A non-equiangular triangle is not equilateral. True. 

(c) A person who is not a bachelor is a married person. This inverse is false when applied to an 
unmarried female. 

(d) A number that is not zero is a positive number. This inverse is false when applied to negative 
numbers . 

5. (a) Converse true, inverse true, contrapositive true 

(b) Converse false, inverse false, contrapositive true 

(c) Converse true, inverse true, contrapositive true 

(d) Converse false, inverse false, contrapositive true 

6. (a) Partial converses: interchange (2) and (3) or (1) and (3) 

Partial inverses: negate (1) and (3) or (2) and (3) 
(b) Partial converses: interchange (1) and (4) or (2) and (4) or (3) and (4) 
Partial inverses: negate (1) and (4) or (2) and (4) or (3) and (4) 

7. (a) Necessary and sufficient; (b) necessary but not sufficient; (c) neither necessary nor sufficient; 
(d) sufficient but not necessary; (e) necessary and sufficient; (f ) sufficient but not necessary; 
(g) necessary but not sufficient 

Chapter 17 



1. (a) 6(72) y^^- (b) 2(8)(6i) + 2(8)(14) + 2(6i)(14) or 510 ft^; 
(c) 4(3.14)302 or ^ ^04 m^; (d) (3.14)(10)(10 + 4|) or 911 yd^ 

2. (a) 363 Qj. 46,656 in^; (b) 100' or 1 ,000,000 cm^ 

3. (a) 27 in3; (b) 91 in^; (c) 422 in'; (d) 47 in'; (e) 2744 in' 

4. (a) 3(8|)(8) or 204 in'; (b) 2(9)(9) or 162 ft'; (c) i(6)(6.4) or 13 ft' 

5. (a) 904 m'; (b) 1130 ft'; (c) 18 ft' 

6. (a) V = liTJ^h; (b) V = ^s^h; (c) V = ^Iwh; (d) V = lirr" 

7. (a) 6e3 + ?|^; (b) Iwh + (c) 37rr' 

Chapter 18 



1. (a) A'i9, 2), B'(2, 4), and C'(5, 7); (b) A'(-4, 2), fi'(3, 4), and C'(0, 7); (c) A'(-5, 1), fi'(2, - 1), and 
C'(-l, -4); (d)A'(-2, 14),B'(-4, 7), and C'(-7, 10); (e) A'(12, 4),B'(-2, 8), and C'(4, 14); 
(f) A'(-14, 6),5'(7, 12), and C'(-2, 21); (g) A'(0, -l),B'(-2, 6), and C'(-5, 3) 



2. (a) A'(6,-l),5'(7, 2), and C'(8,-l); (b) A'(l,-5),B'(2,-2),and C'(3,-5); 
(c)A'(-2, l),fi'(-l,4),andC'(0, 1) 
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3. (a) translation to the right 5 spaces, P(x, y) ^ P'(x + 5, y); (b) translation down 5 spaces and 
to the right 3, y) i-^ P'(x + 3, y— 5); (c) translation down 3 spaces and to the left 5, 

P(x, y)^ P'(x-5,y-3) 

4. (a) Pix, y) ^ P'ix, y-5)\ (b) P{x, y) ^ P'{x + 6, j); (c) P{x, y) ^ P'{x-l,y + 3); 
(d) P{x, y) ^ P'(x + 8, y-2); (e) P{x, y) ^ P\x- 1 , y + 4) 

5. (a) A'(-l, 3),B'(-5, 3), C'(-4, 1), and D\-2, 1); (b) A"(l -5), B" (5,-5), C"(4,-3), and 
Z)"(2,-3); (c) A"'(15, 3),B"'(11, 3),C"'(12, 1), and D"'(14, 1) 

6. (a) reflection across the line x = 2, P(x, y) i-^ P'(4—x, y); (b) reflection across y = 3, 
P(x, y) ^ P"{x, 6-y)\ (c) reflection across x = -5, Pix, y) ^ 10-x, y) 

7. (a) Pix, y) ^ P'ix, lO-y); (b) Pix, y) ^ P'i-A-x, y); (c) Pix, y) ^ P'ix-2-y); 
(d)P(x,y)^P'(5-x,y) 

8. (a),(b),(e),and(f) 

9. (a) A'(2, -1),B'(2, -4),C'(1, -5), and £)'(!, "2); (b) A"(-l, -2),B"(-4, -2),C"(-5, -l),and 

D"i - 2 , - 1 ) ; (c) A"'( - 2 , 1 ) , - 2 , 4) , C"'( - 1 , 5) , and D"'i -1,2) 

10. (a) 180° rotation about the origin, Pix, y) ^ P'i—x,—y); (b) 90° clockwise rotation about the origin, 
P{x, y) 1-^ P"iy,—x); (c) 270° clockwise rotation about the origin (or 90° counter-clockwise), 
Pix,y)^P"'i-x,y) 

11. (a) Pix, y) ^ P'ix cos 40° + y sin 40°, y cos 40° -x sin 40°) = /"(0.766x + 0.6428y, 0.766y-0.6428x); 

(b) Pix, y) ^ P'ix cos 50° + y sin 50°, y cos 50°-x sin 50°) = P'(0.6428x + 0.766y, 0.6428y-0.766x); 

(c) Pix, y) ^ P'ix cos 80° + y sin 80°, y cos 80°-x sin 80°) = P'(0.1736x + 0.9848y, 0.1736y- 0.9848x) 

12. (a) 120°; (b) 60°; (c) 72°; (d) 360° (no rotational symmetry); (e) 90°; (f ) 180° 

13. (a) A'(4, 5), fi'(5, 4), and C'(5, 7); (b) A"(2,-5), fi"(3,-6), and C"(0,-6); (c) A"'(-l,-2), 
B"'(-2,-3), and C"'(l -3); (d) A""(-4, 3),B""(-5,4), and C""(-5, 1) 

14. (a) Rix, y) ^ R"ix + 6, y- 1); (b) Rix, y) ^ R"i\ -x, y + 2); (c) Rix, y) ^ R"iy + 3,-x-6); 

(d) Rix, y) ^ R"i-y, 4-x); (e) Rix, y) ^ i?"(6-x,-3-y) 

15. (a) reflect across the y axis and then move down 2 and to the right 3 spaces, 

Pix, y) 1-^ P'i—x + 3, y— 2); (b) rotate about the origin counterclockwise 90°, then move to 
the left 1 space, Pix, y) ^ P"i—y—\ , x); (c) rotate around the origin 90° clockwise, then reflect 
across the x axis, then move down and to the right 1 space, P(x, y) i-» P"'(y + 1 , x— 1) 

16. (a) Pix, y) ^ P'(x,-y-3); (b) P(x, y) ^ P'iy + 2,-x); (c) P(x, y) ^ P'(-x, y-4); 
(d) Pix, y) ^ P'i-x, 4 + y); (e) P(x, y) ^ P'i-l-x, y + 3) 

17. A'(-3, 6),B'(3, 6), C'(3, 3), and £)'(-3, 3) 

18. (a) Pix, y) ^ P'(2x, 2y); (b) P(x, y) ^ P'(8x, 8y); (c) P(x, y) ^ P'(i^, i^) 
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Abscissa, 203 

Acute angles , 5 

Acute triangle, 10 

Addition postulate, 20 

Addition method, 123 

Adjacent angles, 12 

Alternate interior angles, 49, 50-51 

Alternation method, 123 

Altitude: 

to a side of a triangle, 10, 129, 133, 137, 170 

of obtuse triangles , 1 1 
Analytic geometry, 203-223 
Angles , 4 

acute, 5 

adjacent, 12-13 
alternate interior, 49-5 1 
base, 10 

bisectors, 6, 56-57, 83, 99, 126, 180, 195-196 
bisector of a triangle, 10 
central, 93, 95, 103-104, 106, 302 
complementary, 12-13, 26, 302 
congruent, 6, 26, 50-52, 60, 68, 77-80, 104, 

128-129,256-7 
constructing, 242 
corresponding, 48^9, 51, 68 
depression, of, 158 
dihedral, 266, 274 
elevation, of 158 
exterior, 48 

inscribed, 104-106, 258-259, 302 
interior, 48^9, 51 
measuring, 5 

in a circle, 104-106 

principles, 60 
naming, 5 
obtuse, 6, 61 
opposite, 105 
plane, 266 
reflex, 6 

right, 6, 26, 83-84 
straight, 6, 26, 60 

sum of measures in a triangle, 59-60, 
256, 302 

supplementary, 12-13, 26, 50-52, 62, 79, 
105,302 

theorems, 13, 25-26 

vertical, 12-13,26 
Angle-measure sum principles, 60-62 
Angle-side-angle (ASA), 35, 246 
Apothem, 179-180, 182 
Arcs, 4, 93, 95-96, 105,226,257,302 

intercept, 93, 104, 106 

length of, 185-186 

major, 93 

measuring, 103 

minor, 93 
Area, 164-171 

of closed plane figures, 164 

of equilateral triangle, 167, 303 

of parallelogram, 165-166, 170, 263, 303 

of quadrilateral, 214 

of rectangle, 164,303 

of regular polygon, 182-183, 265, 303 

of rhombus, 168,303 



Area iCont.): 

of sector, 186,303 

of square, 164, 303 

of trapezoid, 167,264,303 

of triangle, 166, 170,214,264,303 
Arms of aright triangle, 10 
Assumptions, 234 
Axis of symmetry, 284 

Base angles; 

of a triangle, 25,39 

of a trapezoid, 77-78 
Bisecting, 6, 80 
Bisectors, 22, 180,257 

perpendicular, 83 
Box {see Rectangular solid) 

Center of circle, 3, 93, 96, 99, 179 
Center of regular polygon, 179 
Central angle, 4 

of regular polygon, 179 
Chords, 4, 93, 95-96, 105-106, 135,226-227,257,259 

intersecting, 105, 302-3 
Circles, 3, 93-120, 135-136, 186, 270-274 

angles, 104-106 

area of, 184, 303 

center of, 3, 93, 96, 99, 179 

central angle, 93, 95, 103-104, 106, 302 

circumference of, 3, 93, 184 

circumscribed, 94, 179 

concentric, 94, 196 

congruent, 4, 94-96, 104 

equal, 94 

equation, 213,304 
great, 269 

inequality theorems , 226-227 

inscribed, 94 

outside each other, 100 

overlapping, 100 

principles, 94-96, 135-136 

radius of, 3, 93, 95, 99 

relationships, 93 

sector of (see Sector) 

segments (see Segments) 

segments intersecting inside and outside, 135 

small, 269 

tangent externally, 100 

tangent internally, 100 
Circumference of circle, 3, 93, 184 
Circumscribed circle, 94, 179 
Circumscribed polygon, 94, 179 
Colhnear points, 2, 210-211 
Combination figure, area of, 188 
Complementary angles, 12-13, 26, 302 
Concentric circles, 94, 196 
Conclusion, 27 
Cone, 266, 268 

volimie, 276 
Congruency theorems, 35, 68 
Congruent angles, 6, 26, 50-52, 60, 68, 77-80, 104, 

128-129,256-257 
Congruent circles, 4, 94-96, 104 
Congruent figures, 34 
Congruent polygons, 169 




Congruent segments, 3, 9, 39, 77-80, 84-85, 99 
Congruent triangles, 34-47, 83 

principles, 34—35 

methods of proving, 35 

selecting corresponding parts, 34 
Construction, 241-254 

angle, 242 

bisectors, 243-244 

center of a circle, 249 

circumscribed circle, 249 

inscribed circle, 250 

inscribed polygon, 25 1-252 

line segment congruent to a given line 
segment, 242 

parallel lines, 248 

perpendiculars, 243-244 

similar triangles, 252 

tangents, 249 

triangles, 245-246 
Continued ratio, 121 
Contrapositive of statement, 235 
Converses, 27, 53 

partial, of theorem, 237 

of statement, 27, 235 
Coordinates , 203 
Corollary, 39 
Corresponding: 

angles, 128 

sides, 128, 133, 183 
Cosine (cos), 154 
Cube, 266-267 

surface area, 274 

volume, 276 
Cubic unit, 267,275 
Curvature, 300 
Cylinder, 266,268 

surface area, 275 

volume, 276 

Decagon, 65-66 
Deduction, 18 
Deductive reasoning, 18 
Definitions, 233 

requirements, 233 
Diagonals, 79-80, 82-83, 142, 304 

congruent, 83 
Diameter, 4, 93-94, 96, 257 
Dihedral angle, 266, 274 
Dihilations,292 
Distance formula, 206, 304 
Distances, 271 

betweeen two geometric figures, 55 

between two points, 55 

principles of, 55-57 
Division postulate, 21 
Dodecagon, 65 
Dual statements, 270-274 

Edge, 266 
Elements, The, 297 
Elliptic geometry, 299-300 
Enlargement, 292 
Equal polygons, 169 
Equator, 269 
Equiangular, 39^, 82 
Equidistant, 55-57, 96, 195 
Equilateral: 

parallelogram, 82 

triangles, 9-10, 39^, 140-141, 181, 

246, 303 
angle measure, 61 
area of, 167,303 



Exterior: 

angles, 48 

sides, 13 
Extreme, 122-123 

Face, 266 

lateral, 267 
Fifth postulate problem, 298-299 
Fourth proportionals, 122 
Frustum, 268 

Graph, 203 
Great circle, 269 

Heptagon, 65 
Hexagon, 65, 181 
History of geometry, 1 
Horizontal line, 158 
Hyperbolic geometry, 300-301 
Hypotenuse, 10, 86, 137-138, 141 
Hypotenuse-leg (hy-leg), 68, 247, 257 
Hypothesis, 27 

Identity postulate, 20 
If-then form, 27 
Image, 281 

Inclination of a line (see Slope) 
Indirect reasoning, 229 
Inequality, 224 

axioms, 224-227 

postulate, 225 
Inscribed angle, 104-106, 258-259, 302 
Inscribed circle, 94 
Inscribed polygon, 94 
Intercept an arc , 93 
Interior angles, 48^9, 51 
Inverse: 

partial, of theorem, 237 

of statement, 235 
Inversion method, 123 
Isosceles right triangle, 61, 141-142 
Isosceles trapezoid, 77-78 
Isosceles triangles, 9, 39, 141 , 256 

Latitude, 269 

Legs of a right triangle, 10, 137-138, 141 
Length formulas, 21 
Lines, 1,270-274 

centers of two circles, of, 100 

naming, 1 

parallel (see Parallel lines) 

sight, of, 158 
Line segments, 56 

naming, 2 
Line symmetry, 286 
Locus, 195-202,271-274 

in analytic geometry, 212-213 

fundamental theorems, 195-196 
Logically equivalent statements, 235-236 
Longitude, 269 

Mean of a proportion, 122 
Mean proportionals, 123, 136 

in a right triangle, 137 
Measurement (see specific applications) 
Median, 10,77,86, 170 
Midpoint, 85,274 

formula, 205, 304 

of segment, 22 
Minor arc , 93 
Minutes, 5 

Multiplication postulate, 21 



Index 



Necessary conditions, 238 
Negative curvature, 300 
Negative of a statement, 235 
N-gon, 64 

sum of angles, 302 
Nonagon, 65 

Non-euclidean geometries, 297-301 
Number line, 203 

Obtuse angle, 6, 61 
Obtuse triangle, 10 
Octagon, 65 
Ordinate, 203 
Origin, 203 

Pairs of angles, principles, 13 
Parallel lines, 48, 79, 85-86, 105, 125-126, 
170, 196 

constructing, 248 

postulate, 49 

principles of, 49-52 

slopes, 210, 304 

three or more, 5 1-52 
Parallelepiped, 267 
Parallelograms, 79-80, 82-84, 170 

area of, 165-166, 170, 263, 303 

principles, 79-80, 82-84 

sides, 79 
Partial converse of theorem, 237 
Partial inverse of theorem, 237 
Partition postulate, 20 
Pentagon, 9, 65 
Perimeter, 134, 179 

Perpendicular, 6, 22, 50-51, 62, 99, 129, 226, 
270-274 
constructions , 243-244 
slopes, 210, 304 
Perpendicular bisector, 6, 55-56, 96, 
195 

of a side of a triangle, 10 
Plane, 270-274 
Points, 1 

Polygons, 9, 60, 64 

angle principles, 66-67 
area of, 182-183,265,303 
central angle, of, 180 
circumscribed, 94, 179 
congruent, 169 
equal, 169 
inscribed, 94 

interior and exterior angles, 60, 
65-66, 180 

regular (see Regular polygons) 

similar, 128, 133, 169, 171 

sum of measures: 
of exterior angles, 66 
of interior angles, 65 
Polyhedron, 266 

regular, 269-270 
Positive curvature, 300 
Postulates, 20, 297-298 

algebraic , 20 

geometric , 2 1 
Powers postulate, 21 
Principle, 25 
Prism, 267 

right, 267 

volume, 276 
Projection, 137 
Projective space, 300 
Proof, 18-19 

by deductive reasoning, 18 



Proportional: 
fourth, 122 

mean, 123, 136 

segments, 125 

principles, 125-126 
Proportions, 122, 128, 183 

changing into new proportions, 123 

eight arrangements, 125 

extreme, 122-123 

mean, 122-123 

principles, 123, 133-134 

similar triangles, 128-129 
Pyramid, 266-267 

regular, 268 

volume, 276 
Pythagorean Theorem, 138, 262-263, 303 

Quadrants, 203 

Quadrilaterals, 9, 65, 79, 80, 105 
area of, 214 
sum of angles, 60, 302 

Radius: 

of circle, 3,93,95,99 

of regular polygon, 179 
Ratios, 121 

continued, 121 

of segments and area of regular polygons, 183 

of similitude, 133 
Ray 1 
Reasoning: 

deductive, 18 

indirect, 229 
Rectangle, 82-83 

area of, 164, 303 
Rectangular solid, 267 

surface area, 275 

volume, 276 
Reflection, 284 
Reflectional symmetry, 286 
Reflex angle, 6 
Reflexive postuate, 20 
Regular polygons, 65-66, 179-183, 270 

apothem of, 179-180, 182 

area of, 182-183,265,303 

center of , 1 79 

central angle of, 1 79 

circumscribed, 94, 179 

inscribed, 94 

principles, 179-180 

radius of , 1 79 
Rhombus, 82-83 

area of, 168, 303 
Right angles, 6, 26, 83-84 
Right triangles, 10, 61, 68, 82, 86, 105, 129, 
138, 154,303 

mean proportionals in, 137, 262 

principles of, 30°-60°-90° triangle 140-141 

principles of, 45°-45''-90° triangle 61, 
141-142 
Rigid motion, 290 
Rotation, 8, 287 
Rotational symmetry, 289 

Scale factor, 292 
Scalene triangle, 9 
Scaling, 292 

Secants, 93, 105-106, 136,260,302-303 
Seconds, 5 

Section of a polyhedron, 266 
Sector, 185 

area of, 186, 303 




Segments, 186 

external, 136 

minor, 186,303 

proportional, 125 
Semicircle, 4, 93, 105,302 
Side-angle-angle (SAA), 68, 247 
Side-angle-side (SAS), 35, 246 
Side-side-side (SSS), 35, 246 
Similar polygons, 128, 133, 

169, 171 
Similar triangles, 128-134, 261 

constructing, 252 

principles, 128-129 

proportion, 129 
Sine (sin), 154 
Slope: 

ofa line, 209, 304 

of parallel and perpendicular lines, 
210 

principles, 209-211 
Small circle, 269 
Solid, 266 

geometry principles, 270 
Sphere, 266, 269-274 

equation, 274 

surface area, 275 

volume, 276 
Square unit, 164 
Squares, 82-84, 142, 181, 304 

area of, 164, 303 
Statement, 18,27 

contrapositive of, 235 

converse of, 27, 235 

dual, 270-274 

inverse of, 235 

logically equivalent, 235-236 

negative of, 235 
Straight angles, 6, 26, 60 
Substitution postulate, 20 
Subtraction method, 123 
Subtraction postulate, 21 
Sufficient conditions, 238 
Sum of measures of angles: 

exterior angles of polygons, 66 

interior angles of polygons, 65 

quadrilateral, ofa, 60, 302 

triangle, ofa, 59-60, 256, 302 
Supplementary angles, 12-13, 26, 50-52, 62, 79, 

105,302 
Syllogism, 18,20 
Syllogistic reasoning, 18 
Symmetry, axis of, 284 
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Tangent: 

trigonometric function (tan), 154, 209 

to a circle, 93, 99, 105-106, 136, 260-261 , 302-303 

principles, 99 
Theorems, 25 , 234 

partial converses of, 237 

partial inverses of, 237 

proving, 29, 216 
Transformation, 281-296 

combination of, 290 

image of , 28 1 

notation, 281 
Transitive postulate, 20 
Translation, 282 
Transversal, 48-50, 85, 126 
Trapezoids, 77, 85, 86 

area of, 167,264,303 

isosceles, 77-78 

principles, 77-78, 85-86 
Triangles, 9, 56-57, 61 , 65, 85-86, 125-126 

acute, 138 

altitude, 10, 129, 133, 137, 170 
area of, 166, 170, 214, 264, 303 
congruent, 34-47, 83 
equilateral (see Equilateral triangles) 
exterior angles, 61 
inequality theorems, 225-226 
isosceles, 9, 39, 141,256 
obtuse, 61, 138 

perpendicular bisector of side, 56 
right (see Right triangles) 

scalene, 9 

similar (see Similar triangles) 

sum of angles, 59-60, 256, 302 
Trigonometry, 154—163 

table of values, 305 
Truth, determining, 28 

Undefined terms, 2, 234, 297 

Vertex, 4, 9, 266 
Vertical angles, 12-13 
Volume, 276 

X-axis , 203 
x-coordinate, 203 

jj-axis, 203 
jj-coordinate, 203 
jj-intercept, 212 

Zero curvature, 300 



